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The noncommutative Batalin-Vilkovisky equation and

A-infinity algebras

80 U -Z /27 graded vector space/C, I-scalar product on U of degree
c de€Z/2Z, (variant: Z—graded), consider

F = Symm(Cy[1+d]), Cy = &%,(U[1]¥)?//*

-the symmetric (resp. exterior) powers for odd (resp even) d, of cyclic tensors
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The noncommutative Batalin-Vilkovisky equation and

A-infinity algebras

80 U -Z /27 graded vector space/C, I-scalar product on U of degree
c de€Z/2Z, (variant: Z—graded), consider

F = Symm(Cy[1+d]), Cy = &%,(U[1]¥)?//*

-the symmetric (resp. exterior) powers for odd (resp even) d, of cyclic tensors
o ([B1],2006) A : F — F[1], A%> = 0, defined via dissection-gluing of cyclic
tensors, of the second order w.r.t. product of cycles.
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The noncommutative Batalin-Vilkovisky equation and

A-infinity algebras

80 U -Z /27 graded vector space/C, I-scalar product on U of degree
c de€Z/2Z, (variant: Z—graded), consider

F = Symm(Cy[1+d]), Cy = &%,(U[1]¥)?//*

-the symmetric (resp. exterior) powers for odd (resp even) d, of cyclic tensors
e ([B1],2006) A : F — F[1], A?> = 0, defined via dissection-gluing of cyclic

o tensors, of the second order w.r.t. product of cycles.

‘0o The noncommutative Batalin-Vilkovisky equation (nc-BV)
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nas+ 5.5} =0, 5= ¥ WIS, 5, € Symmi(Gil1+ d])
g>0,i
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The noncommutative Batalin-Vilkovisky equation and

A-infinity algebras

80 U -Z /27 graded vector space/C, I-scalar product on U of degree
c de€Z/2Z, (variant: Z—graded), consider

F = Symm(Cy[1+d]), Cy = &%,(U[1]¥)?//*

-the symmetric (resp. exterior) powers for odd (resp even) d, of cyclic tensors
e ([B1],2006) A : F — F[1], A?> = 0, defined via dissection-gluing of cyclic

o tensors, of the second order w.r.t. product of cycles.

‘0o The noncommutative Batalin-Vilkovisky equation (nc-BV)

nl-21Ju

, Ve

nas+ 5.5} =0, 5= ¥ WIS, 5, € Symmi(Gil1+ d])
g>0,i

e nc-BV& Aexp(S/h) =0
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The noncommutative Batalin-Vilkovisky equation and

A-infinity algebras

80 U -Z /27 graded vector space/C, I-scalar product on U of degree
c de€Z/2Z, (variant: Z—graded), consider

F = Symm(Cy[1+d]), Cy = &%,(U[1]¥)?//*

-the symmetric (resp. exterior) powers for odd (resp even) d, of cyclic tensors
e ([B1],2006) A : F — F[1], A?> = 0, defined via dissection-gluing of cyclic

o tensors, of the second order w.r.t. product of cycles.

‘0o The noncommutative Batalin-Vilkovisky equation (nc-BV)

nl-21Ju

, Ve

nas+ 5.5} =0, 5= ¥ WIS, 5, € Symmi(Gil1+ d])
g>0,i

e nc-BV& Aexp(S/h) =0

{501,501} =0,
V = U, and Sp1 = mp_, is A—algebra structure on V with invariant
scalar product of degree d
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The noncommutative Batalin-Vilkovisky equation and

A-infinity algebras

80 U -Z /27 graded vector space/C, I-scalar product on U of degree
c de€Z/2Z, (variant: Z—graded), consider

S

2 F = Symm(Cy[1+d]), Gy = &%, (U[1]¥)%/i%

' the symmetric (resp. exterior) powers for odd (resp even) d, of cyclic tensors
e ([B1],2006) A : F — F[1], A?> = 0, defined via dissection-gluing of cyclic
8 tensors, of the second order w.r.t. product of cycles.

‘0o The noncommutative Batalin-Vilkovisky equation (nc-BV)

Qo

;. hAS + %{5, S}=0,S= Y n%ts, ;. S, € Symm' (C[1+d]),
— g>0,i

§° nc-BV& Aexp(S/h) =0

<o

8 {S0,1. 5,1} =0,

Eﬁ V = U, and Sp1 = mp_, is A—algebra structure on V with invariant

scalar product of degree d
Aco—algebras without scalar product are included in the formalism by setting
U= A& AV[d], giving an A —algebra with scalar product.



The A-infinity equivariant matrix integrals ([B2],09/2006)
o ([B2],09/2006) element S € Symm(C,[1 + d]|) — matrix integral

/exp 5(X, A)dX

X € gl(N|N) ® V(1] in the odd d case, X € g(N) ® V[1] in the even d case,

version 1 - 21 Jun 2010
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The A-infinity equivariant matrix integrals ([B2],09/2006)

Qe ([B2],09/2006) element S € Symm(C,[1 + d]|) — matrix integral
/exp§(x,A)dx

un 20

= X € gl(N|N)® V[1] in the odd d case, X € g(N) ® V[1] in the even d case,
e If S satisfies nc-BV equation then

(Amatrix + igl) eng(Xr A) =0
& exp §(X A)dX is gl—equivariantly closed differential form.

2
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The A-infinity equivariant matrix integrals ([B2],09/2006)

Qe ([B2],09/2006) element S € Symm(C,[1 + d]) — matrix integral
/exp§(x,A)dx

un 20

= X € gl(N|N)® V[1] in the odd d case, X € g(N) ® V[1] in the even d case,
e If S satisfies nc-BV equation then

(Amatrix + ig/) exp E(X’ A) =0

onl-2

< exp §(X A)dX is gl—equivariantly closed differential form.
@ In the case of the algebra 1-1 =1, - solution to nc BV for V = {1}, this is
the matrix Airy integral [ exp(§ Tr(Y3) — 3 Tr(AY?))dY

Versi
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The A-infinity equivariant matrix integrals ([B2],09/2006)

Qe ([B2],09/2006) element S € Symm(C,[1 + d]) — matrix integral
/exp§(x,A)dx

un 20

= X € gl(N|N)® V[1] in the odd d case, X € g(N) ® V[1] in the even d case,
e If S satisfies nc-BV equation then

(Amatrix + ig/) exp E(X’ A) =0

< exp §(X A)dX is gl—equivariantly closed differential form.
@ In the case of the algebra 1-1 =1, - solution to nc BV for V = {1}, this is
the matrix Airy integral [ exp(§ Tr(Y3) — 3 Tr(AY?))dY
-0 This is the higher genus counterpart of the (nc)Hodge theory integration on
CY projective manifolds, (hAy + 9y + [y, 7] =0, v € Q%* (M, AT))

onl-2
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The A-infinity equivariant matrix integrals ([B2],09/2006)

o
-
o
N
c
>

bar)
—

haI-OO493919 version1-2

e ([B2],09/2006) element S € Symm(C,[1 + d]) — matrix integral

/exp§(x,A)dx
X € gl(N|N) ® V1] in the odd d case, X € q(N) ® V[1] in the even d case,

o If S satisfies nc-BV equation then

(Amatrix + ig/) exp E(X’ A) =0

< exp §(X A)dX is gl—equivariantly closed differential form.

@ In the case of the algebra 1-1 =1, - solution to nc BV for V = {1}, this is

the matrix Airy integral [ exp(z Tr(Y3) Tr(AY?))dY
-0 This is the higher genus counterpart of the (nc)Hodge theory integration on
CY projective manifolds, (hAy + 0y + 5 ['y, 7] =0, v € Q%*(M,AT))

o S satisfies nc-BV, asymptotic expansion as A — oo -sum over stable ribbon

graphs=-cohomology classes in H*(ﬂgn) (in H*(mK

g.n L) for odd d)



The A-infinity equivariant matrix integrals ([B2],09/2006)
([B2],09/2006) element S € Symm(C,[1 + d]) — matrix integral

[}

ver§ion 1- 2‘_‘)[ Jun 2010
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/exp§(x,A)dx

X € gl(N|N) ® V1] in the odd d case, X € q(N) ® V[1] in the even d case,
If S satisfies nc-BV equation then

(Amatrix + ig/) exp E(X’ A) =0

< exp §(X A)dX is gl—equivariantly closed differential form.

In the case of the algebra 1-1 =1, - solution to nc BV for V = {1}, this is
the matrix Airy integral [ exp(§ Tr(Y3) — 3 Tr(AY?))dY

This is the higher genus counterpart of the (nc)Hodge theory integration on
CY projective manifolds, (hAy + 9y + [y, 7] =0, v € Q%* (M, AT))

S satisfies nc-BV, asymptotic expansion as A — oo -sum over stable ribbon
graphs=>cohomology classes in H*(M, ) (in H*(M, ,, L) for odd d)
My As equivariant matrix integrals define an integration framework in the
noncommutative (derived algebraic) geometry, particularly adobted to the
equation {ma_, ma_} =0

/exp S(X, A)pdX, ¢ € Ker(hA+{S.-}) C Symm(Cy[1+ d])



Noncommutative Batalin-Vilkovisky operator ([B1])

o
—
S
c
S
=
—
N
1
—
c
Q
7
L.
o
>

s | define my noncommutative BV differential on Symm(C,[1 + d]) via

A(xp1 ...Xpr)/\(XTl Xrt))\ =

= Z lp 74 (X0, - e Xp,  XTqin e XTg 1%, c Xp At
) (=1)%ho,0, (%o, -+ Xp, 1 X yy -+ X0, )A (X, 1 - Xo,_ )a(xey - X )
pEl#q

Z (_1)8/'(qu (Xpl “e Xpr)A(Xrl e XTpfleq+1 e XTt))\(XTp+1 .. 'Xqul)/\
pEl#q

o, ::/(Xbp'qu)
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Noncommutative Batalin-Vilkovisky operator ([B1])

o
—
S
c
S
=
—
N
1
—
c
Q
7
L.
o
>

s | define my noncommutative BV differential on Symm(C,[1 + d]) via
Alxp, - %, ) Oxry - XT:)A =

= Z lp 74 (X0, - X, X - Xeg 1 X0, c Xp At

) (=1)%ho,0, (%o, -+ Xp, 1 X yy -+ X0, )A (X, 1 - Xo,_ )a(xey - X )
pEl#q

Z (_1)8/'(qu (Xpl oo Xpr)A(Xrl oo XTpfleq+1 oo XTt))\(XTp+1 PP Xqul ))\
pEl#q
bo,p, = I(pr,qu)
@ signs are the standard Koszul signs taking into account that
(Xp1 .. .Xpr))\ = (1 + d) +ZXT)I, Xj € V[l]
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The cyclic tensors, invariant functions and the matrix

aigebra with odd trace.

(C\)Jo Invariant theory:

Symm(Cy) — Symm((gl(N|N) @ V[1])¥)CL(NIN)

[T ca)r = [ [sTr(AL-...- Ak)

hal-00493919, version 1 - 21 Jun



The cyclic tensors, invariant functions and the matrix

aigebra with odd trace.

(C\)Jo Invariant theory:

Symm(Cy) — Symm((gl(N|N) @ V[1])¥)CL(NIN)

[T ca)r = [ [sTr(AL-...- Ak)

@ This is an isomorphism in degrees < N, it was at the origin of the discovery
of cyclic homology, cyclic differential < Lie cohomology differential of g/(V).

version 1 - 21 Jun
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The cyclic tensors, invariant functions and the matrix

aigebra with odd trace.
80 Invariant theory:
Symm(Cy) — Symm((gl(N|N) @ V[1])¥)CLNIN)

H(al ...ak)/\ — HSTr(Al teen 'Ak)
@ This is an isomorphism in degrees < N, it was at the origin of the discovery
of cyclic homology, cyclic differential < Lie cohomology differential of g/(V).
@ To relate this with the nc-BV equation, one needs to solve the problem: for
usual algebras (i.e. with scalar product of degree d = 0) this is the wrong
space: the symmetric instead of the exterior powers of cyclic tensors

version 1 - 21 Jun
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The cyclic tensors, invariant functions and the matrix

aigebra with odd trace.

(C\)Jo Invariant theory:

Symm(Cy) — Symm((gl(N|N) @ V[1])¥)CLNIN)

H(al ...ak)/\ — HSTr(Al teen 'Ak)

@ This is an isomorphism in degrees < N, it was at the origin of the discovery
of cyclic homology, cyclic differential < Lie cohomology differential of g/(V).

@ To relate this with the nc-BV equation, one needs to solve the problem: for
usual algebras (i.e. with scalar product of degree d = 0) this is the wrong
space: the symmetric instead of the exterior powers of cyclic tensors

y@ Solution: there must be a matrix algebra with odd trace:

tr(Al-...~Ak) = 1+ZA7,'

9. version 1 - 21 Jun
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The cyclic tensors, invariant functions and the matrix

aigebra with odd trace.

(C\)Jo Invariant theory:

Symm(Cy) — Symm((gl(N|N) @ V[1])¥)CLNIN)

H(al coag)) — HsTr(Al conAg)
@ This is an isomorphism in degrees < N, it was at the origin of the discovery
of cyclic homology, cyclic differential < Lie cohomology differential of g/(V).
@ To relate this with the nc-BV equation, one needs to solve the problem: for
usual algebras (i.e. with scalar product of degree d = 0) this is the wrong
space: the symmetric instead of the exterior powers of cyclic tensors
o Solution: there must be a matrix algebra with odd trace:

21 Jun

, version 1

S tr(AL-.. A =1+3ZA;
50 Such algebra exists:
S q(N) = {[X, 7] = 0|X € gl(N|N)}
Eﬁ where 7T = ( 2 1(/)\/ ) is an odd isomorphism, 72 = —1,
N
B A B
a(N) = B A



Algebra q(N) and nc-BV equation

o
-
e a(N) has odd trace
- A B)
otr = tr(B
3 (5 4)-w®
N otr([X1., Xa]) = 0
—
c
o
&
Qo
>

hal-00493919,



Algebra q(N) and nc-BV equation

o
i
e a(N) has odd trace B
c

otr = tr(B
3 (&5)=w@
—
~N otr([X1, X2]) =0
—ie g(N) is a simple Z/2Z—graded associative algebra
S
&
Qo
>
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Algebra q(N) and nc-BV equation

(N) has odd trace

()
Q

otr( ’g i ) = tr(B)

otr([X1, X2]) =0

e g(N) is a simple Z/2Z—graded associative algebra

@ The map
Symm(I1C,) — Symm((q(N) ® V[1])V)Q(N)

1—[(31...8/())L —>HOtr(A1-...-Ak)

is an isomorphism in degrees < N

version 1 - 21 Jun 2010
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Algebra q(N) and nc-BV equation

(N) has odd trace

()
Q

otr( ’g i ) = tr(B)

otr([X1, X2]) =0

e q(N) is a simple Z/2Z —graded associative algebra

@ The map
Symm(I1C,) — Symm((q(N) ® V[1])V)Q(N)

[1(a1...ax)r — [ Jotr(Ar-...- Ay)

is an isomorphism in degrees < N

o Theorem([B4]): nc-BV differential A on Symm(T1C, ) is identified with
Q(N)—invariant odd BV-operator on (q(N) ® V[1])" corresponding to the
odd affine symplectic structure defined by otr(X1 Xa) ® /

version 1 - 21 Jun 2010
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Algebra q(N) and nc-BV equation

o

i

e a(N) has odd trace

c A B\ _

3 otr(B A>_tr(B)

—

~N otr([X1, X2]) =0

—ie g(N) is a simple Z/2Z—graded associative algebra

%o The map

g Symm(I1Cy) — Symm((q(N) ® V[1])*)?)

= [1(a1...ax)r — [ Jotr(Ar-...- Ay)

(0]

8 is an isomorphism in degrees < N

&3e Theorem([B4]): nc-BV differential A on Symm(I1C,) is identified with
& Q(N)—invariant odd BV-operator on (q(N) ® V[1])V corresponding to the

© odd affine symplectic structure defined by otr(X1 X2) ® /

Eﬁo Corollary: tensor multiplication by g(N), g/(N|N) —super Morita
equivalence on solutions to nc-BV.



Integration of polyvectors - the (equivariant) BV-formalism

o
-
o
N

c

>
=
—
N

o S Symm(TIC,) — S € Symm((q(N) @ V[1])¥)QWN), superfunction on
i affine BV manifold

hal-00493919, version 1



Integration of polyvectors - the (equivariant) BV-formalism

o
—
o
N
c
S
=
—
N
1
—
c
Q
7
L.
o
>

S € Symm(I1Cy) — S € Symm((q(N) @ V[1])¥)QN) | superfunction on
affine BV manifold

S- polyvector field on the even part (g(N) ® V[1])o
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Integration of polyvectors - the (equivariant) BV-formalism

o S Symm(TIC,) — S € Symm((q(N) @ V[1])¥)QWN), superfunction on
affine BV manifold

o S- polyvector field on the even part (q(N) ® V[1])o

@ canonically defined, up to a sign, affine holomorphic volume element dX on
(q(N) ® V[1])o

version 1 - 21 Jun 2010
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Integration of polyvectors - the (equivariant) BV-formalism
o
i
o
N
=
=)
3
—
N
i

(0]
i
(©)]
(9.)
(©)]
<t
o
OI

®©
e

o S Symm(TIC,) — S € Symm((q(N) @ V[1])¥)QWN), superfunction on
affine BV manifold

S- polyvector field on the even part (g(N) ® V[1])o

@ canonically defined, up to a sign, affine holomorphic volume element dX on
(g(N) ® V[1])o

e polyvector S — differential form

version



Integration of polyvectors - the (equivariant) BV-formalism

Jun 2010

e S € Symm(I1C,) — 5 e Symm((q(N) ® V[1])¥)QM)  superfunction on
i affine BV manifold
o S- polyvector field on the even part (q(N) ® V[1])o
@ canonically defined, up to a sign, affine holomorphic volume element dX on
(g(N) @ V[1])o
@ polyvector S — differential form

version 1

@ action by the super-Lie algebra [A, -] —extension to g/—equivariantly closed
differential form.
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New integration framework in the noncommutative

(dlerived algebraic) geometry,

(C\)Jo A.Connes: integration theory based on maps C, —differential forms-
"cycles" on HC*(A) , (. d, [),

7(ag, .-, ap) = /aodal...dan

(closely related Karoubi's nc-De Rham complex)

hal-00493919, version 1 - 21 Jun



New integration framework in the noncommutative

(dlerived algebraic) geometry,

(C\)Jo A.Connes: integration theory based on maps C, —differential forms-
S cycles" on HC*(A) , (O d, [),

7(ag, .-, ap) = /aodal...dan

(closely related Karoubi's nc-De Rham complex)

@ My nc-BV formalism is an integration framework in the noncommutative
geometry, based on maps to polyvectors rather than differential forms, which
is particularly adobted to the equation {ma_, ma_} = 0 of derived
nc-algebraic geometry, variant: {S,S} =0

version1l-21Ju

/exp S5(X, A)gdX

¢ € Ker(hA+{S,-} +AS), ¢ € Symm(C)[1—d])
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New integration framework in the noncommutative

(dlerived algebraic) geometry,

(C\)Jo A.Connes: integration theory based on maps C, —differential forms-
S cycles" on HC*(A) , (O d, [),

S

=

a‘ 7(ag, .-, ap) = /aodal...dan

‘; (closely related Karoubi's nc-De Rham complex)

.%o My nc-BV formalism is an integration framework in the noncommutative
g &eometry, based on maps to polyvectors rather than differential forms, which
= s particularly adobted to the equation {ma_, ma_} = 0 of derived

9; nc-algebraic geometry, variant: {S,S} =0

m -~

& /exp 5(X, A)pdX

S

< ¢ € Ker(hA+{S,-} +AS), ¢ € Symm(C,[1—d])

®©

To Extends to non CY via V = A® AV[d] etc.



New integration framework in the noncommutative

(dlerived algebraic) geometry,

(C\)Jo A.Connes: integration theory based on maps C, —differential forms-
S cycles" on HC*(A) , (O d, [),

S

=

a‘ 7(ag, .-, ap) = /aodal...dan

‘; (closely related Karoubi's nc-De Rham complex)

.%o My nc-BV formalism is an integration framework in the noncommutative
g &eometry, based on maps to polyvectors rather than differential forms, which
= s particularly adobted to the equation {ma_, ma_} = 0 of derived

9; nc-algebraic geometry, variant: {S,S} =0

m -~

& /exp 5(X, A)pdX

S

< ¢ € Ker(hA+{S,-} +AS), ¢ € Symm(C,[1—d])

®©

To Extends to non CY via V = A® AV[d] etc.

@ Invariance with respect to A —gauge transformation (and more general
gauge transformation)



Example: V={e} and matrix Airy integral

o
—
o
N
c
S
=
—
N
1
—
c
Q
7
L.
o
>

o V=1{e}, e-e=e, IV(e) =1, —potential (¢,& &),

hal-00493919,



Example: V={e} and matrix Airy integral

o
—
o
N
c
S
=
—
N
1
—
c
Q
7
L.
o
>

o V=1{e}, e-e=e, IV(e) =1, —potential (¢,& &),
e on (g ®TIV)q this gives the nonhomogenious polyvector otr(Z3),

hal-00493919,



Example: V={e} and matrix Airy integral

o
—
o
N
c
S
=
—
N
1
—
c
Q
7
L.
o
>

o V=1{e}, e-e=e, IV(e) =1, —potential (¢,& &),

e on (g ®TIV)q this gives the nonhomogenious polyvector otr(Z3),

@ action by [A, -], A € goqq4, — extension of exp 31—!otr(E3)dX to
equivariantly closed differential form exp 3;0tr(E3) + otr([A, E], E)dX

hal-00493919,



Example: V={e} and matrix Airy integral

o V=1{e}, e-e=e, [V(e) =1, —potential (&,& &),

e on (g ®TIV)q this gives the nonhomogenious polyvector otr(Z3),

@ action by [A, -], A € goqq4, — extension of exp %otr(Eﬁ)dX to
equivariantly closed differential form exp 3;0tr(E3) + otr([A, E], E)dX

-0 its highest degree component is the matrix Airy integral

hal-00493919, version 1 - 21 Jun 2010
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