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Cluster characters II: A multiplication formula

Yann Palu

ABSTRACT

Let C be a Hom-finite triangulated 2-Calabi-Yau category with a cluster tilting object. Under
some constructibility assumptions on C which are satisfied for instance by cluster categories,
by generalized cluster categories and by stable categories of modules over a preprojective
algebra of Dynkin type, we prove a multiplication formula for the cluster character associated
with any cluster tilting object. This formula generalizes those obtained by Caldero—Keller for
representation finite path algebras and by Xiao—Xu for finite-dimensional path algebras. We
prove an analogous formula for the cluster character defined by Fu-Keller in the setup of
Frobenius categories. It is similar to a formula obtained by Geiss—Leclerc—Schréer in the context
of preprojective algebras.

Introduction

In recent years, the link between Fomin—Zelevinsky’s cluster algebras [FZ02] and the
representation theory of quivers and finite-dimensional algebras has been investigated intensely,
cf. for example the surveys [BMO06], [GLS08b], [Kell0]. In its most tangible form, this link
is given by a map taking objects of cluster categories to elements of cluster algebras. Such a
map was first constructed by P. Caldero and F. Chapoton [CCO06] for cluster categories and
cluster algebras associated with Dynkin quivers. Another approach, leading to proofs of several
conjectures on cluster algebras in a more general context, can be found in [DWZ08|, [DWZ10]
(for proofs relying on the use of a Caldero-Chapoton map, see [Plall], [Pla]).

The results of P. Caldero and B. Keller [CKO08] yield two multiplication formulae for the
Caldero—Chapoton map of cluster categories associated with Dynkin quivers. The first one
categorifies the exchange relations of cluster variables and only applies to objects L and M
such that Extl(L, M) is of dimension 1. The second one generalizes it to arbitrary dimensions,
and yields some new relations in the associated cluster algebras. These relations very much
resemble relations in dual Ringel-Hall algebras [Sch08, section 5.5]. Motivated by these results,
C. Geiss, B. Leclerc and J. Schréoer [GLS07] proved two analogous formulae for module
categories over preprojective algebras. In this latter situation, the number of isomorphism
classes of indecomposable objects is usually infinite. Generalizations of the first formula were
proved in [CKO06] for cluster categories associated with any acyclic quiver, and later in [Pal08]
for Hom-finite 2-Calabi-Yau triangulated categories. A generalisation to the Hom-infinite case
can be found in [Plall], and a version for quantum cluster algebras in [Qin]. The first
generalization of the second multiplication formula, by A. Hubery (see [Hub]), was based
on the existence of Hall polynomials which he proved in the affine case [Hub10], generalizing
Ringel’s result [Rin90] for Dynkin quivers. Staying close to this point of view, J. Xiao and F. Xu
proved in [XX10] a projective version of Green’s formula [Rin96] and applied it to generalize
the multiplication formula for acyclic cluster algebras. Another proof of this formula was found
by F. Xu in [Xul0], who used the 2-Calabi-Yau property instead of Green’s formula. Our aim
in this paper is to generalize the second multiplication formula to more general 2-Calabi—Yau
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categories for the cluster character associated with an arbitrary cluster tilting object. This in
particular applies to the generalized cluster categories introduced by C. Amiot [Ami09] and
to stable categories of modules over a preprojective algebra.

Assume that the triangulated category C is the stable category of a Hom-finite Frobenius
category €. Then C. Fu and B. Keller defined a cluster character on &£, which "lifts” the
one on C. We prove that it satisfies the same multiplication formula as the one proved by
Geiss—Leclerc—Schréer in [GLS07].

The paper is organized as follows: In the first section, we fix some notations and state our
main result: A multiplication formula for the cluster character associated with any cluster
tilting object. In section 2, we recall some definitions and prove the ‘constructibility of kernels
and cokernels’ in modules categories. We apply these facts to prove that:

— If the triangulated category has constructible cones (see section 1.4), the sets under

consideration in the multiplication formula, and in its proof, are constructible.

— Stable categories of Hom-finite Frobenius categories have constructible cones.

— Generalized cluster categories defined in [Ami09] have constructible cones.

Thus, all of the Hom-finite 2-Calabi—Yau triangulated categories related to cluster algebras
which have been introduced so far have constructible cones. Notably this holds for cluster
categories associated with acyclic quivers, and for the stable categories associated with the
exact subcategories of module categories over preprojective algebras constructed in [GLS08a]
and [BIRSO09]. In section 3, we prove the main theorem. In the last section, we consider the
setup of Hom-finite Frobenius categories. We prove a multiplication formula for the cluster
character defined by Fu—Keller in [FK10].
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1. Notations and main result . . . . . . . . . . . . 2
2. Constructibility . . . . . . . . . . . . . . . 5
3. Proof of theorem 1.1 . . . . . . . . . . . . . . 12
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References . . . . . . . . . . . . . . . . . 21

1. Notations and main result

Let k be the field of complex numbers. The only place where we will need more than the
fact that k is an algebraically closed field is proposition 2.1 in section 2.1. See [Joy086, section
3.3] for an explanation, illustrated with an example, of the fact that the theory of constructible
functions does not extend to fields of positive characteristic. Let C be a Hom-finite, 2-Calabi-
Yau, Krull-Schmidt k-category which admits a basic cluster tilting object 7. In order to prove
the main theorem, a constructibility hypothesis will be needed. This hypothesis is precisely
stated in section 1.3 and it will always be explicitly stated when it is assumed. Stable categories
of Hom-finite Frobenius categories satisfy this constructibility hypothesis, cf. section 2.4, so that
the main theorem applies to cluster categories (thanks to the construction in [GLSa, Theorem
2.1]), to stable module categories over preprojective algebras... Moreover, the main theorem
applies to the generalized cluster categories of [Ami09], cf. section 2.5.

We let B denote the endomorphism algebra of T in C, and we let F' = C(T,?) denote the
covariant functor from C to modB co-represented by T'. We denote the image in Q(z1,...,2y)
of an object M in C under the cluster character associated with 7' (see [Pal08]) by X7,. Before
recalling the formula for XI{[, we need to introduce some notation. Let Q7 be the Gabriel
quiver of B, and denote by 1,...,n its vertices. For each vertex i, denote by S; (resp. P;) the
corresponding simple (resp. projective) module. For any two finite-dimensional B-modules L
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and N, define

(L,N) =dimHomg(L,N) — dim Exts(L, N),
<L’N>a = <LaN> - <NaL>'

As shown in [Pal08, Section 3], the form ( , ), descends to the Grothendieck group Ky(mod B)
(that is, it only depends on the dimension vectors of L and N). Note that this would not be true
for the form (, ) in general, since B is quite often of infinite global dimension (see [KROT]).
For a B-module L, the projective variety Gr. L is the Grassmannian of submodules of L with
dimension vector e € Ky(mod B). For any object X € C, there are triangles

Ts —To — X = XTs and XT5 — X — ¥*T, — 2*T,

with Ty, ..., Ts in add T (see [KRO7, Proposition 2.1]), which are triangulated analogues of
projective presentations and injective copresentations respectively. The index and coindex of
X (with respect to T') are the following classes in Ko(proj B):

ind X = indp X = [FT,] — [FT3] and coind X = coindy X = [FT,] — [FTs).

For some properties of the index, see [Pal08], and for a more thorough study, see [DKO8|,
[FK10] and [Pla, Section 4.2]. Then we have:

n
ij\} =z~ coind M Z X(Gfe FM) H xisiﬁ)a,
e i=1
where the sum runs over all classes e € Ky(mod B). For any two objects L and M in C, and
any morphism ¢ in C(L,XM), we denote the isomorphism class of objects Y appearing in a
triangle of the form

M—Y —L-S53>M

by mt(e) (the middle term of €). Note that any two such objects Y are isomorphic.

1.1. X7T_stratification

Let L and M be objects in C. If an object Y of C belongs to the class mt(e) for some morphism
e in C(L,XM), we let (Y) denote the set of all isomorphism classes of objects Y’ € C such
that:

— Y” is the middle term of some morphism in C(L, X M),

— coind Y’ = coind Y and

— for all e in Ko(mod B), we have x(Gre(FY')) = x(Gr.(FY)).

The equality of classes (Y) = (Y’) yields an equivalence relation on the ‘set’ of middle terms
of morphisms in C(L,XM). Fix a set Y of representatives for this relation. Further, we denote
the set of all ¢ with mt(e) € (V) by C(L,XM)yy, and the set of ¢’ € C(L,XM) such that
XTieny = Xihi(ey by (€). It will be proven in section 2.3 that if the cylinders of the morphisms
L — %M are constructible with respect to 71" in the sense of section 1.3 below, then the sets
C(L,XM)yy are constructible, and the set ) is finite.

Remark that if Y/ belongs to (Y), then X7, = X{. Hence the fibers of the map sending e
to th(e) are finite unions of sets C(L, X M) yy. Therefore, the sets (¢) are constructible; we
have

c(L,xM) =[]

eER
for some finite set R C C(L, X M), and

C(L,xM) = [] (L, =M) vy
Yey
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is a refinement of the previous decomposition.

1.2. The variety rep,; BQ

Let V be a finite dimensional k-vector space. We denote by rep’; (V') the set of morphisms
of k-algebras from B°P to Endg (V). Since B is finitely generated, the set rep’z (V) is a closed
subvariety of some finite product of copies of Endy (V).

Let @ be a finite quiver, and let d = (d;);eq, be a tuple of non-negative integers. A d-
dimensional matrix representation of () in modB is given by

— a right B-module structure on k% for each vertex i of @ and

— a B-linear map k% — k% for each arrow o : i — j of Q.

Clearly, for fixed d, the d-dimensional matrix representations of @} in modB form an affine
variety rep, BQ on which the group GL(d) = [[;c, GLa, (k) acts by changing the bases in the
spaces k9. We write rep, BQ/GL(d) for the set of orbits.

1.3. Constructible cones

Let /Ti be the quiver: 1 —+2 — 3 — 4. Let T', L and M be objects of C. Let dpax be the
4-tuple of integers
(dim FM,dim FM + dim FL,dim FL,dim FXM).
Let ®1, pr be the map from C(L, X M) to
_>
I1 repa(BAL)/GL(d)
d<dmax

sending a morphism ¢ to the orbit of the exact sequence of B-modules
o, M) L or,y) L o(T, L) —E2- ¢(T, £M),

where M -5V 5 L -3 YMisa triangle in C. The cylinders over the morphisms L — XM
are constructible with respect to T if the map @, ys lifts to a constructible map

—
YL,.M ZC(L, EM) — H repd(BA4)
d<dmax

(see section 2.1). The category C is said to have constructible cones if this holds for arbitrary
objects L,M and T.

1.4. Main result

Let f be a constructible function from an algebraic variety over k to any abelian group, and
let C be a constructible subset of this variety. Then one defines “the integral of f on C' with
respect to the Euler characteristic” to be

| 1= ¥ xenr @),

z€f(C)

cf. for example the introduction of [Lus97]. Our aim in this paper is to prove the following:

THEOREM 1.1. Let T be any cluster tilting object in C. Let L and M be two objects such
that the cylinders over the morphisms L — XM and M — Y.L are constructible with respect
to T. Then we have:

X(BC(L, SM)XTXT, = j

Xheo + J X (o)
[e]€PC(L,SM)

[elePc(M,SL)
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where [e] denotes the class in PC(L,XM) of a non zero morphism e in C(L,XM).

The statement of the theorem is inspired from [GLS07], cf. also [XX10]. We will prove it
in section 3. Our proof is inspired from that of P. Caldero and B. Keller in [CKO08]. Note that
in contrast with the situation considered there, in the above formula, an infinite number of
isomorphism classes mt(e) may appear.

2. Constructibility

2.1. Definitions

Let X be a topological space. A locally closed subset of X is the intersection of a closed subset
with an open one. A constructible subset is a finite (disjoint) union of locally closed subsets.
The family of constructible subsets is the smallest one containing all open (equivalently: closed)
subsets of X and stable under taking finite intersections and complements. A function f from
X to an abelian group is constructible if it is a finite Z-linear combination of characteristic
functions of constructible subsets of X. Equivalently, f is constructible if it takes a finite
number of values and if its fibers are constructible subsets of X.

For an algebraic variety X, the ring of constructible functions from X to Z is denoted by
CF(X). The following proposition will be used, as in [XX10], in order to prove lemma 2.4 of
section 2.3.

PROPOSITION 2.1. [Dim04, Proposition 4.1.31] Associated with any morphism of complex
algebraic varieties f: X — Y, there is a well-defined push-forward homomorphism CF(f) :
CF(X) — CF(Y). It is determined by the property

CF(f)(12)(y) =x(f () N 2)
for any closed subvariety Z in X and any point y € Y.

Let X and Y be algebraic varieties. A map f: X — Y is said to be constructible if there
exists a decomposition of X into a finite disjoint union of locally closed subsets X;,i € I,
such that the restriction of f to each X; is a morphism of algebraic varieties. Note that
the composition of two constructible maps is constructible, and that the composition of a
constructible function with a constructible map is again a constructible function.

2.2. Kernels and cokernels are constructible

In section 2.1 of [Xu10], it is shown that the kernel and cokernel of a morphism of modules
over a path algebra CQ are constructible. In this section, we give direct proofs in the more
general case where CQ) is replaced by a finite dimensional algebra B.

Let L and M be two finite dimensional vector spaces over the field k, of respective dimensions
n and m. Let N be a linear subspace of M. Define Ey to be the set of all morphisms f €
Homy (L, M) such that Im f & N = M.

LEMMA 2.2. The set En is a locally closed subset of Homy (L, M).

Proof. Let (u1,...,u,) be a basis of L, and let (vy,...,vy) be a basis of M whose p first
vectors form a basis of N. Let r be such that r+p =m. Let f: L — M be a k-linear map,
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and denote by A = (a;;) its matrix in the bases (u1,...,u,) and (v1,...,v,). Denote by A;
the submatrix of A formed by its first p rows and by A, the one formed by its last r rows. For
t <, let P(t,n) be the set of all subsets of {1,...,n} of cardinality ¢.
The map f belongs to Ey if and only if:
a) There exists j in P(r,n) such that the submatrix (a;;)i>p, je; has a non-zero determinant
and -
b) if the last r entries of a linear combination of columns of A vanish, then the combination
itself vanishes.
Condition b) is equivalent to the inclusion Ker A; C Ker A; and so to the inclusion Im(A}) C
Im(A%). Therefore, condition b) can be restated as condition b’):
b’) For all ig < p, and all [ € P(r + 1,n), the determinant of the submatrix of A obtained by
taking lines in {ig,p+1,...,m} and columns in [ vanishes.
Let Qi be the set of all maps that satisfy condition a) with respect to the index set j, and let F’
be the set of all maps that satisfy condition b’). For all j € P(r,n), the set Qi is an open subset
of Homy (L, M) and the set F is a closed subset of Homy (L, M). Since we have the equality:

Ex=( | 9)nF
JEP(r,n)

the set FEn is locally closed in Homy (L, M). O

H
Let As be the quiver: 1 — 2.

LEMMA 2.3. Let B be a finite dimensional algebra, and let L and M be finitely
generated B—modil}es of dimensions n and m respectively. The map ¢ from Homp(L, M) to
[Ha<m r€P(m,a)(BA2)/GL(m, d) which sends a morphism [ to the orbit of the repres_egtation
M — Coker! lifts to a constructible map from Hompg (L, M) to [],<,, 1eP(;n,qa)(BA2).

Dually, the map from Homgp(L, M) to [[,, rep(dm)(BA.;)/GL(d, n) which sends a mor-
phism [ to the orbit of the representation Kerl > [, lifts to a constructible map from
Homp (L, M) to [1,<, rep(d,n)(BE).

Proof. Let us prove the first assertion. We keep the notations of the proof of lemma 2.2.
For a subset 4 of {1,...,m}, let N; be the linear subspace of M generated by (v;)ie;. Then
Homp (L, M) is the union of its intersections with each Ey,, fori C {1,...,m}. It is thus enough

to consider the restriction of the map ¢ to En, where N = M isa given linear subspace
of M. Since the set Ey is the union of the locally closed subsets Q; N F, for j € P(r,n), we
can fix such a j and only consider the restriction of ¢ to ; N F. Let f be a morphism in
Hompg (L, M) and assume that f is in Q; N F. Then the cokernel of the k-linear map f is N
and the projection py of M onto N alo;lg Im f is given by the n X p matrix (1 — CD_l),
where C is the submatrix (a;;)i<pje; and D is the submatrix (a;;j)i>p,jej. Moreover, if we
denote by p™ € repz(M) the structure of B-module of M, then the structure of B-module p
of N induced by f is given by p(b) = py o p*(b) o iy, for all b € B. O

2.3.  Constructibility of C(L, X M)y

Let k, C and T be as in section 1. Recall that B denotes the endomorphism algebra End¢ (7).
This algebra is the path algebra of a quiver Qr with ideal of relations I. Recall that we denote
by 1,...,n the vertices of Q.
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The following lemma is a particular case of [Dim04, Proposition 4.1.31], and was already
stated in [XX10] for hereditary algebras.

LEMMA 2.4. For any two dimension vectors e and d with e < d, the function

te s 1epy(Qr,I) — Z
M +— x(Gr. M)

is constructible.

Proof. Let Gr.(d) be the closed subset of

rep, QT7 X H Gre kd
1€Qo

formed by those pairs (p, W) for which the subspaces W; C k%, i € Qo, form a subrepresenta-
tion. Apply proposition 2.1 to the first projection f : Gre(d) — rep (Qr,I) and remark that

He = CF(f)(lGre(d))-
O

COROLLARY 2.5. Let L and M be objects in C, and let e < dimFL 4+ dimFM be in
Ko(mod B). Assume that the cylinders over the morphisms L — XM are constructible. Then
the function

Ae: C(L,EM) — Z
g — x(Gre Fmt(e))

is constructible.

Proof. By our hypothesis, the map sending ¢ € C(L, X M) to the image of its middle term
in [[repy(Qr,I)/GL(d), where the union is over the dimension vectors d not greater than
dimF'L + dimF M, lifts to a constructible map from C(L,¥XM) to [[rep,;(@r,I). The claim
therefore follows from lemma 2.4. O

Let M -5 Y 25 L 55 M be a triangle in C, and denote by g the class of Ker F'% in the
Grothendieck group Ko(mod B).

LEMMA 2.6. We have:

coind Y = coind(L & M) Z Siy@a
i=1
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Proof. Let K € C lift Ker F'i. Using respectively proposition 2.2, lemma 2.1.(2), lemma 7
and section 3 of [Pal08], we have the following equalities:

coind Y = coind L + coind M — coind K — coind X K
= coind(L @ M) + ind K — coind K

= coind(L & M) — i<5i,FK>a[Pi]

= coind(L® M) — Z<Sz', 9)alPi].

O

COROLLARY 2.7. Let L and M be two objects such that the cylinders over the morphisms
L — XM are constructible. The map X :C(L,XM) — Ko(projB) which sends ¢ to the
coindex (or to the index) of its middle term Y is constructible.

Proof. Note that g is at most the sum of the dimension vectors of F'L and F'M, so that by
lemma 2.6 the map A takes a finite number of values. By our hypothesis and lemma 2.3, there
exists a constructible map:

C(L,xM) — [ rep(k?)
d<dim FM

which lifts the map sending e to the isomorphism class of the structure of B-module on
Ker Fii. Moreover, the map sending a module p in Uy gy pas 1P (%) to >oi (Siy p)al P
in Ko(proj B) only depends on the dimension vector of p and thus is constructible. Therefore,
the map A is constructible. O

ProPOSITION 2.8. Let L, M € C be such that the cylinders over the morphisms L — XM
are constructible. Then the sets C(L, XM )y are constructible subsets of C(L, ¥XM). Moreover,
the set C(L, X M) is a finite disjoint union of such constructible subsets.

Proof. Fix a triangle M Y 5 L=y SMinC. Thene' € C(L,XM)isin C(L, X M)y,
if and only if

- A€’) = Ae) and

— For all e < dimFY, A.(e') = Ac(e).
Therefore, the claim follows from corollary 2.5 and corollary 2.7.

2.4. Stable categories have constructible cones

In this section, we assume moreover that C is the stable category of a Hom-finite, Frobenius,
Krull-Schmidt category &£, which is linear over the algebraically closed field k. Our aim is to
prove that such a category has constructible cones.

Let P denote the ideal in £ of morphisms factoring through a projective-injective object.
Let T, L and M be objects of the category C. Fix a k-linear section s of the projection

Extg(L, M) —C(L,XM) induced by the canonical functor & 1L, ¢. Fix a conflation

M>—=]IM —=YM in &, with IM being projective-injective in &, and, for any e in
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C(L,XM), consider its pull-back via se:

M Y L
|k
M IM XM.

Via II, this diagram induces a triangle M —— Y -2 L -5 YA in C.
For any X € &, we have a commutative diagram with exact rows:

0——ex, M) 2L g(x,v) £(X, L)

e

0—=E(X, M) —= E(X,IM) —= E(X,SM).

E(X,m)
_—

Fix X’ € £ and a morphism X’ — X. Denote by C the endomorphism algebra of X’ — X
in the category of morphisms of £, and by D’ the set of dimension vectors d = (dy, dz, d3,d4)
such that dy = dim E(X, M), ds =dimE(X, L), dy < dy +d3 and dy = dim E(X,EM).

LEMMA 2.9. There exists a constructible map

w:C(L,XM) — H repdC’/T4>
deD’

H
which lifts the map sending € to the orbit of the matrix representation of A4 in mod C given

by ex, M) 225 e x, v) EX e ox, 1) 25D e (x, )

Proof. By definition of a pull-back, the map £(X,Y) — E(X,IM) & £(X, L) is a kernel for
the map E(X,IM) & E(X, L) — E(X,XM), with appropriate signs. Moreover, the morphism

E(X
EX, M) —— Xy E(X,Y) is a kernel for £(X, ). Therefore, lemma 2.3 in section 2.2 applies

and such a constructible map u exists. O

Denote by D the set of dimension vectors d = (dy, da, d3, d4) such that:
d1 = dlmC(T,M), dg == dlmC(T,L), d2 S d1 + d3 and d4 = dlmC(T, EM)
ProproOSITION 2.10. There exists a constructible map

%
¢ :C(L,XM) — H rep; BA4
deD

which lifts the map sending € to the orbit of the representation

o, M) o1, y) L2 (T, L) — 25 o(T, s M) .

Proof. Let T »— IT be an inflation from T' to a projective-injective object in &£. This
inflation induces a commutative diagram (x) of modules over the endomorphism algebra B
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of T'— IT in the Frobenius category of inflations of &:
EIT, M) ——E(IT,)Y) ——E(IT,L) —=E(IT, M)

o L |

(T, M) —=&(T,Y) —= (T, L) — (T, S M).

The map which sends & to the orbit of the diagram (x) lifts to a constructible one. This is
proved by repeating the proof of lemma 2.9 for the functor

& —mod B, U (E(IT,U) — E(T,U))

instead of U +— &(X,U) and using lemma 2.3 for B.

By applying lemma 2.3 to B ® kA4, we see that the vertical cokernel of diagram (%) is
constructible as a B ® kAs-module. Now the claim follows because the terms of the cokernel
are B-modules and B is also the stable endomorphism algebra of T »— IT in the Frobenius
category of inflations of £. O

2.5. Generalized cluster categories have constructible cones

Let (Q,W) be a Jacobi-finite quiver with potential W in kQ (cf. section 3.3 of [Ami09]),
and let I be the Ginzburg dg algebra associated with (Q, W) (cf. section 4.2 of [Gin]). The
perfect derived category per I is the thick subcategory of the derived category DI' generated
by I'. The finite dimensional derived category Dyl is the full subcategory of DI' whose objects
are the dg modules whose homology is of finite total dimension. An object M belongs to DI’
if and only if Hompr(P, M) is finite dimensional for each object P of perT.

Lemma [Keller—Yang)
a) The category DgyI is contained in per T
b) An object of DI belongs to DI if and only if it is quasi-isomorphic to a dg I'-module of
finite total dimension.
¢) The category Dyl is equivalent to the localization of the homotopy category Hgl' of
right dg I-modules of finite total dimension with respect to its subcategory of acyclic dg
modules.

Note that the previous lemma, taken from the appendix of [KY11], is stated above under
some restrictions which do not appear there.

Recall that the generalized cluster category associated with (Q, W), defined in [Ami09], is
the localization of the category perT' by the full subcategory DggT. It is proved in [AmiO9]
that the canonical t-structure on DI restricts to a t-structure on perI'. We will denote this
t-structure by (per=<Y perZ°). Denote by F the full subcategory of perI" defined by:

F =per="n+(per=-2?).

Recall from [Ami09] that the canonical functor from perT" to Cr induces a k-linear equivalence
from F to Cr and that the functor 7<_; induces an equivalence from F to X.F.

Fix an object T in Cr. Without loss of generality, assume that 7" belongs to F. Note that
the canonical cluster tilting object I' € Cr does belong to F.

LEMMA 2.11. Let X be an object of per I'. If X is left orthogonal to per<—3, which happens
for instance when X is in F or in ¥.F, then there is a functorial isomorphism

Hompe, (1< -1 T, X) — Cr(T, X).



CLUSTER CHARACTERS II Page 11 of 22

Proof. Let X € perT be left orthogonal to per<—3. By [Ami09, Proposition 2.8], we have
Cr(T, X) = lim Homper r (T<n T, 7<nX). Moreover, for any n, we have

HOmperF(TgnT, Tan) = Homper F(TSnT7 X)

Let n < —1. The object 7j,41,—1)7 belongs to Dg(I') and X belongs to perT,
so that the 3-Calabi-Yau property (see [KelO8]) implies that the morphism space
Hompe,r (X7 741,-1)7, X) is isomorphic to the dual of Hompe (X, X?7,41,—1)T). This
latter vanishes since X belongs to *(per<=3). The same argument shows that the space
Homperr (7jn41,-1)7, X) also vanishes. Therefore applying the functor Hompe r(?,X) to the
triangle

ZilT[n_i_l,_l]T — <L — < T — T[n+1,—1]T7

yields an isomorphism Homperr(7<n T, X) = Homperr(7<1 T, X). O

LEMMA 2.12. Let X,Y € perI and assume that X belongs to ~(per==3). Then the functor
T>_o induces a bijection Hompe, 1(X,Y) ~ Homp,, 1) (T>—2 X, 7>_0Y).

Proof. By assumption, X is left orthogonal to the subcategory per<—3. Therefore, the space
Hompe,r(X,Y) is isomorphic to Hompe, (X, 7>—2Y"), and thus to Hompe,rr (752X, 7> _2Y).
Since X and Y are perfect over I', their images under 7>_» are quasi-isomorphic to dg modules
of finite total dimension. O

ProprosiTION 2.13. Let I' be the Ginzburg dg algebra associated with a Jacobi-finite
quiver. Then the category Dg(T") has constructible cones.

Proof. We write n for the ideal of I' generated by the arrows of the Ginzburg quiver, and
p for the left adjoint to the canonical functor H(I') — D(T"). Let L, M and T be dg modules
of finite total dimension. Since Homp,, ry(L, ¥ M) is finite dimensional, there exists a quasi-

isomorphism M — M’, where M’ is of finite total dimension and such that any morphism
L — XM may be represented by a fraction:

L M.
N5
M’

We thus obtain a surjection Extlrtfd(r) (L, M) —— Extlpfd(r) (L, M). Fix a k-linear section
s of this surjection. Choose m such that M'n™ and Ln™ vanish. Then for the cone Y of any

morphism from 7'M’ to L, we have Yn™ = 0. For X being any one of L, M’', Y we thus
have isomorphisms

HOID'Dfd(F) (T, X) ~ HOHI’H(F) (pjﬂ’7 X) ~ HOIand(F) (T/, X)

where T” denotes the finite dimensional quotient of pT by (pT)n™. The category Hsa(T) is
the stable category of a Hom-finite Frobenius category. By section 2.4, the category Heq(T")
has constructible cones: There exists a constructible map ¢y, v (associated with 7”) as in
section 1.3. By composing this map with the section s, we obtain a map ¢ as required. [

ProproOSITION 2.14. Let I' be the Ginzburg dg algebra associated with a Jacobi-finite
quiver. Then the generalized cluster category Cr has constructible cones.
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Proof. Let L and M be in Cr. Up to replacing them by isomorphic objects in Cr, we may
assume that L belongs to ¥F and M to F. The projection then induces an isomorphism
Hompe, v (L, M) = Cr(L,XM). Let € be in Hompe, (L, XM), and let M - Y — L S yM
be a triangle in perI'. Let us denote the sets of morphisms Hompe, (', ) by (', ). There is a
commutative diagram

(Tg_lT, E_lL) —_— (Tg_lT, M) — (Tg_lT, Y) — (Tg_lT, L) — (Tg_lT, EM)

l ! ! ) !

CF(T, E_lL) —_— CF(T, M) —_— CF(T, Y) —_— CF(T, L) —_— CF(T, EM),

where the morphisms in the first two and in the last two columns are isomorphisms by
lemma 2.11, and so is the middle one by the five lemma. Note that 7<_17" belongs to X.F,
so that, by lemma 2.12, we have isomorphisms:

HOmperF(L, EM) ~ HOmed(F) (TZ,QL, TZ,QEM)
and
CF (T, X) ~ Hompfd(p) (T[72171]T, TZ_QX)

for X € {E_lL,M,L,EM} and thus also for X being the middle term of any triangle in
Extl. (L, M).Lete € Cr(L,XM) and let M — Y — L = XM be a triangle in Cr. Let Z be the

morphism in Homp,, (T>—2L,T>_2XM) corresponding to € and let 7>_oM — Z — 7>_oL 5
7>_2%M be a triangle in Dgg(T'). Then the sequence obtained from X7'L - M —Y — L —
$M by applying the functor Cr(T,?) is isomorphic to the one obtained from X 717> oL —
T> oM — Z — 7> 2L — 7>_2XM by applying the functor Homp,, r)(7—2,—1jT, 7). By propo-
sition 2.13, the cylinders of the morphisms L — XM are constructible with respect to 7.

[l

per T

3. Proof of theorem 1.1

Let T be a cluster tilting object of C. Let L and M be two objects in C, such that the
cylinders of the morphisms L — XM and M — XL are constructible with respect to T'. Let
us begin the proof with some notations and some considerations on constructibility. Let € be
a morphism in C(L,XM)yy for some Y € C, and let M Y’ 2 L =5 M be a triangle

H
in C. The image of € under ¢y, 5s lifts the orbit of the matrix representation of A4 in modB

i F ”_ .
given by FM a FYy' —2~ FL, Fe s pyM (the definition of the constructible map ¢, a

is given in section 1.3). In all of this section, we will take the liberty of denoting by Fi, F)p and
FY’ the image ¢, m(€). Denote by A the dimension vector dimF L 4+ dimFM. For any object
Y in C and any non-negative e, f and g in Ko(mod B), let W}, (e, f,g) be the subset of

PC(L, M) vy x [ HGrgl (k)

d<Ai=1

formed by the pairs ([¢], E) such that F is a submodule of FY’ of dimension vector g,
dim(Fp)E = e and dim(Fi)"'E = f, where F'Y',Fi and Fp are given by ¢ ar(c). We let

— W}, (g9) denote the union of all W}, (e, f,g) with e < dimFL and f < dimFM and

— W}, (e, f) denote the union of all W}, (e, f,g) with g < dimFL + dimF M.

LEMMA 3.1. The sets W}y, (e, f,g) are constructible.
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Proof. Denote by A the dimension vector dimF'L + dimF M, and fix a dimension vec-
tor g. Consider the map induced by ¢r n which sends a pair (¢, E) in C(L,XM)yy x
Ha<aIlicq, Gry, (k%) to (Fi,Fp, FY' E). By our assumption, this map (exists and) is
constructible. Therefore, the subset of

C(L, M) vy x [T ] Gro. (k%)
d<A i€Qo
formed by the pairs (e, E) such that E is a submodule of FY’ is a constructible subset. We
denote by V}¥},(g) this constructible subset. We thus have a constructible function V}Y;,(g) —
Z2" sending the pair (g, E) to (dim(F4)~'FE, dim(Fp)E). This function induces a constructible
function 6 : W},,(g) — Z2", and the set W[, (e, f, g) is the fiber of & above (e, f). O

The fiber above the class [¢] of the first projection W}y, (g9) — PC(L,XM)yy is {[e]} x
Gry FY' and thus all fibers have Euler characteristics equal to that of Gry FY. Therefore we
have:

() x (WL (9)) = x(PC(L, M)(v)) x(Grg FY).

Define L(e, f) to be the variety PC(L,XM) x Gre FL x Gry FM. Consider the following
map:

IT Whute, £) 2 Lie, f)
Yey
(€], B) — ([e], (Fp)E, (Fi)'E).

By our assumption, the map v is constructible.

Let Li(e, f) be the subvariety of L(e, f) formed by the points in the image of ¥, and let
La(e, f) be the complement of Ly (e, f) in L(e, f).

We can now start to compute:

dlmC(L ZM)XLXM — coind(LGM) Z X H ! (Siet+f)a
e, f i=1

= 2 x(afe, fam e e [ Lt e

n

+ZX L2 7comd(L€BM) ngsi,e-l-f}a-

=1

Denote by s (resp. s2) the first term (resp. second term) in the right hand side of the last
equality above. We first compute the sum s;.

As shown in [CCO06], the fibers of ¢ over Lq(e, f) are affine spaces. For the convenience of
the reader, we sketch a proof. Let ([¢],U, V) be in Ly(e, f). Denote by Y the middle term of &
and by Gry,y the projection of the fiber 1~!([¢], U, V') on the second factor Gr FY. Let W be
a cokernel of the injection of U in F M.

w

f

FM ——>Fy 2> FL FYM
N
U E 174

LEMMA 3.2. (Caldero—Chapoton) There is a bijection Hompg(V,W) — Gry,y .
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Proof. Define a free transitive action of Homp(V, W) on Gry,y in the following way: For
any E in Gry,y and any g in Hompg(V, W), define E, to be the submodule of FY of elements
of the form i(m) + = where m belongs to FM, x belongs to E and gpz = mm. Note that E,
belongs to Gry,y (since the kernel of 4 is included in U), that Ey = E and that (Eg), = Egyn.
This action is free: An element i(m) + x is in F if and only if m is in U. This is equivalent to
the vanishing of 7m, which in turn is equivalent to pz belonging to the kernel of g. This action
is transitive: Let E and E’ be in Gry,y. For any v in V, let g(v) be w(a’ — x) where z € E,
x' € E' and px = pz’ = v. This defines a map g : V. — W such that E;, = E’. [l

By lemma 3.2, we obtain the following equality between the Euler characteristics:

Z X(W{N[(ea f)) = X(Ll(ea f))’
(Y)
which implies the equality

81 = Z X(WgM(eaf))licomd(L@M)H$§Si7e+f>a'
e, f(Y) i=1

If the pair ([¢], E) belongs to W}Y,,(e, f,g), then by [Pal08, lemma 5.1], we have

n n

Z<Si; e+ f)alPi] — coind(L & M) = Z<Si, 9)alP;] — coind(mt(e))

i=1 =1

and coind(mt(e)) = coind Y since the morphism ¢ is in C(L, X M) yy. Therefore,

51 = Z X(WI),/M(ea f,g))£7 coind(LHM) H:CZ{Si,eJrf)a

e, f,9.(Y) bl
= 3 x(Whle fog)z e T a0
e, f,9,(Y) iy
- Z X(WXM(Q))£7 coind ¥ ngsi,gh
9.(Y) 1
= Z Z X(]P’C(L, EM)<y>)x(Grg FY)g~condY H xfsi,gh by (+4)
(Y) ¢ 1

=> X(PC(L,=M)(y)) Xy
(v)

We now consider the sum so. Recall that since C is 2-Calabi—Yau, there is an isomorphism
ér.a:C(EL, M) — DC(M,XL).
We denote by ¢ the induced duality pairing;:
¢:C(X"'L,M) x C(M,SL) — k
(a,b) — ¢r m(a)b.

Let Ce¢(Y,g) consist of all pairs (([e],U,V),([n],E)) in La(e, f) x Wy, (g9) such that
d(X71e,n) #£0, (Fi)"'E =V and (Fp)E = U, where Fi, Fp are given by ¢ (). The set
C..r(Y,g) is constructible, by our assumption. Let C. ; be the union of all C (Y, g), where
Y runs through the set of representatives ), and g through Ko(mod B). We then consider the
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following two projections

Ce,f and Ce,f(Y; 9)
Pll p2l
LQ(eaf) W}\;L(fvevg)'

The aim of the next proposition is to show that the projections p; and ps are surjective, and
to describe their fibers. ) )

Let U be in Gr. FL, and V be in Gry FM. Let U -% L and V % M lift these two
inclusions to the triangulated category C. As in section 4 of [Pal08], let us consider the fol-
lowing two morphisms: « from C(S7'L,U) & C(S™'L, M) to C/(T) (E7'V,U) @ (X7'V, M) &
C/(XT) (27'L, M) and

o (ETYU,SV)@C(M,2V) @ (2*T)(M,2L) — C(U,XL) & C(M, L)
defined by:
afa,b) = (aX iy, igaX iy — bX iy, iya — b)
and
o/(a,b.¢) = ((Tiv)a+ cip + (Siv)biv, —c — (Siv)b).

Remark that the maps « and o are dual to each other via the pairing ¢. In the following
lemma, orthogonal means orthogonal with respect to this pairing.

ProposITION 3.3. [CKO8, proposition 3] With the same notations as above, the following
assertions are equivalent:
(i) The triple ([e],U, V') belongs to La(e, f).
(i) The morphism %~ !¢ is not orthogonal to C(M,%L) N Im«'.
(iii) There is an n € C(M,XL) such that ¢(X~1e,n) # 0 and such that if

L N2y

is a triangle in C, then there exists E € Gr FN with (Fi)"*E =V and (Fp)E =U.

Proof. Let us start with the equivalence of (i) and (ii). The same proof as that in [CKO08,
proposition 3] applies in this setup: Denote by p the canonical projection of C(X~1L,U) &
C(X71L, M) onto C(X71L, M). Then, by [Pal08, lemma 4.2], assertion (i) is equivalent to ¥ ~1e
not belonging to p(Ker o). That is, the morphism Y ~!¢ is not in the image of the composition:

q:Kera — C(S'L,U)@C(2 'L, M) — C(X7'L, M).

So (i) holds if and only if ¥71¢ is not in the orthogonal of the orthogonal of the image of q.
The orthogonal of the image of ¢ is the kernel of its dual, which is given by the composition:

C(M,XL) — C(U,XL) ® C(M,XL) — Cokerc’.

Therefore assertion (i) is equivalent to the morphism ¥ ~!e not being in the orthogonal of
C(M,XL)NIm o’ which proves that (i) and (ii) are equivalent.

By [Pal08, lemma 4.2], a morphism in C(M, XL) is in the image of ¢’ if and only if it satisfies
the second condition in (iii). Therefore (ii) and (iii) are equivalent. O

A variety X is called an extension of affine spaces in [CKO8] if there is a vector space V
and a surjective morphism X — V whose fibers are affine spaces of constant dimension. Note
that extensions of affine spaces have Euler characteristics equal to 1.
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PROPOSITION 3.4. [CKOS8, proposition 4]
a) The projection C, s LYy Lo(e, f) is surjective and its fibers are extensions of affine spaces.
b) The projection Cq ;(Y, g) —2 WY, (f,e,g) is surjective and its fibers are affine spaces.
c) If Ce #(Y,g) is not empty, then we have
n n

> (Sise+ flalP] — coind(L & M) = > (Si, g)a[P] — coind Y.

i=1 =1

Proof. Let us first prove assertion a). The projection p; is surjective by the equivalence of
i) and iii) in proposition 3.3. Let X be the fiber of p; above some ([¢],U, V) in La(e, f). Let
V be the set of all classes [n] in P(C(M,XL)NIma’) such that ¢(X~'e,n) does not vanish.
The set V is the projectivization of the complement in C(M,¥L) NImca’ of the hyperplane
Ker ¢(X7 e, ). Hence V is a vector space. Let us consider the projection 7 : X — V. This
projection is surjective by [Pal08, lemma 4.2]. Let 7 represent a class in V, and let Fi, F'p be
given by ¢ar (). Then the fiber of m above [n] is given by the submodules E of F'Y such that
(Fi)™ E =V and (Fp)E = U. Lemma 3.2 thus shows that the fibers of 7 are affine spaces of
constant dimension.

Let us prove assertion b). Let ([n], E) be in WY, (f,e,g). The fiber of py above ([n], E)
consists of the elements of the form (([e],U, V), ([n], E)) where U and V are fixed submodules
given by [n] and E, and [¢] € PC(L, X M) is such that ¢(X7'e,n) does not vanish. Therefore
the projection ps is surjective and its fibers are affine spaces.

To prove assertion c¢), apply [Pal08, lemma 5.1] and remark that if Y’ belongs to (Y'), then
Y’ and Y have the same coindex. O

As a consequence, we obtain the following equalities:
X(Ce,f) = x(La(e, f)) and x(Ce (Y, 9)) = x(War(f€,9))-
We are now able to compute so :

Z X L2 — coind(L@M) H (Sietfa

i=1

_ ZX(Ce,f)E_ coind(L@GM) sz{Si,eJrf)a by 3.4 a)
e.f

i=1

= Y X(Cef(Y,g))x comater H (Sise+f)a

e, f,9.(Y) =1
_ Z X(Ce,f(Y7 g))£7 coind Y Hx§si79>a by 3.4 C)
e, f,g,(Y) i=1
= > x(WhL(fe.g)z oY T %9 by 3.4 b)
e, f,.9.(Y) i=1
_ Z (WML 7c01ndY H (Sz7g>a
g.(Y)
= Y x(PC(M,SL)yy) x(Grg FY)z~ Y T 259 by ()
g,(Y) i=1

=> X(PC(M,SL)(y)) Xv.
(v)
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Gathering our results we have:
dimC(L, ZM)XLX]M = 81 + S2

=Y X(PC(L,SM)(yy) Xy + > _x(PC(M, L) (v)) Xy,
(v) (Y)

which proves Theorem 1.1.

4. Fu-Keller’s cluster character

In this section, it is proven that the cluster character X’ defined by C. Fu and B. Keller,
in [FK10], satisfies a multiplication formula similar to that of [GLS07]. In the case of the
categories C,, of Geiss—Leclerc—Schroer, when T a reachable cluster-tilting object, this also
follows from [GLSb, Theorem 4]. Note that the notations used in this section differ from those
of [FK10].

Let k be the field of complex numbers and let £ be a k-linear Hom-finite Frobenius category
with split idempotents. Assume that its stable category C is 2-Calabi—Yau and that £ contains
a cluster tilting object T'. Denote the endomorphism algebra Endg(T') by A and recall that the
algebra End¢(T) is denoted by B. The object T is assumed to be basic with indecomposable
summands 711, ...,T, where the projective-injective ones are precisely Ty41,...,T,. For ¢ =
1,...,n, we denote by S; the simple top of the projective A-module (T, T;). The modules in
modB are identified with the modules in mod A without composition factors isomorphic to one
of the S;, r < i <n.

4.1. Statement of the multiplication formula

We first recall the definition of X’ from [FK10]. For any two finitely generated A-modules
L and M, put
3
(L, M)s = (—1)" dimy Ext’s(L, M).
i=0

Proposition [Fu-Keller]: If L, M € modB have the same image in Ko(mod A), then we have
<L7 Y>3 = <M7 Y>3
for all finitely generated A-module Y .

Therefore, the number (L, S;)5 only depends on the dimension vector of L, for L € modB.
Put (dimL, S;)3 = (L, Si)s, fori=1,...,n.

Recall that F is the functor C(T, ?) from the category C to modB. Denote by G the functor
FY ~ Extg(T,?). For a € Ko(proj A), the notation % stands for the product [Tz}, where a;
is the multiplicity of [P;] in a.

Definition [Fu-Keller] For M € £, define the Laurent polynomial

n

Xy = gnd M Z X(Gre.(GM)) Hzi_@’si).

e€Ko(mod A) i=1

Note that the A-module GM does not have composition factors isomorphic to one of the .S;,
r <1 <n, so that the sum might as well be taken over the Grothendieck group K¢(mod B).
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Theorem [Fu-Keller] The map M — X}, is a cluster character on €. It sends T; to x;, for all
1=1,...,n

For a class € € Ext}(L, M), let mt(e) be the (isomorphism class of any) middle term of a
conflation which represents €.

THEOREM 4.1. For all L, M € £, we have

x(PExtg (L, M) X X} = J Xxlnt(g) +J Xz/nt(s)'

[e]ePExty (L,M) [e]ePExtL (M,L)

The proof of this theorem is postponed to section 4.3. The next section is dedicated to

proving that the map sending [e] to X/ t(e) is "integrable with respect to x”.

4.2. Constructibility

Let L, M be objects in €. To any e € C(L,XM) corresponds a class in Exté(L, M). Given
a conflation in this class, we denote by mt(e) the isomorphism class in £ of its middle term.
Note that this notation does not coincide with the one in section 1. Nevertheless, those two
definitions yield objects which are isomorphic in C.

LEMMA 4.2. The map
A:C(L, M) — Koy(projA)

which sends € to the index of mt(e) is constructible.

Proof. Let e € C(L,SM), and let M>——>Y —> [, be a conflation whose class in
Exté(L, M) corresponds to . Let d be the dimension vector of Coker £(T,p). By the proof
of [FK10, lemma 3.4], we have

indY = ind(L ® M) — Y (d, Si)s[Pi].
i=1
Thanks to lemma 2.9 and lemma 2.3, the formula above shows that the map A is constructible.

0

If an object Y belongs to mt(e) for some ¢ € Extg (L, M), we let ((Y)) denote the set of all
isomorphism classes of objects Y’ € £ such that:

~ Y is the middle term of some conflation in Extg (L, M),

— indY’ =indY and

— for all e in Ky(mod B), we have x(Gr. GY’') = x(Gr. GY).
We denote the set of all ¢ € C(L,XM) with mt(e) € ((Y)) by C(L,EM)yyy. Note that the
set C(L,XM)(yyy is a (constructible) subset of C(L,XM)yy.

As for proposition 2.8, the following proposition follows easily from corollary 2.5 and the
previous lemma.

PROPOSITION 4.3. The sets C(L,XM)yyy are constructible subsets of C(L,~M). More-
over, the set C(L,¥.M) is a finite disjoint union of such constructible subsets.
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This proposition shows that the right hand side in the multiplication formula of theorem 4.1
is well-defined.

4.3. Proof of theorem 4.1

The proof is essentially the same as that in section 3, where the use of [Pal08, lemma 5.1]
is replaced by that of [FK10, lemma 3.4].
Let L and M be two objects in €. Let € be a morphism in C(L, XM )yyy for some Y € £, and

let M —5Y' B L -5 SMbea triangle in C. Remark that, by section 2.4, the category C has
constructible cones. The image of X¢ under ¢x 7, s lifts the orbit of the matrix representation

of A4 in modB given by GM ¢ GQY’ Gr GL Ge GYXM . In all of this section, we

will take the liberty of denoting by Gi, Gp and GY’ the image pxr nam(Ze). Denote by A
the dimension vector dimGL + dimGM. For any non-negative e, f and g in Ky(mod B), let
WY, (e, f,g) be the subset of

PC(L,ZM)((y» X H HGI‘gi(k/’di)

d<Ai=1
formed by the pairs ([¢], F) such that E is a submodule of GY' of dimension vector g,
dim(Gp)E = e and dim(Gi) ™' E = f. We let

— Wy ,,(g) denote the union of all WY, ,(e, f,g) with e < dimGL and
f <dimGM and
- WY, (e, f) denote the union of all WY, (e, f, g) with g < dimGL + dimGM.

Note that, by lemma 3.1, the sets WY, (e, f, g) are constructible.

The fiber above the class [¢] of the first projection W}, (g) = PC(L, M) vy is {[e]} x
Gr, GY' and thus all fibers have Euler characteristics equal to that of Gry GY. Therefore we
have:

(e)  x(WEar(9) = X(PC(L, ZM) (v ) x(Gry GY).
Define L(e, f) to be the variety PC(L,XM) x Gro GL x Gry GM. Consider the following
map:

H W{M(eaf) i>‘C(e’f)
«y))

(], E) — ([e], (Gp)E, (Gi) ' E).

By lemma 2.9, the map 1) is constructible.

As in section 3, let Lq(e, f) be the subvariety of L(e, f) formed by the points in the image
of ¢, and let Ly(e, f) be the complement of L (e, f) in L(e, f).

Using the notations above, we have

PC(L,XM)X X}, = f“d(L@M) Z x(L(e, f)) H xi—(e+f,Si>s
e, f i=1
For j = 1,2, denote by o; the term
2O RN (L (e, f) [
e, f i=1

so that PC(L,XM)X; X}, = 01 + 02.
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We first compute the sum o;. As shown in [CCO06], the fibers of 1) over Li(e, f) are affine
spaces (see lemma 3.2). Therefore we have the following equality between Euler characteristics:

Z X(W{M(e’ f)) = X(‘Cl(ea f))’
«Y))

which implies the equality

o1 = Z xWinl(e, f gmaLeM) H e+ ssy
e, f,{{Y)) i=1

If the pair ([¢], E) belongs to W}, (e, f, g), then by [FK10, lemma 3.4], we have

n n

ind(L ® M) = (e + f,8:)3[P] = ind(ms(e)) = Y (g, S:)a[P]

i=1 i=1
and ind(mt(e)) = ind Y since the morphism ¢ is in C(L, ¥ M) (yy). Therefore,

= ST A0Vl g [
e, f,9,((Y))

_ Z (WL]M pindY H (9:Si)3

e, f,9,((Y))

= Z XWLM deH

9,(Y))

=3 S x(PC(L,SM)(vy)x(Grg GY )z deH:c (9:50)3 b (k)
Y g9

(Y) =1

—~

= Z X(PC(L, M) yy) X3
(Y)

—~
N

We now consider the sum o2. Recall that we denote by ¢ the duality pairing:
¢:C(E'L,M) xC(M,%L) — k
(a,b) — ¢ m(a)b

induced by the 2-Calabi—Yau property of C.

Let Cef(Y,g) consist of all pairs (([e],U,V),([n],E)) in La(e, f) x W), (g) such that
#(X71e,n) #£0, (G)™*E =V and (Gm)E = U (where Gi, Gt are given by ¢sarxr(Xn)). The
set Ce r(Y, g) is constructible, by lemma 2.9. Let C. s be the union of all C. ;(Y,g), where YV’
runs through a set of representatives for the classes ((Y)), and g through Ky(mod B). We then
consider the following two projections

Ce.r and Ce,r(Y.9)
Pll P2\L
EQ(eaf) WJ)\/JL(faeag>'

As shown in section 3, the projections p; and ps are surjective. Moreover, by [FK10, lemma
3.4], if C. ;(Y, g) is not empty, then we have

n n

ind(L & M) = (e +f,S:)s[P] =indY = (g, S:)s[Pi].

=1 i=1
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As a consequence, we obtain the following equalities:

X(Ce.r) = x(La(e, f)) and x(Ce,r (Y, 9)) = x(WirL(f.€.9))-

We are now able to compute o> :

2= (e, a6 [

f,Si)s
Z X(Ce, ind(LOM) H (e+
e f
n

— Z X(Ceyf(Y,g))iind(LEBM)H:Ci—(e-i-f,si)s

€, 191(<Y>> =1
_ Z (Ce f Y g de H —(9,Si
e,f,9,((Y))

- Z xWirL(f.e,9)) ‘“dYH (9.5:)s

e,f,9,((Y))

IH 1S
= X(W}V/{L dy H (9:Si)3
9:((Y))

= Z X PCMEL)<(Y>) (GrgGY lndYH —(9,8:)s
S0 i=1

Q

—~

9,

«Y))

We thus have:
PC(L,XM)X X}, =01+ 02

= X(PC(L, M) (vy)) Xy + Y x(PC(M, L) ((yvy)) Xy,
{(Y)) (Y
which concludes the proof.
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