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First integrals for nonlinear dispersive equations

Frédéric HELEIN*

November 4, 2013

Abstract

Given a solution of a semilinear dispersive partial differential equation with a real
analytic nonlinearity, we relate its Cauchy data at two different times by nonlinear
representation formulas in terms of convergent series. These series are constructed
by means of generating functions. All this theory is based on a new suitable formu-
lation of the dynamics of solutions of dispersive equations.

Consider a partial differential equation
Lu + N(u,0u) =0, (1)

which describes the evolution of a map w from a space-time R"™! (with coordinates
(2°,--- ,2™)) to a finite dimensional vector space. Here L is a linear differential oper-
ator (e.g. the wave operator [0 = 92 — A, Klein-Gordon [J + m?, Dirac @ + im, or any
combination) and N is a real analytic nonlinear function on w and its first space-time
derivatives Ju. For any t € R, denote by [u]; the Cauchy data of u at time ¢. We address
the question: assume that we know [u];, for some t; € R, can we compute the value of
u at a point at another time t5 7 If NV is a linear function the answer is positive and is
given by a linear integral formula, if /V is a polynomial this may also work by using series,
i.e. an infinite sum of multilinear integrals, as we will present here. In [19] D. Harrivel
obtained such a result for a (roughly speaking C?) solution of the scalar Klein—-Gordon
equation Cu+m?2u+ Au? = 0. It amounts to build a time dependant family of functionals
(S¢)¢ of Cauchy data s.t., if u solves (1), then S;([u];) does not depend on ¢. Moreover
one can prescribe &;, to be any linear functional. By choosing e.g. &;, to be the Dirac
distribution at some point we thus get a positive answer of the previous question. The
functionals S; are series, each term of which is a sum of integrals over Cartesian products
of the space-time built from planar binary trees by using Feynman rules. The important
point is that one can ensures that the series converges for |to — 1| sufficiently small.
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In [21] this result was further extended to systems with more general (real analytic)
nonlinearities and for less regular solutions (roughly speaking C'). The method, which
was different from [19], did not use a combinatorial analysis of the series, but rests on the
construction of a generating function which, by using Wick’s theorem for developping it,
gives us the desired expansion.

The following paper presents an improvement of the results in [21]. A new ingredient
is a different formulation of the dynamics, which allows us to deal with even less regular
solutions (roughly speaking CY in general). This formulation is, we believe, new although
it is a straightforward consequence of the well-known Duhamel formula. To explain it,
consider the standard way to formulate an evolution PDE such as (1) as an ODE in the
infinite dimensional space of all Cauchy data:

dluls

St = X([ul). 2)

We introduce an alternative formulation: we work in the space & of solutions to Equation
(3) below and replace [u]; by the unique solution ¢ to the linear equation

Lo=0 (3)

the Cauchy data of which is [ul;, i.e. the same as u at time t. We denote by ©,u € &
this solution. Let G' be the homogeneous solution to LG = 0 s.t., if Y : M — R is the
function defined by Y (z) = 1 if 2° > 0 and G(z) = 0 if 2° < 0, for some time coordinate
2°, then Y@ is the retarded fundamental solution of L. Consider the time dependant
vector field (V;); on & defined by Vip := fyozt dyG(- —y)N (¢, 0p)(y). Our first result is:

Theorem 0.1 A map u is a solution of (1) if and only if the map t — ©Ouu is a solution

to
d@tu

dt

A precise statement of this result is the content of Theorem 2.1. An advantage of Equation
(4) is that it is manifestly covariant: the space & in which ©,u takes values does not
depend on t nor on any choice of space-time coordinates, in contrast with the target
space of t — [ul];. This advantage is even more striking on a curved space-time, where a
similar result will be proved (Theorem 3.2). A second advantage is that the map ¢t — ©,u
is more regular than ¢ — [u];: under general hypotheses, if u is a weak solution of (1)
then t — O,u is C' !

This formulation is also useful for the problem expounded previously. Consider the
space FF of real analytic functionals on &. We define for all ¢ the first order ‘differential’
linear operator V;- acting on [F by:

VieF.Voe&, (Vi-f)e):=0df,(Vi(g)), ()

where d f,, is the differential of f at ¢. Then one of our main result is that we can make

+ Vi(Ou) = 0. (4)

sense of the chronological exponential Texp ( fttf d3Vs~) as a linear operator acting on I,



continuous in a suitable topology, if |to — 1] is sufficiently small. This operator is the key
for constructing the family (S;); of operators such that S;([u];) does not depend on ¢ if u
is a solution of (1):

Theorem 0.2 Let r > 0. There exists a constant t > 0 which depends on Equation (1)
and on r, such that, for any ti,ty € R such that |ty — t1| <t and for any f € F, with a
radius of convergence r, the functional

to
Ufff = Texp (/ dsVs-) f
t1

1s well defined on a ball in F and has a non vanishing radius of convergence R. Moreover,
if u is a solution of (1) the Cauchy data of which is smaller than R, then

(U2 £)(©4u) s equal to f (O,u). (6)

Details on the statement in Theorem 0.2 (the topology on & and on the space of Cauchy
data) will given in the next Section. In general we will set u € C°(I, H*(R™))NC' (I, H*~"(R™)),
where 7 depend on L (e.g. » =1 for L = [J) and s > n/2 in general. However for a
Klein-Gordon equation with some polynomial nonlinearity, it may work for some special
values of s and n s.t. s <n/2 (see Remark 2.1).

This result can be restated in a different language inspired by perturbative quantum
fields theory: U? f can be written

Ut = (Texp / dy N@'<¢>,a¢><y>¢>ﬁ<y>) 7,
t1 <yO<to

where ¢ and ¢ are kind of creation and annihilation operators respectively (see Section
7 for details).

Plan of the paper

For simplicity most results are presented for a differential operator with constant co-
efficients on a flat space-time. Section 1 contains the notations and a precise formulation
of the hypotheses needed for the theory on a flat space-time. In Section 2 we construct
the map u — ©,u and the vector field V; on a flat space-time. We end with the proof
of Theorem 2.1, a version of Theorem 0.1 on a flat space-time. We also show that V;
is real analytic on an open ball in &. In Section 3 we extend these results to a curved
space-time. For simplicity we restrict ourself to the Klein—-Gordon operator and a cubic
nonlinearity. We show also that the formulation (4) works if we replace a foliation by
space-like hypersurfaces which are the level sets of a time function by a more general
family of space-like hypersurfaces which may overlap.

In Sections 4, 5 and 6 we developp a theory valid in any Banach space X. In Section 4
we introduce various topologies on the space F(X) of real analytic functions on bounded
balls of X. We define in particular, for any r € [0, +o0], the space F,(X) of real analytic
functions on X which, roughly speaking, have a radius of convergence greater or equal to



r. We also derive properties satisfied by a time dependant family (V;-),; of real analytic
first order differential operators acting on IF(X). In Section 5 we prove the existence of the

chronological exponential Uff = Texp ( fttf dSVS-> as a bounded operator acting between

subspaces of F(X), if |t — ¢;] is small enough. The difficulty is that the operators V;- are
not bounded in any topology. Hence the chronological exponential cannot make sense as
a bounded operator from a topological to itself. However we will prove that Uff maps
continuously Fr(X) to Fo-j,-t1x(5)(X), where X is a (positive) real analytic vector field
on R which is constructed out of Equation (1) and of the choice of topology on the set
of its solutions. In Section 6 we prove that (U f)(¢(t)) does not depend on t if ¢ is a
solution of %‘f + Vi(p) = 0, a result which, combined with Theorem 2.1 or Theorem 3.2,
implies different versions of Theorem 0.2.

In Section 7 and 8 we give some applications of our results and discuss the analogy
and the difference with methods from Quantum Field Theory.

Further comments

This work is motivated by questions in [24, 25]. Our formulation of the dynamics by
(24) can be viewed as an analogue for dispersive partial differential equations of Lagrange’s
method of variation of the constant, it is also an infinitesimal version of Duhamel’s formula
(45). This is the reason for the name ‘Lagrange-Duhamel’ for V;.

Developping (6) by using Wick theorem leads to an expansion in terms of ‘Feynman
trees’, as for instance (99). A heuristic way to understand where this comes from consists
in inserting the Lh.s. of (47) in the integral in the r.h.s. of it and in iterating this process.
Then we see easily that u(x) should be expressed as the sum of a formal series. But
it seems difficult to prove directly by this method that this process converges and to
estimate the radius of convergence of the series. On the other hand this process is also
the key of the Picard fixed point Theorem which is used to prove the local existence of
solutions. However the proof of the fixed point Theorem is based on precise estimates
of the previous process but it hides the structure of the series which is generated by this
process. Our result can hence be understood as filling the gap between both ways.

Series expansions of solution to nonlinear ordinary differential equations (ODE) have
a long history. We can mention Lie series defined by K.T. Chen [12], the Chen—Fliess
series [16] introduced in the framework of control theory by M. Fliess (or some variants
like Volterra series or Magnus expansion [29]) which are extensively used in control theory
[1, 32, 26] but also in the study of dynamical systems and in numerical analysis. Other
major tools are Butcher series which explain the structure of Runge-Kutta methods of
approximation of the solution of an ODE. They have been introduced by J.C. Butcher
[10] and developped by E. Hairer and G. Wanner [18] which explain that Runge-Kutta
methods are gouverned by trees. Later on C. Brouder [8, 9] realized that the struc-
ture which underlies the original Butcher’s computation coincides with the Hopf algebra
defined by D. Kreimer in his work about the renormalization theory [27]. Concerning
analogous results on nonlinear partial differential equations, it seems that the fact that
one can represent solutions or functionals on the set of solutions by series indexed by trees



is known to physicists since the work of J. Schwinger and R. Feynman (and Butcher was
also aware of that in his original work). However it is not that easy to find precise refer-
ences in the litterature: the Reader may look e.g. at [14], where a formal series expansion
is presented and the recent paper [15] for comparison with quantum field theory. But, to
our knowledge, the only rigorous results (i.e. with a proof of convergence of the series)
can be found in [19, 21].

We have used relatively elementary tools from the analysis of PDE’s and, in particular,
we do not rely on the modern theory for wave and Schrédinger equations (Strichartz
estimates, Klainerman bilinear estimates, etc.). Many improvements in these directions
could be provided, although they may not be straightforward. Also we are not able
to apply our theory the KdV equation, since its nonlinearity cannot be controlled by
our methods. Another question concerns the extension of our results to an infinite time
interval and to relate together the asymptotic data for t — —oo and ¢t — +00. One may
indeed ask whether the limits u := lim;_,4., ©,u exist and, if so, if for f € F,

s ((ren [ a2 ) ) 0 - ( (e [ a2 1) .

Such identities (and their analogues by exchanging u, and u_) would imply in particular
that the scattering map S : u_ —— wu, and the wave operators Wi : uy —— Ogu are
well-defined and real analytic'. In the light of results in [30, 33, 34, 31, 7, 4, 5] this
should be true for the equation Cu + u® = 0 on R and for s = 1, due to dispersive
effects (Strichartz estimates). The key point in all these works is an estimate of the type

fj;o (fes 7JL6d:Z”)1/2 dt < +o0, which, e.g., holds for a solution « of Du + u® = 0 with finite
energy.

Acknowledgements — I wish to thank Isabelle Gallagher for explanations about paraprod-
ucts. This paper is a extended and improved version of an earlier work in collaboration
with Dikanaina Harrivel [21].

1 Notations and hypotheses

Generalities — M := R x R" represents an (n + 1)-dimensional flat space-time. We
denote by z = (2°,%) = (2% a',---,2") the coordinates on M and set 9, = 52 for
0 < pu <n. Welet E be a finite dimensional real vector space and we consider maps from
M to E.

For any smooth fastly decreasing functions f € S(R™) we define its Fourier transform
f(6) = Jen [(Z)e4dZ and we extend it to space S'(R") of tempered distributions by the
standard duality argument. In case of a map f which depends on (¢, %) € I x R™, we also

denote by f(t,€) = Jen f(t, Z)e™4dE the partial Fourier transform in space variables.

Tn our definition S and Wy map & to itself. This differs from most references where the scattering
map reads in our notations ®; 10 So®, : Cau® — Cau® and the wave maps are ;L oWy o®g : Cau® —»
0 P 0
Cau® (see Paragraph 2.1 for the definition of ®y).



For s € R, we let H*(R") := {p € S'(R")| [ — (£)*P(£)] € L*(R™)}, where (£) :=
vm? + [€]? and we set ||p]|gs = |[(§)°P||r2. We let H5(R", E) be the Sobolev space of
E-valued maps on R™. If ¢ € H*(R", E) has the coordinates ¢’ (1 <7 < dimF) in a basis

of F we set
dimE

we= Y ]
i=1

The class of differential operators L — We suppose that there is a splitting F :=
Ey ® E,, where F; and Es are two vector subspaces of E. This leads to a decomposition
of any map ¢ : M — E as ¢ = (¢1, p2). We assume that the linear differential operator
L acting on smooth maps u : M — F has the form

(L 0\ [ 2%+ P(9) 0
L‘(o Lz)_< 0 6§+P2(5)>’ ®)

where 7 € End(F}) is an invertible matrix, J = (O, -+ ,0,) and P, and P, are polyno-
mials with coefficients in respectively End(F;) and End(FE,) and of degree respectively r
and 2r, where r € N*,

We assume that, V¢ € (R™)*, i(7°) "1 Py (i€) is a Hermitian matrix and Py (i) is positive
Hermitian. Moreover we suppose that there exists two constants o« > 0 and pg > 0 s.t.,
in the sense of Hermitian operators acting on Fj,

el 1 (7)

VE € (R™)",  Py(i€) = apo + €*). (9)

Below is a list of examples for L (setting O = 93 — A).

L E1 E2 T
Klein-Gordon O+ m? {0} | R |1
Schrodinger 10y + A C | {0} |2
Dirac on R* @ +im =~"9, +im | C* | {0} |1
linearized
Korteweg—de Vries O + (1) R 1{0}]3
linearized .
Dirac-Maxwell ( P+im 0 ) C* | R* |1
. 0 O
(in Lorentz gauge)

The function spaces — For any s € R and any interval I C R we define the space
F5(I):=C'(I, H*(R", E)) N C (I, H*"(R", E))

on which the operator L acts. The natural space of Cauchy data for L on F*(I) is
Cau® := H*(R", E) x H*""(R", Ey). For any (1, x) € Cau®, we set

19, Xl cans == [[4]

s+ ||x|| gs-r-



The space F*(I) is equipped with the norm [Jul| zs(ry := sup s ||[u]+||cas = ||l ooz, 15y +
H80u2 HLoo(LHsfr).

For any map ¢ defined on a neighbourhood of {t} x R™ in M, define its Cauchy data
at time t by [p]; :== (@|s, Dopal:) € Cau’, where, for any function 1, we note ¥|; := ¥(t, -)
its restriction to {t} x R™ (which we identify with a function defined on R™). For any
I C R and t € I, this hence defines a continuous linear map of norm one

Fs(I) — Cau’

© [k (10)

For any interval I C R we define the space of solutions to the linear equation Ly = 0:
Es(I) :={p e F(I)| Ly =0 weakly}. (11)

This space is equipped with the norm |Ju|| zs(r.

By Proposition 2.2, assuming Hypotheses (8) and (9), for any ¢ € R and any pair
(1, x) € Cau®, there exists an unique map ¢ € E(R) s.t. [p]; = (¥, x), i.e. a solution
v € F*(R) of:

Lo=0 st. ¢l;=1v% and 0yp|i = x- (12)

We denote by ®,(1, x) this solution.

The map © — For any map u defined on a neighbourhood of {t} x R™ we set
@tu = (bt ([U]t) s
i.e. O4u is the unique solution ¢ of Ly = 0 s.t. [¢|; = [u];. This hence defines the map

O: IxF(I) — IxCauw’ — &J(R)

) — (L) — O (13)

Polynomials and real analytic functions — Let XY be two Banach spaces and
p € N. For any r > 0, denote by Bx(r) the open ball of radius r and of center 0
in X. A linear map fg from X% to Y is symmetric if Ypq,---,p, € X, Vo € &(p),
Jo(@o(t) @ -+ @ Vo)) = foler @ -+ ® ¢p), where &(p) is the symmetric group with p
elements. A homogeneous polynomial map f : X — Y of degree p is a map such that there
exists a symmetric linear map fg : X¥” — Y such that Vo € X, f(¢) = fo(p @ -+ ® ).

p
Note that fg, if it exists, is unique and is given by the polarization formula:

fo(p1®@ - ®¢pp) = 2,%)! > (H €j> f (Z 61901') : (14)

=(e1,,ep)E{FE1}P \j=1 Jj=1
If so we denote by || f||g the smallest nonnegative constant such that Ve, --- ¢, € X,
[folpr @ - @ @p)lly < [Ifllellenllx - - llenllx (15)



Most of the time we will abuse notations identifying fs with f, when there is no ambiguity.
We denote by QP(X,Y) the vector space of homogeneous polynomial maps from X to Y
of degree p.

A formal series f from X to Y is an infinite sum

F=>Y_fo, (16)
p=0

where Vp € N, f®) € QP(X,Y). The multiradius of convergence? of f is the radius of
convergence of the series

(/1) = > 1/ Ple2” (17)

and is denoted by pg(f). We denote by F(X,Y) the space of formal series from X to
Y. If po(f) > 0, f defines a real analytic map from Bx(pg(f)) to Y by the relation
Vo € Bx(ps(f)), f(p) =320, fP(¢). This map is continuous (Lemma 2.2) and satisfies
the inequality

1F(@)ly < [f1lellx) - (18)

For any r € (0,400), we let F,.(X,Y) be the space of formal series f s.t. [f](r) < +oo.
In the case where Y = R, we simply note F,(X) :=F,(X,R)

Lastly a family (f,)sca of elements in F(XY) is called a normal family of analytic maps
of multiradius 7 if there exists X € F(R) s.t. p(X) = r and, setting X(z) = >_7 X®)zp

Va € A, Vp € N, Hfép)H@ < X (hence in particular pg(f,) > 7).

The nonlinearity — We note E(;) := E x E, x L(R", E). We assume that the map N
is real analytic from E(;) to ' and that its multiradius of convergence is positive.
For applications to equations in Physics, we are particularly interested in systems (1)
of the form?:
Lyuy + Ny(u = 0
{ 1U1 1(u) (19)

L2u2 + NQ(U, @0u2, 5U) =0

where Ny : E — Ey and Ny : Eq) — E,. Motivated by the Yang-Mills system, we are

led to consider the case where Ny is affine in Ou, i.e. there exist real analytic functions
Jand K" : E — Es s.t.

mE n

d
No(u,0u) = J(u) + Z

i
=1 p=

K (u)o,u'. (20)

2Note that beside || fP)||g defined by (15), one can also define || f®)| := inf_ex\ 10} £ (@)|lv /11 X115
and the radius of convergence p(f) of the series 3 7 | f®)]|27. One can then prove by using (14) that
IFPN < 1fPle < %THf(p)H, which implies by using Stirling’s formula that e~ !p(f) < pe(f) < p(f).

3 Actually any system of the form Lju; + Ni(u) = 0 and Lousg + Ng(u, Ou) = 0 can be set in the form
(19) through the substitution Na(u, dous, du) := Na(u, — N (u), Bous, du).



By setting N := (Ny, Na), we see that System (19) is equivalent to (1).
For any interval I C R, we define

EI) :={ue F(I)| Lu+ N(u,0u) =0 weakly}. (21)

The Lagrange—Duhamel vector field — First define the ‘Green function’” G' to be
the unique distribution on M with coefficients in End(£), which is a solution ot LG = 0
and L(YG) = 0, @ 1, where Y (z) := 1|9 400)(2°) is the Heaviside function. Note that
through the splitting £ = E; ¢ E5, G decomposes as

G:<%1 ng), (22)

where G1|0 == 58 (024 1E17 G2|0 =0 and 60G2|0 == 58 X 1E2-
We define the time dependent Lagrange—Duhamel vector field V; on E5(R) by: Vo € M,

V(@) = [ 47 GG~ 6.7~ NG 00) (60 = [ d7G,)N(p.00) ), (23
n yozt
where G (z) := G(x — y). By Theorem 2.1 a map u is a solution of (1) iff

d(@tu)
dt

+ Vi (©Ou) =0, (24)

The chronological exponential — The chronological exponential of (V;-)c; (if it exists)
is the operator acting on F defined by

to o0
Texp/ AtV = Z/ dry---dry(Vy, - V), ifta >t
t1 j=0 Y t1<T1 < <7<tz

= (25)
or = Z/ dry - dry(=1) (Vy, - Vi), if e < 8,
t

=0 2<7‘j<---<7'1<t1

with the convention that the first term in the sum (j = 0) is the identity operator.

2 The Lagrange—Duhamel vector field formulation

The aim of this Section is to prove the following results.

Lemma 2.1 Let J and I be two intervals of R s.t. J C I. Assume that P, satisfies (9)
and that either ug in (9) is positive or I is bounded. Then the map

©: IxF(J) — &)
defined by (13) exists and is continuous. Moreover there ezists a constant Co(I) > 0 s.t.

Vue F(J)Vted, |Ow]

oy < Co(I)]|ul




Proposition 2.1 Assume that Py satisfies (9) and that either po in (9) is positive or
I C R is bounded. Then there exists some constant QQs > 0 such that the following holds.

Let N : Eqy — E be a real analytic map of multiradius of convergence pg(N) > 0.
Assume that: either

(i) Ny does not depend on Ou and s > n/2; or
(ii) Nj is affine in Ou, i.e. (20) holds and s >n/2 >s—1r >0; or
(i1i) s >mn/2+ 1.
Then 3pg (V) s.t. Qspe(V) > pe(N) and V(t, @) € I X Besry(pe(V)), the quantity

Vite) =Vile) = [ d7 GyN(0.00)(0
Y=t
is well-defined. Moreover the map V' : I X Bes (pe(V')) — E5(I) is continuous and (Vy)ser
is a normal family of analytic maps of multiradius equal to pg (V).

Theorem 2.1 Assume the same hypotheses as in Proposition 2.1. Let u € F*(I) s.t.
||| 7o) < pe(V). Then u belongs to £°(I) (i.e. is a weak solution of Lu+ N(u,du) =0)
iff the map

I — &)

t — OB

is C1 and satisfies (24), i.e. d(gzu) + V; (©4u) = 0.

Remark 2.1 Analogues of Proposition 2.1 and Theorem 2.1 can be proved without dif-
ficulty in the case where E = Ey (i.e. L is a fully second order operator), 1 = s < n/2
and if N = Ny is a polynomial of degree degN < n/n — 2. This is a consequence of the
Sobolev embedding H'(R™) — L*/"=2(R™), which allows to estimate the nonlinearity in
HO(R") = L*(R™). The relevant cases are: n =2 (degN is arbitrary); n = 3 (degN < 3)
and n = 4 (degN < 2). The proof is left to the Reader. The special case n = 3 and
N(u) = u?® will be treated in Section 3.

2.1 Existence and continuity of ©

For any (¢, x) € Cau® and t € R, we recall that ®,(1, x) is equal to the unique solution
@ of Lo =0 on R s.t. [p]; = (¢, x). We also denote by ®.(1), x) the restriction of this
map to any subset I x R". We set

$: RxCau® — &)
(¢, (¥, X)) = @), x).

Proposition 2.2 Assume that P, satisfies (9), then the linear map ® defined by (26) is
well-defined and continuous. Assume that either g in (9) is positive or I C R is bounded.
Then there ezists a constant Ce(I) > 0 s.t.

1@, )72y < Ca(D)]| (4, )]

(26)

Cau® ) \v/(w7 X) S Ca’us' (27)

10



Proof — Since @ is linear in its second argument we can decompose the problem in two
subcases and assume either L = Ly = 4%9 4+ P,(8), or L = Ly = 92 + Py(9), separately.
Case L = L;: we need to show that any solution ¢ to v°0yp + P1(5)<p =0, s.t. pl; =1
belongs to F°(I) and depends continuously on (¢,7), where ¢ € H*(R™ E). Setting
€(&) :=i(7°) 1P (i€), the equation reads 9@ (T, &) — ie(€)P(T, &) = 0, its solution is given
by B(r, &) = e“©OT=04(¢) and its time derivative by dyB(7, &) = ie(£)e“©TDeh(€). The
result then follows by standard majorations and Lebesgue’s dominated theorem.

Case L = Ly: We need to show that the solution ¢ of (9y)%p + Py(d)p = 0, s.t. @], =
and Jyp|; = x depends continuously on (¢,1,x) € R x H*(R™", E) x H*""(R", E). As-
suming that P,(i€) is positive Hermitian and setting e(£) := +/FP2(i§), the equation
reads (00)%P(7,&) + €(£)*P(7,€) = 0. Tts solution is §(7,&) = cose(&)(rT — t)zz;(f) +
e(€) " sin e(€)(r — t)x(€) and its time derivative is 9o@(7, €) = —e(&) sin e(€)(r — ) (E) +
cos€(&)(7 — t)x(€). The proof that ¢ € (1) and its continuous dependence on (¢,, x)
follows the same lines as for first order equations. However the factor €(£)~! in the ex-
pression of $ may pose a slight difficulty in proving that ¢ is in C°(I, H*(R", E))) and that
it depends continuously in ¢. In the ‘massive case’ (i.e. po in (9) is positive) this diffi-
culty does not occur because of the inequality |e(¢)™'| < (auo)~"/2. In the ‘non massive’
case (i.e. juo in (9) vanishes) we only have |¢(&)7' < a~'/2|¢|". However by using the

inequality:
sin e(f)t’ - V142 (28)
€&) |7 1T+ ol
we can prove the result by working with £; endowed with the norm
[ll oo cans = wll oo (1, 10y + 1 B0tz oo (1,115,
where |[ul] oo (s sy = SUP ¢ % The conclusion follows if I is bounded, since then
both norms L*Cau® and L*°Cau® are equivalent. O

Proof of Lemma 2.1 — Since the map © is obtained by composing ® with the map
I x F5(J) — I x Cau®; (t,u) —> (t, [u];), which is obviously continuous, Lemma 2.1 is
a straightforward consequence of Proposition 2.2. O]

2.2 Estimate on the nonlinearity

The goal of this section is to collect results to prove Proposition 2.1. As a preliminary
result we prove

Lemma 2.2 Let X and Y be Banach spaces. Let f = E;io f®) be a formal series from
X to Y. Assume that its multiradius of convergence pg(f) > 0. Then the map f defined

by Vo € X, flp) =220 fPp) is C* on Bx(ps(f)).
In particular: ¥r s.t. 0 <r < pe(f), Ve, € X, Vh € R s.t. ||¢llx, ¢ +h|x <r

d[f]

1f (e +hd) = f(@)lly = — = ()1l (29)
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and

I£(o+ h) — £9) — 3, @)y < S a2 (30

Proof — We prove only that f is C* and hence (29) and (30) and leave the general case
to the Reader. We first prove (29). Let p € N. From the identity f® (o4 hi) — f®)(p) =

i1 féap)((SO + hp)®I7t @ hip @ p®P~7) we deduce

1FP (o + ) = 1P (@)l < 3 1P ol + Bplle N Il ol

Thus if [l + bl < 7.
£ (0 + k) — £ (@)l < pllFP | (31)

Hence by summing up on p € N and using [f] : E;‘;Opﬂf(p)H@zp_l, we deduce that
(29) holds if r < pg(f).
The proof of (30) is similar. We start from the identity

p Ji—1

FP (o) = fP () =p S (@™ ) = 3 fP (0 + hh)®2 7 @ (hh)®* @ =727

Jji1=1j2=1

from which we deduce that, if [|¢||x, [|[¢ + h)|lx < 7,

p(p—1) _
< THf(”)H@rp NS

|79+ ) = 1D (0) = pr& (b & oY) |

Hence (30) follows by summing up on p € N. O

Let V and W be two real vector spaces of (finite) dimension dy and dy respectively,
let k€ Nand L € Q¥(V,W). Let Lg : VE* — W the associated polarized linear map.
Using bases on V and W, Lg has the coordinates representation:

Li(1® - ® z) Z Li ozt Yi=1, dw Vo, 5 €V (32)
<=1

where, Va s.t. 1 <a <k, (z )1<J<d are the coordinates of z, and the coefficients L .
are symmetric in (jy, -+, jx). We set

Jk

v
L= swp |L5 .. 33
| | i=1 1§j1,---,1]z')k§dv ‘ JL Jk‘ ( )

One can easily check that (see (15))
Il < L] < dwlLlle- (34)

The following result uses the fact that, if s > n/2, then H*(R™) is an algebra, i.e. the
product of two functions f, g € H*(R™) belongs to H*(R™) and there exists a constant @

st ([ f]|aslgllas < Qs

HS

12
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Lemma 2.3 Let V and W be two real vector spaces of finite dimension, let k € N and let
L € QK(V,W). Assume that s > n/2. Then one can define the homogeneous polynomial
map L € QF ((H*(R", V)" H*(R",W)) by Lo(p1® -+ @ g1)(w) = Le(p1(z) @+ ®

wr(x)) a.e., this map is linear continuous and satisfies
I£1® < QLI (35)

Proof — A straightforward recursion shows that [|¢]" - - - o7 || s < Q| @i | azs - - - |02 || a1
and hence:

dw
1L @ @@l = D IL(P1® @ @x)llus
=1

dw  dy

Z Z }Lél,--',jk} HSO{I SO;ckHHS

i=1 g1, jk=1

IN

dw dy
< > osup L] D Qe - e N
i1 1<J1dksd 1, ge=1
Hence the result follows by using (33). O]
In the following we use the notations:
Cau® — H5(R", E) x H*"(R", E5) x H*"'(R™, L(R", E)) (36)

(b = (@7 X) = (b(l) = <§07 X 81(:07 e 7ango)

As a first application of Lemma 2.3, given Ny = )7, Nl(k) € F(E, E,), we define for any
k € N the map (MV{")g : (Can®)®* — H*(R", Ey) by ¥(¢1, -+ , é) € (Can®)F,

Nl(k)(gbl ® Qo) () = Nl(k)(gol(x) ® - Qpr(x)), forae zeR™ (37)

We then deduce from (35) the estimate [|A7]|® < Q51 N*)|. A similar estimate can be
obtained for N if this function does not depend on du or if s > n/2 + 1.

However if N, is affine in Qu, i.e. has the form (20) and if we suppose that 0 < s —r <
n/2 < s, then we use the fact that the product (f,g) — fg also maps continuously
H*(R™) x H*""(R™) to H*""(R™) and that there exists a constant g, s.t.

1 fgllze—r < Gsr@sl[ 1l llgll 115 (38)

This can be proved by splitting the product fg as the sum Trg + T, f + R(f,g), where
(f,g) — Tyg is the paraproduct and by estimating each term separately: Trg €
H*™"(R™) because f € H*(R") C L=*(R"), T,f € H*=)/2(R") C H*"(R") be-
cause s —r < n/2 and R(f,g) € H*+E)/2(R") ¢ H*"(R") because s + (s —r) > n/2
(see [3], Exercise A.5, page 109).

For the following remind the notation introduced in (36). We also use the notation

S0 =X, 0;¢0 := Opp, for 1 <i < m, §¢ = (0,0)0<pu<n, Vo = (p, x) € Cau’.

13



Lemma 2.4 Let N ) ¢ QF(Eqy, Eo) satisfying (20) with J®) € QF(E, Ey) and Ki(k)“ c
QY Eqy, Ey). Assume that 0 < s—r < n/2 < s. Then one can define the map Nz(g) from
(Cau)™* to H"(R", By) by NP (dr @+ @ n) () = N (0" (@) @+ @ 0 (),

for a.e. x € R™, this map is linear continuous and satisfies:

k — k
N3l < Q7 (VO] + araV/IKD) - for [KW]:= sup  sup [KPF|(39)
1<i<dimE 0<p<n
Proof — We start from the decomposition

NP (o) = TD@e -0

k dimE n

T 3D I N LAY BTN R PR T P A

a=1 =1 p=0

Inequality (35) gives us ||[T® (o1 @ - @ i) [|zrs < QFHIT®| |1 |lms - - - |r||zrs. This
implies automatically a similar estimate in H*~". The H*™" norm of the r.h.s. term in
(40) is estimated by using (38):

< hEEE Z sup  sup ICE’“”‘ (1 ®"'®@a®"'®¢k>“ Z Z 10,95 || rs—r
k 1 \1<i<dimp 0<pusn e i=1 pu=0

k
qT‘,SQS _
o (L

a=1

i --||s0a “loonl

) <Z||5 Dall 1o~ ) ,

where we have used (35). However by using Cauchy—Schwarz inequality and the fact that

r>1wehave Va=1,--- , k,
. " 1/2
Sl < Il i (Sl
n=0

n=0
< Il + Vnllgallzesi-r < Vnlldallcans-
Hence the H*~" norm of the r.h.s. term in (40) is estimated by:

k
— qhs\/ﬁ -
< QT EYRIKOS (rlue - [allae - llonlle ) allcws
a=1
S Q§_1q7’,8\/ﬁ|K(k)|||¢1||Caus e ||¢]€||Caus'
Hence (39) follows. O

Let’s summarize Lemmas 2.3 and 2.4. We can define for any & € N the map /\/’g)
(Cau®)®* — Cau® by: for a.e. z € R",

V(100 ) (@)= (1o NP (1©- - © o) (@), M (01 © - @ 8r) ()

where ¢ : E; — F is the natural inclusion. Remark that
k k
IN® (61 & - ® di)llowe = INF (01 ® -+ @ @i)llas + NG (61 & -+ ® )| o

14



Proposition 2.3 Assume that N =" N®) ¢ F(Eny, E) satisfies the same hypotheses

as in Proposition 2.1. Then, for any k € N, the linear map /\/'g) from (Cav®)®* to Cau’
18 continuous and satisfies :

IN®le < QC (s, 1) [NVl (41)
Hence if po(N) >0, then N'=> "2 JN® € Fo-1,p, ) (Cav’, Caw’).

Proof — Case (i) where s > n/2 and NQ(k) does not depend on du and Case (iii) where
s >n/2+1 are similar and can dealt by applying Lemma 2.3 for L = Nl(k) and L = Nék).
We then obtain [|N®)||g < Q’s“_l(\Nl(k)\ + \NQ(k)\) In Case (ii), we apply Lemma 2.3 for
L =N* and Lemma 2.4 for N to get [N ®|y < Q¥ 1(INP| 4 |J®)| + Grs/| KP)|).
In any case (41) follows by applying (34) to L = Nl(k), Nz(k), J®) K1 - As a consequence
S IN® o RE converges if QR < pg(N). O

A first consequence of Proposition 2.3 is:

Proposition 2.4 Let s € R and v € F*(I). Assume that Q||u||rs(r) < pa(N). Assume
that N satisfies the same hypotheses in Proposition 2.1. Then N (u,0u) € C°(I, Cav’),
i.e. Ni(u) € COI, H*(R", E)) and N3(u,0u) € C°(I, H*"(R", Ey)).

Proof — A straightforward consequence of Lemma 2.2, Proposition 2.3 and the continuity
of t — [u]; € Cau®. O

2.3 The Lagrange—Duhamel vector field

We prove Proposition 2.1 — For any interval I C R and k£ € N, we define Vék) A
(E3(1))*F — (1) by

VAt o0 @0) =V (1@ @¢r) =0 WO (o] @ - @ [pils)

Vék) is continuous since it is the composition of the maps I x (E5(I))®* 3> (t,01 ® -+ ®

o) — (1) ® - @ [pr)i) € T x (Cau®)®* (see (10)), /\/’é,k) (see Proposition 2.3) and
® (see Proposition 2.2). By using (27) and (41) we deduce:

VO = ey IVille < Ca(DIN® g < Co(DC(s,rm)QEINP . (42)
S

Setting V; := > 1~ Vt(k), (42) implies that (V});es is a normal family of analytic maps of
multiradius of convergence pg (V) > pg(N)/Qs.

To prove that V := Y22 V¥ is continuous on I x Bes(1)(0, pu(V)), let t,t e I,
@, € Bes(n)(r), where 7 < pg(V') and let us start from the inequality

IV (T, &)=V (t,0)llesa) < 197 W ([2lr) = N([lo) llegen + 1l (@5 —Pe) (N ([]e)

gg(n- (43)
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Fix ¢, and € > 0, then we deduce from Proposition 2.2 that, by choosing ¢ sufficiently
close to t, the last term in the r.h.s. of (43) is less than /2.
The first term in the r.h.s. of (43) can be estimated by using first (27) and second

(29):
12N ([2)) = N ([l0) < Ca(DIIN([2]7) = N([#]o) ] cane
< CoDEAWNRl = [Plillca

and hence will also be smaller than /2 if we choose |t — t| and ||@ — ©||c.s sufficiently
small.
To conclude observe that

&)

v&kw@w~®¢mmw=/0dm%x—wNW«%xwo®-~®w%a%»@>
y'=t
This can be proven by using the properties of G (see (22)). Hence in particular

WW@@%z/(@G@“%ﬁ—mewﬂw@@- (44)

n

Formula (23) which is similar to (44) follows straightforwardly. O

2.4 Derivability of ©

We recall below Duhamel’s formula (45). Recall that G is the distribution defined in
(22). A generalization of Duhamel’s formula for L = L, = 0, + m? on a curved pseudo
Riemannian manifold will given and proved in Section 3.

Proposition 2.5 Let f = (fy, fo) where f; € L}, (R, H¥(R", Ey)) and fo € Lj,.(R, H*~"(R", E3)).
Assume that uw € F*(I) is a solution of Lu = f. Then

Vo € R™" u(z) = Quu(z / dy" /n dy G(x —y)f(y). (45)

We are now in position to give the:
Proof of Theorem 2.1— The key observation is that [O,u]; = [u]; implies N (Ou, d(Osu)) |; =
N (u,0u)|; and thus

Vi(©wu)(x) == /Rn dij G(z° —t, % — )N (u, Ou)(t, ) (46)

Now since u is a solution of Lu + N(u,0u) = 0, we deduce from Proposition 2.5 that
u(z) = Ouu(z ft dy® [on dy G(z — y)N(u,0u)(y), which gives us thank to (46):

0

Ve eI xR" wu(x)=0,u(r) —/ dy*Vyo (O0u)(z).
t
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This implies the following identity Vt,,ts € I:

to
Onu — Oy u +/ dyVyo(O,pu) =0 in &. (47)

t1

Lastly Lemma 2.1 and Proposition 2.1 imply that I > ¢ —— V;(O,u) € E5(I) is continuous.
Hence (47) implies that I 3 ¢ — Ouu € £5(I) is C! and satisfies (24). O
3 Curved space-times

We show here how Theorem 2.1 can be extended to field equations on a curved space-
time. Let M be smooth manifold equipped with a C* pseudo-Riemannian metric g of

signature (+, —,- -+, —). We denote by O, = |g|7'9, (|g|g"d,), where |g| := +/|det(g,.)],
the wave operator and set L, := O, + m?. A frame (e, ..., e,) is called g-orthonormal if

(eu, €v)g = Nu, where ngg = 1, n;; = —1if i # 0 and 7, = 0 if p # v. We consider the
non homogeneous scalar wave (or Klein-Gordon) equation on M:

Lyu = |g|_18M (19lg" 0yu) + mPu = f. (48)

Homogeneous (i.e. for f = 0) solutions u to (48) are the critical points of the action
functional

1
A(u) = 5 /M [|8u|§ + m*u?] dvol,,

where dvol, is the Riemannian volume element (in local coordinates z*, dvol, = |g|dz)
and \0u\§ = ¢"0,ud,u. Similarly for any space-like hypersurface o we let dj, denote
the positive Riemannian measure on ¢ and N be the future oriented unit normal vector
to 0. We then define

L*(0) := {v: 0 — R measurable s.t. ||v||%2(o) = /de,ug < 400},
and, using a g-orthonormal frame (eq, - ,€,) s.t. eg = N,

H! (0) := {v: 0 — R measurable s.t. / (Zro(es, Vu)? + m*u?) dpy < +o00}.

A hypersurface ¥ is called Cauchy if any maximal smooth causal curve in M intersects X
at exactly one point (a smooth causal curve is a a curve s.t. any vector which is tangent
to it is time-like). If 3; and ¥, are two space-like hypersurfaces, we write 31 < X if ¥y
is in the past of Yo and X1 N Xy = (). If u is a real valued map defined on a neighbourhood
of ¥, we denote by [u]s = (u|s, (N, Vu),|s) the Cauchy data of u along ¥. Our aim is to
prove the existence and uniqueness of weak solutions to (48) with Cauchy conditions in
H} (X)) x L*(X) for some space-like Cauchy hypersurface .
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3.1 Existence of solutions to the linear problem

We first need generalizations of Proposition 2.2 to this context. Such results were proved
by Y. Choquet-Bruhat, D. Chistodoulou and M. Francaviglia [13]. Here we present a more
general version of their result in the case s = r = 1 by using the same techniques (see
also the beautiful book by S. Alinhac [2]). We will make the following further hypotheses
on (M, g): there exists a smooth ‘temporal function’ 7 : M — R and a smooth ‘radial
function’ p : M — [0, 4+00) and constants Ay, Ay, Az > 0 s.t.

V72> 0 everywhere; (49)

Vt € R, X,:=71 '(t) is a space-like Cauchy hypersurface; (50)
Vr > 0,Vt,ts € Rst. t) <to, {xe M;7(x) € [t1,1ta], p(x) <1} is compact.  (51)

Moreover there exists some Ry > 0, s.t., Vo € M,
p(z) > Ry == —A3 < |Vp(a)l; <0 and  [(Vp, V7 (2))y| < As/p(z); (52)

p(x) = Ro = Ai/p(x)* < [V7(2)]5. (53)

Lastly define ¢ := |V7|! (the lapse function) and T := (VT = V7/|V7|,. We assume
that there exists a continuous function B : R — [0, +00) s.t.

(n+1) (VT2 = 27"V, T2)"”* < (Bo7)|Vr], on M. (54)

Conditions (49) and (50) are equivalent to the assumption that (M, g) is globally hyperbolic
(see [6]). Conditions (53) (together with (52)) means that the lapse function grows at
most linearly in p at spatial infinity. Condition (54) is an assumption on the curvature of
the integral curves of the vector field T

Given a smooth function u : M — R we define its stress-energy tensor S(u) (associ-
ated with the action functional A, see [23]), defined by

1
SH(u) := g"Oyud,u — 3 (|8u|§ — m*u®) 6L

v 12

We say that u has a compact spatial support if it vanishes on {z € M;p(z) > h(t)} for
some continuous function A : R — [0, +00). If so and if o is a space-like hypersurface
(possibly with boundary), we define the energy

E,(0) = /<S(U)N, N),dp,g.

Note that F, (o) is always nonnegative. In particular if, on o, we use a g-orthonormal
frame (eg, - ,en) s.t. eg = N, then (S(u)N, N)y = Sp(u) = 3 (Zn_o(en, Vu)2 + m?u?).
For any interval I C R, we define ||ul|;, := sup,c; Eu(3;)Y? and

the closure of the set of smooth functions on 77!(7) with
compact spatial support in the topology induced by || - |7,

Fie) = {
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We also define . (3;) := {u: M — R;VI C R s.t. [ is bounded, ||u||;, < +oo}. For
any positive function § : R — (0, +00) (actually we will use 5(t) = exps f(f |B(s)|ds),
we set [[ullg = sup,cg B(t) T Eu(3)"? and Fi(Sr) = {u € Fp(3:); |lullsr < +oo}.
Lastly we set

Ll

loc

(R, L7 (2,)) :== {f : M — R measurable s.t. [t — [[{f|s,|lz250)] € Li(R)}

and, for any interval I C R, we note || f{|17,12(x,)) = S Vef Nl 2, dt.

The existence result in [13] concerned weak solutions to (48) with a Cauchy data on
a hypersurface ;. The following result extends this with the notable difference that we
allow more general Cauchy hypersurfaces. Fixing 7 (and hence the foliation (3;);) we say
that a space-like hypersurface S is admissible if it is a Cauchy hypersurface and if: (i)
Jti,t0 € R st 8 <ty and Ty, < S < Yiys (11) if N denotes the future oriented normal
to S, C’(f]) = supi(]/\\f,T>g < +o00.

Theorem 3.1 Assume that (M, g) satisfies Hypotheses (49)-(54). Let X C M bea
space-like admissible hypersurface and let 11,15 € R s.t. Xy, < S < Y. Then for any
(ug,u1) € HE(S) x LX) and f € L} (R, L}(X,)), there exists an unique weak solution
uw € FLAX:) to (48) s.t. [ulg = (ug,ur). Moreover fort =1t or ts,

~ ~\ Y
E(20)"? < V3B(t.12) (ODED)) "+ Vast oVl imazs . (59)

where [(ty1,t2) : = 3l Bl g C( ) :supg(]/\\f,T>g.

Proof — The main point is to obtain the a priori estimate (55) for any solution u to (48).
Without loss of generality we will content ourself to prove that

t ~ ~ \ 1/2 t t2
Ey(Sy,)V/? < V22 i PO <C(Z)Eu(2)) + /2l Bl / 1Cf]s. |2 ds. (56)
t1

Step 1: Use of conservation law — Consider a compact domain D C 77 ([ty,]), the
boundary 9D of which is composed of three smooth components

8D — (Ztg ﬂﬁ) +A— (Ztl ﬂﬁ),

where the signs give the orientation. We assume that A is space-like and that the normal
vector N to it is future-pointing, hence (3, N D)UA forms the top of D, whereas ¥;, N D
is the bottom (see the end of the proof for the construction of D).

Let 0 : M — R be the function which coincides with 7 on S and which is invariant
by the flow of T and, for t € [t1, t5], consider the domain

Dy :={zx e D;0(x) <7(x) <t}

(points in D, are points of D which are in the future of S and in the past of X, see the
figure). Note that 0D; = (3, N D;) + (AN D;) — Y4, where ¥, N D; = {x € D;0(z) <
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7(x) =t} and S, = {z € D;0(z) = 7(x) < t}.
Let us apply Stokes theorem to S(u)T on D;. We get (writing S = S(u) for shortness):

/ V. (SETY ) dvol, — / (N, ST)ydty. (57)
Dy 8Dt
Since w is a solution of (48), the stress-energy tensor satisfies the relation V,S* = f0,u,
see e.g. [23]. Hence the Lh.s. of (57) reads
/ V. (SET")dvol, — / FOu) T dvol, + [ SV, T dvol,. (58)
Dy Dy Dy

(i) Estimation of the first term in the r.h.s of (58) — Using the coarea formula, we get

t
d
FT0udvol,| < [ |f|T0,uldvol, = / ds / 770, u|| f| L9,
Dy Dy t S.NDy¢ V7l
Since T' coincides with the normal vector N to X, we have: |TV0,u|l = [(N,Vu),| <

2(SN, N),. Hence by Cauchy-Schwarz

_ /t " </ (SN, N)gdug> 1/2 </ (ﬁ)?dug) 1/2
= tds\/mwf

t

fT"0,udvol,

Dy

EmEHH’

(ii) Estimation of the second term in the r.h.s of (58) — The Cauchy—Schwarz inequality

gives us:
56V, T2 < (Z (SW) <Z MT“)?) ,

H,v=0 H,v=0

however a difficulty is that the r.h.s. of this inequality depends on the choice of the
frame (eg, - ,e,) used in the decomposition of the tensors S and V7. We choose a
g-orthonormal frame (eg, - ,e,) s.t. e = T. Observe then that |S*| < S, Vu, v and
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thus?

Y (SE? < (n+1(89)* = (n + DXT, ST);.

p,v=0
Next let us introduce the tensor h,, = 27,71, — g,.,. We note that in the previously
chosen g-orthonormal frame we have h,, = J,, and hence that

> (VT =V, TV hye b =: VT

w,v=0
We thus deduce that

SEV,TY] < (n+ 1)(T, ST) [V T,

where the r.h.s. is now frame independent. Lastly a computation (using |T'|> = 1, which
implies g, 7"V, T* = 0) shows that |VT|} = |VT|2 — 2|T"V,T|2. Hence |SKV,T"| <
(n + 1)(|VT)2 = 2|T#V,T|2)*/*S) and using the fact that 7' coincides with the future
pointing normal vector to ¥, (54) and the coarea formula,

/ SV, T dvol,
Dy

< / B(1)|V]|,Sgdvol,
Dy

- /ttB(s)ds/ZmD(ST,T)gd,ug:/tB(s)Eu(EsﬂE)ds.

1 t1

Summarizing with the previous step we deduce from (58)

t t
g/ 1 LM/QEU(ESQE)CZH/ B(s)Eo (S, N D;)ds,
t1 t1

which, in view of (57) gives:

t t
| sThduy < [ efks e 2E(S. 0 DOds + [ BEEE.A DS (59
BDt t1 t1

(iii) Lower estimation of the l.h.s. of (59) — Using the fact that 7" = N on ¥, and
denoting by N the future pointing normal to ¥, we decompose

/ V,(SETY)dvol,
Dy

s

(ST, N ydpuy — [ (ST, N dpig.

Yt

/ (N, ST)ydp, = E,(3: N Dy) + /
0D

DiNA

However (ST,N), > 0 on D; N A. This follows from |N|> = 1, N° > 0 and from the

following identity, valid in a g-orthonormal frame (eg, - ,e,) s.t. eg = T"
2NO(ST,N)y = [N[2(u®)* + ) (N’ — N'u)® + (N°)*m*u?, (60)
i=1

4This inequality is true for any vector valued field u. Actually using the fact that u is a scalar field
one can get the improved inequality 77 ,_,(St)? < (n + 3)(59)*.
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where N* = (e,,, N), and u* := (e, Vu),. Hence
E, (5N D) — /A (ST, N),dpiy < / (N, ST) ydps,. (61)
St 0Dy
(iv) Conclusion — For any s € [ty,t] let 3\]25 .= {x € 5;7(x) > s} and set

e(s) = B, (S, N Dy) + / (ST, N ydpg.

2>

We will prove that the Lh.s. of (61) is equal to e(f) — e(f1). Observe that, because of
Ztl N Dt fand X5y, =X N D, e(ty) = fsz (ST, N) dp,. But, since Z>t N Z<t () and
Z>t U Z<t SN D, the latter decomposes as:

e(ty) = /A (ST, N, dpiy = [ (ST, N, dyiy + /A (ST, N),dys,.
>¥ND Yt Yy

Hence e(t) — e(t;) = E,(3; N D;) — fz (ST, N) )gdpig, so that (61) reads e(t) — e(ty) <
Jop, (N, ST) 4dpy. By using (59) and the fact that F,(3, N D;) < e(s) we deduce (setting

F(s) == V2||{f|s.]| ) that:
e(t) —e(ty) §/ dsF(s)v/e +/ e(s)ds. (62)
t1
Step 3: Using Gronwall lemma — Set K := t1 + ft dsF(s)\/e(s). Then (62) (by
replacing ¢ by t') implies easily e(t') < K + ftl s)e(s)ds, Vit € [ty, ] Using Gronwall

Lemma we deduce that )
e(t') < Kelu BO% v e [ty 4],

Replacing K by its value, setting ¥ () := sup;, <., v/e(s) and taking the supremum over
t" € [t1,1], we obtain

V() < (¢(t1>2 + / dsF<s>w<s>) eJis PO < <w<t1>2+¢<t> / tF(s)ds) fiy Ble)ds

which implies 1(t) < w(tl)m Bls)ds 4 (f F(s ) Jiy Bls)ds, Applying this for ¢ = ¢,
and using e(ty) = B, (3, N D), we get

to L2
By (S, N D)2 < eb Jif B )1/2 4 ofi? Ble)ds / F(s)ds. (63)
t1
Step 4: Controlling e(ty) by Eu(i) — Using an identity similar to (60) (where T is replaced
by N, N is replaced by T and we use a g-orthonormal frame (ey,- - ,¢€,) s.t. g = N) we
prove that

~ ~ 1 e 1 ~ ~
(ST,N), <2(T,N), <§ Z<6M’ Vu>§ + §m2u2> =2(T,N),(SN,N),.

=0

22



This hence implies that

P —

e(ty) = / (ST, N)ydpy < 2sup(T, N),E, (SN D) < 20(5)E,(5).

XND

Thus we deduce from (63)

— 1 rt2 = ~.\ 1/2 to t2
Ey(Sy, N D)2 < /2e3 i BE)ds (c<z>Eu<z)) + efii Bl)ds / F(s)ds.  (64)

t1
Step 5: Global estimate — Now, for any R > 0, set Kr := {z € M;p(z) < R}. In order
to obtain (56) it suffices to prove that there exists some Ry > 0 s.t., for any R > Ry,

there exists a domain D satisfying the previous properties and s.t. 3, N Kr C ¥, N D.
Indeed if so we deduce from (64)

— 1 rt2 e ~\ 1/2 t2 t2
E (S,NKR)Y? < B, (5,ND)"? < \/2e2 Ju BE)ds (C(E)Eu(z)) teli’ Blo)ds / F(s)ds

t1
Since this inequality holds for any R > 0, it thus implies (56).
Step 6: Construction of D — Here we need Hypotheses (51) to (53). Set t := t5 — t; and

assume that ¢ > 0. For any R > Ry we will construct a smooth function 7 : M — R
and find some R > R s.t.

(i) Vo € Kg, 7(x) =7(x) —t = 7(x) — ta + ty;
(ii) Vo & Kg, 7(z) = 7(2);
(iii) |V7~'|§ > 0 everywhere, in particular the level sets of 7 are space-like hypersurfaces.

If so D :={x € M;7(x) > t1,7(x) < t1} satisfies all the previously required properties.
To construct 7, we set 7 = 7 — ty o p, where x € C°([0, +0), [0, 1]) is piecewise C* and
has to be suitably chosen. Conditions (i) and (ii) translate respectively as: (i)’ Vi < R,
x(r) = 1; (i) ¥r > R, x(r) = 0. A simple computation using (52) and (53) shows that
Condition (iii) is satisfied if

Ast?r?(x(r))? + 2Aqtr X' (7)] < Ay

This condition is fulfilled if we choose a > 0 s.t. Asa® +24,a < Ay, R = Ret/® and set
x(r) =1—%log %, Vr € [R, R] (all that works because [° % = +o00).

Step 7: Conclusion — Thanks to the works of J. Hadamard, M. Riesz and the results by
J. Leray [28], one can construct fundamental solutions for the operator L and solve the
Cauchy problem for smooth Cauchy data (see [17, 6]). By using the density of smooth
compactly supported functions in L?(%;,) and H} (3;,) and (55), we deduce the existence.
The uniqueness is a straightforward consequence of (55). 0J
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Note that similar results exist for higher (integer) order Sobolev spaces and for Cauchy
data on a hypersurface which belongs to the family (3;);, see [13] and also [2]. Theorem
3.1 has the following consequence which is a substitute for Proposition 2.2. Set &j 5(3,) :=
{p € F3(20)); Ogep + m*p = 0}.

Corollary 3.1 Let (M, g) be a n-dimensional Lorentzian manifold. Assume that there
exist functions 7, p € C°(M,R) which satisfy (49)-(54). Set B(t) = exlJo B&)dsl - Then
for any admissible hypersurface o, there exists a continuous linear map

O, H (o) x LP(0) — & 4(%,)
(¥, %) — (¢, x),

where @, (¢, ) is equal to the unique solution ¢ to Lyp = Oyp+m2p = 0 with the Cauchy
data [90]0 = (¢7X)

Thanks to this result we can define for any admissible hypersurface ¢ the continuous map
O : F3(3:) — & 5(50)
defined by ©,(u) := ®,([u],). The following result will also be useful.

Lemma 3.1 Let f € L, .(R,L3(%;)) and u € ]:loc( ;) be a solution of Jyu + m*u = f.
Let S be an admissible hypersurface s.t. ¥y, < S < 3,. Then

S S 1/2
E,(X) <20(%) [(1 + ”BHLl([t1 ta]) ) HuH[tl to],r + \/_”fHLl ([t1,t2],L2) HuH[t/l ta], ] : (65)

Sketch of the proof — The proof is based on the same techniques as in the proof of
Theorem 3.1: one starts from the identity [, V,(SYT")dvoly = [, (ST, N)4dp,, with the
same vector field 7. The difference is the domam of integration which is now A := {x €
D;ty < 7(x) < 6(x)}. Also the reasoning is simpler, for we already know that ||u[|f, ..~
is bounded and hence we do not need to use Gronwall lemma. This leads to

5 1/2
/§<ST, Mgty < (14 1Bl gnia)) lallinsasr + V21 sy alll, -

Estimate (65) follows then from the inequality (SN, N>g < AT, N>Q<ST, ]V)g, which
implies E,(X) < 2sups(T, N)y [5(ST, N)ydp,. O

3.2 A generalization of Duhamel’s formula

Our aim is here to prove a ‘curved’ version of Duhamel’s formula. Beside the foliation of M
by the level sets ¥; := 771(t), we also consider a family (o,).er of admissible Cauchy space-
like hypersurfaces, which may not form a foliation of M in general. We assume that there
exists an n-dimensional manifold ¢ (the model for each o) and a map F' € C*°(R x g, M)
s.t. for any s € R, F := F(s,-) is an embedding of g, the image of which is g,. On each
os we define the function Ay, € C*(0,,R) by As o Fj < E(s,+), Ny o Fy),, where Nj is
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the future pointing normal vector to o,. We call (04)ser a smooth family of admissible
Cauchy hypersurfaces.

For any s € R, we denote by {x > o4} (resp. {z < o4}) the subset of M \ o
which are in the future (resp. the past) of oy, similarly {z > o4} = o, U {zx > o4}
{zr < 05} =0, U{z < 0,}). Welet Y, € L*(M) bes.t. Y, =1on {z = os} and
Y,, =0on{z <o}

We let f € L}, (R, L7(3,)) and we assume that, for a.e. s € R, A\;f|,, € L*(0,) and

loc
[s — [[Asflo.]lz2] belongs to L (R). We then define:

loc

Os

vsf = 0 on {zx < o,}

vsf : the unique solution of { vof = ®,.(0,Mflo.) on{z = o},

Isf = 0 on{zxr=<os}
L,T.f) = fY,, onM.

For any y € M we let G, be the solution of L,G, = 0 with the Cauchy data G|, = 0
and (N, VG,)4|, = 0,, where o is a Cauchy hypersurface which contains y. Then, still
if y € o, Y,G, is the retarded Green function for L, with source 4, (see [6]) for its
existence). Thus if f is smooth, then we have the representation formulas (v,f)(x) =

Lo, (Yo, Gy) (@) As(y)dpg(y) and (T f)(2) = [i, 1 f(0)(Ye,Gy)(x)dvoly(y).

Proposition 3.1 Let (M, g) be a n-dimensional Lorentzian manifold. Assume that there
exist a temporal function T and a radial function p which satisfy (49)-(54). Let (0s)ser
be a o-family of admissible Cauchy hypersurfaces s.t. limg_, o (inf,e,, 7(2)) = +00. Let
f € Lho(R, LA(E,) st s —> [Noflollz2] € Li(R).

Then for any u € F}.(3;) s.t. Lyu = f, we have, for any s € R,

I'sf: the unique solution of {

u=0,u+Tsf on{x> o} (66)

Moreover

st - /m<781f)d81' (67>

Remark — The integral in the r.h.s. of (67) makes sense as a distribution on M since, for
any ¢ € C2*(M), we can set ([ (s, f)ds1, 0) = [T (vs fo9)ds1 = [ (7s, [, ¢)ds1, where
5 is s.t. suppy C {os < & < 05} (3 exists because lim,_, ;o (inf,c,, 7(2)) = +00).
Proof — The proof of (66) is easy: since o, is admissible, there exists some t € R s.t.
¥y < 05 and thus [[f]s, = 0. Using arguments similar to the ones used in the proofs of
Theorem 3.1 or Lemma 3.1, one can deduce that Ep (o) =0, i.e. [I'sf],, = 0. Hence the
Cauchy data on oy of both sides of (66) coincide. Since these both sides are also solution
of the equation L, = f on {z > o,}, (66) follows by uniqueness of the solution.

To prove (67), fix s € R and set v := [ (v, f)ds;. We take any ¢ € C°(M) and
compute

/(Lgv)godvolg = /nggodvolg:/ (/ (fyslf)dsl) Lgpdvoly.
M M M \Js
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By Fubini’s theorem

/ (Lgv)cpdvolg:/ dsl/ (vslf)Lgcpdvolg:/ d51/ (75, f) Lgpdvoly.
M s M s T>=0s;

Using the identity ¢ Lyp —@Lgtp = ¢Ugp — Uyt =V, (" (V0yp — ©0,1))) for ¢ = 74, f
and Stokes’ theorem we find (taking into account the fact that 0{x > o4, } = —0y,)

/(Lgv)cpdvolg = / d51/ o(Vs: f)dvol,
M £B>-Usl

/ ds, / (Vs NIV = oV (15, ) gdig

=0 _'_/ d81/ ¥ Nav 731f>>gd:ug = / dSl/ 90)‘S1fd:ug'
S Tsq S Osq

Hence using the definition of Ay and viewing du, as a n—form, we deduce that
/ (Lgv)pdvol, = / dsl/ 517 NoFs (pfduyg)
M

=//F (0f(N Adm

But since on oy,, (N, ), A dp, = dvol, (again viewing dvol, as a (n + 1)-form),

/ (Lgv)cpdvolg:/ /F* (pfdvoly) :/ @ fdvol,,.
M s el T-0s

which proves Ly,v = fY,, in the distribution sense. Since we have obviously v = 0, for
{z < 0}, we deduce v = I'yf by uniqueness. Hence (67) follows. O

3.3 Formulation of the dynamics

We show here a result analogous to Theorem 24 for the nonlinear cubic Klein-Gordon
equation
Oyu+u® =0, (68)

on a 4-dimensional space-time M satisfying the hypotheses of Theorem 3.1, involving a
smooth family of admissible Cauchy hypersurfaces (o)segr. We need technical assump-
tions on (0y)ser, namely:

1C1 >0, Vse R,Vr € oy, |>\S(ZL‘)| < (69)
and
405 >0, VseR,Vu e Hl(O'S), ||u||L6(JS) < CQHV’LLHLQ (70)

Note that (70) is the assumption that the Sobolev embedding Hj(R?) C L°(R?) can be
extended on each 3-dimensional manifold o, uniformly in s. This is true if e.g. the Ricci
curvature of all o, is uniformly bounded from below and the volumes of all unit balls in
o, are uniformly bounded from below (see [22]).
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Theorem 3.2 Let (M, g) be a 4-dimensional pseudo-Riemannian manifold and T,p €
C®(M) satisfying (49)-(54). Let (05)ser be a a-family of admissible Cauchy hypersurfaces
which satisfies (69) and (70) and s.t. sup,C(0s) < +o00. Consider the non autonomous
vector field V : R x EH(X,) — EM(X,) defined by V (s, p) = ®y, (0, As0?],. ).
Let I = [t1,ts] and J be intervals of R s.t. ¥y, < 0, < X4, Vs € J and u € F}H(%,). If
u is a solution of (68), then O, u is a C' function of s € J and satisfies:
(O, u)

s +V(s,0,u)=0, VseJ (71)

Proof — First note that V' exists and is continuous because of Corollary 3.1 and of (69)
and (70), which imply in particular: Yy € £j(3,), Vs € R, \sp*|,, € L*(05). Second let
u € F}(X,) and assume that u is a solution of (68).

Step 1 — We show that [s — O, u| is continuous, i.e. Vs € J,

lim (sup Ee, /u)(@gsu)(Et)l/Q) = 0.
s'=s \ tel s

Since (Oy,u) — (Og,u) € £ (%), it suffices to prove limy_, Ee, ,u)-(©,,u)(0s) = 0 and to
apply Corollary 3.1 with oy. But actually [O, ,ul,, = [u]s, so that Ee, ,u)-(0,,u)(0s) =
Ey._(e,.u)(0s). Now observe that [u — (©4,u)],, = 0 or equivalentely E,_(o, . (0s) = 0.
Thus in particular the result is straightforward in the case where u is smooth with compact
spatial support. The general case follows by proving the existence of a sequence of smooth
functions with compact spatial support which converges to u in the F}(3,) topology. For
that purpose first approach —u® by a sequence of smooth maps with compact spatial
support (f.)eso in L'(I,L7(%,)) and, for some Cauchy hypersurface %, approach [u]s
by a sequence (v, w.).~o of smooth maps with compact support in the H} () x L*(X)
topology. For any € > 0 consider the solution u. of Lyu. = f., with the Cauchy data
[us]s = (v-,w:). Then u. is smooth with compact spatial support and converges to u in
F}(2;), when € — 0, because of (55).

Step 2 — We use the generalized Duhamel formula. First by applying Lemma 3.1 to u
and for ¥ = o, we deduce that s — |[uls,|[ g2 is bounded. Hence again because of (69)
and (70), s — ||A\su?|,.]|z2 is bounded. Thus we can apply Proposition 3.1. Then (66)
reads

u+T,(u?) =0O45u on {z >0}

Comparing this identity for two different value sy, so of s, we get

O, U — Oy, u =T, (ug) — Fsl(u?’) on {x = o5} N{z > 0s}. (72)

However the r.h.s. of (72) can be written by using (67)

Foy(u) — Ty (%) = — / " () ds.

S1

Moreover, since (O, u)|,, = u

Ts)

Yu? = B, (0, \u?) = V(s,0,u) on {z > 0.}
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Hence (72) implies that the following identity holds on {z > o4, } N {z = 04, }:

o

Osq

u— O, u+ / V(s,0,,u)ds = 0. (73)

S1

But since the Lh.s. of (73) is a solution of L, = 0 on M, (73) holds actually everywhere
on M, by uniqueness. From (73), the result of the first step and Corollary 3.1 we then
deduce easily (71). O

4 The space of analytic functions over a Banach space

4.1 Analytic functions over a Banach space

Recall that, if X and Y are Banach spaces and r € (0,+00), F.(X,Y) is the space of
formal series f = >~ f® st. [f](r) < +oo, where [f](z) is given by (17). Note that
(F,(X,Y),[-](r)) is a Banach space.

Beside the definition of [f] given by (17), we also set, for k € N,

N90) = A md FOXY) = {f € B,V [19() < +oc),

so that for instance [f]"(r) = S P erP~t We set Foo (X, Y) := My oF,(X, Y) and

Foa(X,Y) = {f = E;V:O fP| N e N, fP € 97 (X,Y)}. Note that we have the dense
inclusions

Vr,R € (0,00), st. r < R\Vk,{ €ENst. k<{, F,yCF,CFrCFYCF® CF,.

s -

Indeed if 0 < r < R and k € N, we have: Vf € Fg,

k 1 ! r\P
[f]( J(ry <T®(r, R) [fI(R), where T™®(r, R) := T_kilzlg » é Bl <§) < 4o0. (74)

In the following we set Y = R and:

Definition 4.1 For any rq € (0,00] and any k,¢ € N a continuous operator T from

IE‘EIS?TO)(X) to IE‘E?’TO)(X) is a family (T,) s.t., for any r € (0,7,), T, : FP(X) —

FY (X) is a continuous linear operator with norm ||T.|| and s.t., ¥r,r" € (0,rq), if r <1/,
then the restriction of T, to Ffff) (X) coincides with T,.
For simplicity we systematically denote each operator T, by T in the following..

0<r<rg’

4.2 Analytic vector fields over X

Definition 4.2 Elements of F,.(X,X) are called analytic vector fields on X. For any
V e F.(X,X), we denote by V- the linear operator acting on F,(X) defined by

Vi e F(X),Yp € Bx(r), (V- [)(p) =0df(V(p)),
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where, Yo € Bx(r), Vi € X,

51.(0) i lim TP T2V = ()

e—0 £

We then set [V]- := [V](2)<L, a holomorphic vector field on Be(py).

The previous definition was vague concerning the domain and the target of V.. These
points are made more precise by the following result.

Lemma 4.1 For any V € F.(X,X), the operator V- is continuous from IFES))T)(X) to

F,(X) and moreover:

Vpe (0.r), VfeFNX), [V-flp) < VIOV (p) = (V- [Np).  (75)

Proof — Consider p € (0,r), assume momentaneously that f € F,,;(X) and write f(¢) =
Z;;V:o f®)(©®P). Then, Vo € X such that ||¢||x < r we know that V(i) is well defined
and, using everywhere the convention p’ := p — 1 and, setting ¢1 ® --- ®@ ¢, = ¥1--- ¢,
for short,

(V-£le) = 3fo(V(e) =D pfP (Vi) e )

p=1 g=0 . M m=0 M
where we have set m=q+p—1=q+p and, Vi, -+, o, € X,
sup(N,m-+1)
(V-1 (@1 o) = Z Z pf® ( ) (1) o)) Potm—p+1) ~%<m>> :
O’EGm
Hence |(V - £)™ (1 - - )| is less than or equal to (we set || - || = || - ||x for shortness):
sup(N,m+1)
> S Bl [V ot - ot | [l ol (76
aeem
and sine [V (00 @otn )| < IVO P gt |-+ 6ot I, we deduce from
the upper bound (76) that
sup(N,m+1)
(V)" (1 m)] < Z i Z IV gl FPlellow]l - - ool
sup(N. m+1) =
= > VI PlellfPlellenll - llomll.
p=1
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We thus deduce

sup(N,m+1)
VDo < Yo plIVE ]| £P)s. (77)
p=1
Hence, by letting ¢ = m — p/,
o) oo sup(N,m+1)

[V-110r) = ZHV I erm <Z Z Vg ]| £ g™

= ZZ VOl arpl fPler?" = V)£ (r)-

q=0 p=1

Thus we obtain (75) for f € F,,(X). It implies the result by using the density of F,,(X)
in FV(X). O

Note that we can extend (77) a posteriori to any f € IFS})(X) by density as soon as
D eeo |V @]|r? < +o00, thanks to (75). It gives us (still with the convention p’ = p — 1):

V- H™le <Y plVO el fPe. (78)
p=1

This leads us to the following extension of Lemma 4.1.

Lemma 4.2 Let k € N*, g > 0 and Vy,--- Vi € F, (X, X). Then the linear operator
[f — Vi -+ Vi - f] is continuous from FES?TO)(X) to F(o,r0)(X) and ¥r € (0,19),
VieFY, Vi Vi f1r) < (il [Vl - [FD) (). (79)

Proof — For any a =1,k we write V, = Y% VP where Vp € N, V) € Qr(X, X).
For shortness we set X" := ||Va(p)||®, Xa(2) =2 50 XP2p and X, = X, (z)L. We
recall that Vf € F,Vp € X, (V.- ) (¢) = 6f,(Va(¢)). In the following we assume first

that f € F,,. On the one hand we observe that, Vp € N,

( ) —p'
(Vi <p>||®<z Z Zpk X x o) P e

Pp=0p},_,=0 py=0
(80)
where we systematically denote p/, := p, — 1. This can be proved by recursion on k, by
using (78). On the other hand the coefficients of the decomposition (Xj -+ X; - [f])(z) =

Do (X Xy [f])(p) 2P also satisfy similar relations, i.e.

(p—Ph_1) e
(Xe--- X1+ [f]) (”)—Z Z Zpk X X P e

P =0p},_,=0
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which can also be proved by a recursion based on the identity

X, - <Z A(P)Zp> _ Z <Z pXém—p/)A(P)> S
p=0 m=0 \p/'=0
Hence the result follows easily from this identity and (80) holds for f € [F,,(X). This can
hence be extended to all f € F" (X) for r € (0,ry) by density. O.

5 The time ordered exponential of operators

In this section we consider a Lebesgue measurable family (V;-);c; of continuous operators

V;- from Fly

(00 (X) 10 Fig)(X) and we consider the time ordered exponential

to o0 (V)tg[k}
Uz = Texp/ dr(V;-) :== Z b (81)

t k=0

where (V-)Z[O} := 1gnqer) and for k > 1,

(Vi .= k:!/ (Vy, Vo )dry - dry,,  for ty >t (82)
ti1<m <o <1 <t2
and
(V-)E[k} = (—l)kk!/ (Vo oo Vi )dm -+ - drg,  for ty < tg. (83)
to<Tp<---<T1<t1

We remark that, for t5 > t,

(V) / / b (v
— di ‘/;_ . (‘/;_ IR ‘/;_1.>d7'1 P di*l — / dT VT. 1 )
k! t1 * <7 <o <Tp_1<Tk o t (k — 1)'

Hence

to
U2 = Tgndee) + / dr V.- UJ. (84)

t1

A similar reasoning shows that (84) holds also for 5 < ¢;. As a consequence

to+h to to+h
U,ff+h—U;f=/ dTVT-U{l—/ dTVT-UtTl:/ dr V. UL, (85)

t1 t1 t2

5.1 Existence of Uff

In the following, for any vector field X on Be(r), we denote by (¢, z) — e~*¥(2) the map
which is equal to the solution ~ of

{%@,z) )
v(0,z) = =z
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Theorem 5.1 Let ry € (0,+00] and I C R be an interval. Let (V;)wer be a normal family
of analytic vector fields in F,,(X,X) and let X =Y 1 Xp2¥ € F,(R) s.t. Vt € I, Vp € N,
0< [Vt(p)] < X,. Assume that:

Vr € (0,70),Vf e FO(X), [I >t V- feTF.(X)] is measurable. (86)

Let R € (0,19). Then Vty,ty € I s.t. e 1271IX(R) exists and is positive, the op-

= Texp <fttl2 dTVT-> defined by (81) is a bounded operator from Fr(X) to
Fo-tta-t1x () (X) with a morm less than 1 i.e.

vt € [ty ta], Y € Fr(X),  [Uf7 fl(e” " ¥(R)) < [fI(R). (87)

Moreover for any R s.t. R < R < 1y and [ € Fp(X), the map t — U} f is locally
Lipschitz continuous from [ty ta] t0 Fo-jty-u1x (g (X).

erator Uff :

Proof of theorem 5.1 — W.l.g. we assume throughout the proof that t{ =0 < T = t, and
study U¢ for 0 < ¢t < T. The proof is divided in several steps which follow.

Step 1 — For r € (0,19), k € N, f € F(X) and ¢ € I we estimate the norm in F,(X) of
(V~)é[k] f. For t € [0,T], we start from Expression (82) for (V-)f)[k] f and we use Lemma
4.2 with V,- =V, -. This gives us

(VO f(r) < k:!/o t[Vm"'Vn'f](’f’)dﬁ'“dm

a 0<T << T <t
< k! (X [f1(r)dry - - - dry,

o< < - <1 <t

which implies, by using £! f0<n<~~~<m<t dry - - -dm, = tF:

[(VSE F1(r) < () (). (88)

Hence we see how to derive a sufficient condition for the series Ujf = > ;- %(V~)gk] [ to
be convergent in some space FF,.: it suffices to find some r which satisfies

o0

tk
k!

k=0

Then this implies by (88) that y ;- %[(V-)é[k} f1(r) < +o0 and hence the existence of Ut f.

(X)) < +oo. (89)

Step 2 — We show that, if R € (0,79), T > 0 and e 7*(R) > 0, condition (89) is satisfied
with ¢t =T and r = e T*(R). Actually we will show that

0o Tk -
VfERX), Y (X)) (e () = [f1(R). (90)
k=0
For that purpose we use the following lemma, the proof of which is given below. In the
following, for ¢, > 0, we set Be(r) :={z € C| |z| < r}.
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Lemma 5.1 Let X : Bc(rg) — C be an holomorphic vector field different from 0.
Assume that

X(z) = Zszk, where X, > 0,Vk € N.
k=0

Let p € (0,79) and T > 0 such that e’ (p) exists. Then the flow map

E(c<T) X E(c(p) — C
(1,2) — ™ (2)

is well defined and holomorphic and in particular
V(r,2) € Be(T) x Belp), 7 (2)] < X (|2]) < T (p). (91)

Consider any R € (0,79), 0 <t < T s.t. e ™ (R) > 0: then ' (e7"(R)) exists since
it is nothing but R. Hence we can apply Lemma 5.1 with p = e”"*(R). It implies in
particular that, for any holomorphic function H on Be(R) = Be(e?™(p)), the map

Fc(T) X Ec(efTX(R)) — C
(1,2) — H(eTX(z))

is well defined and is analytic. Hence the following expansion holds:

¥(r,2) € Be(T) x Be(e "™ (R)), H(e7¥(2)) = % % (92)

k=0 s=0

the series on the r.h.s. being absolutely convergent for any 7 € Be(T). However because
of the identity (%)k [H (e:%(2))] = ((X-)*H)(e**(2)), which can be proved by recursion
over k, we deduce from (92) that

V(r.2) € Be(T) x Be(e ™ (R)),  H (¢7(2)) = (X ) H)(=) 7
k=0 ’

By specializing this relation to (7,z) = (T,e T*(R)) we deduce that the power series

o Tk—f((X J)*h)(e"TX(R)) is absolutely convergent and satisfies the identity

H(R) = 3" 7 ((X)FH) (e T (R). (93)
k=0

Hence by using (93) with H(z) = [f](z) we obtain (90). This shows that the series
Texp (fOT dTVT-) f converges in F.-rxg)(X). Moreover we deduce using (88) and (90)

the following estimate:

s ([ ) g e mim) <3 3 [0985] () <t
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Lastly we remark that hypothesis e 7% (R) > 0 obviously implies e **(R) > 0, Vt € [0,T]
so that Conclusion (94) holds also if we replace T by t € [0,77]. This implies (87).

Step 3 — Let us prove the local Lipschitz continuity of ¢ — Ulf, for f € Fr(X), where
R<R<rg Lett € [0,T] and h € R s.t. t + h € [0,T]. Then it follows from (85) and
(75) that

t+h

(U — U f] (e TX(R)) < / ar[V, - Ug ] (¢ T (R))
< X EHR) s WD ().

However by observing that e ™ (R) < e *¥(R) because R < R we deduce from (74)
that [¢]" (e"™X(R)) < TW(R,R)[g] (e7T*(R)), Vg € F.—rx (g (X). Applying this for
g=Usl,

(UL = U A (™ (R) < WX (X (R) T (RT) sup (U5 1] (7 (R))

t<T<t+h
and by using (87) with R instead of R:
[(Us™" = U f1 (e (R)) < |h|X (e (R)) TW(R. R) [f] (R) -
U
Proof of lemma 5.1 — We first show that (7,z) — e™¥(2) is defined and satisfies (91)

over Be(T') x Be(p). Fix some z € Be(p) and 7 € Be(T). Then Jeg > 0 s.t. Ve € (0, ¢,

T
2| <p—e and |7|<T.:=

We also let A € S* C C such that 7 = ||\, where 0 < |7| < T.. We introduce the
notations:

f(t) = UFOX(|2| +6) Vte[0,T]
() = e (2) vt € [0,7)
g(t) = ()] vt € [0,1)

where ¢ is the positive maximal existence time for 7. Note that f. is defined on [0, T.]
because of the assumption that e?X(R) exists. Our first task is to show that the set:

Ac = {t € [0, TN [0,)] g(t) = f=(t) = 0}

is actually empty. Let us prove it by contradiction and assume that A, # (). Then there
exists to := inf A.. Note that g(0) — f.(0) = —e < 0, hence we deduce from the continuity
of g — f. that ty # 0 and g(to) = f-(ty). Moreover since f.(0) = ¢ and f. is increasing
because X (r) > 0 for r > 0 we certainly have g(to) = f-(to) > 0. We now observe that

. (AX(2),2)
Vz € C, " AZsz X <ZXk|z| X()z]).
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Hence for all t > 0 s.t. g(t) # 0,
J() = AX(y(1)),~(1))

< X(®)]) = X(g(®))

()]
and hence in particular, since g(ty) # 0,
(1) < X(glto)) = X(7.(0)) = 221 < (1),

Thus since f! — ¢’ is continuous 3t; € (0,to) s.t. YVt € [t1, o], fL(t) — ¢’ (t) > 0. Integrating
this inequality over [tq,to] we obtain

9(tr) = fe(tr) = (fe(to) — g(to)) — (fe(tr) —g(t1)) = /0 (fi(t) — g'(1)) dt = 0,

t1

ie. t; € A., a contradiction.

Hence A, = (). Note that this implies automatically that ¢ > T.. Indeed if we had t < T,
this would imply that ¢ is not bounded in [0,¢) C [0, 7%], but since f. is bounded on [0, T.]
we could then find some time ¢ € [0,%) s.t. g(t) > f-(¢), which would contradict the fact
that A. = (). Thus we deduce that Vt € [0, 7], g(t) < f-(¢), i.e.

vt e[0Ty, [eM¥(2)] < e(1+€)tx(\z| +e).

In other words for all 7 = At € B¢(T) and all z € Be(p) we found that Ve € (0,¢e),
€™ (2)] < eUHITIX(|2] +¢). Letting € goes to 0, we deduce the estimate (91) for (7, z) €
Be(T) x Be(p). Lastly this estimate forbids the flow to blow up on Be(T) x Be(p). Hence
the result and (91) can be extended to this domain by continuity. O

6 Proof of the Main Theorem

We first prove the following strengthening of Theorem 5.1 (with stronger hypotheses).

Theorem 6.1 Let ry € (0,+00] and I C R be an interval. Let (V;)ier be a normal family
of analytic vector fields in F, (X, X) and let X = > _p- Xi2* € F, (R) s.t. Vi € I, Vp €N,
0< V"] < X,. Assume that:

I x Bx(ro) 3 (t,¢) — Vi(p) € X is continuous. (95)

Let RRRER st. 0 < R< R <. Let f € Fp(X). Let ty,ty € I s.t. e" 271X (R) >0
and let ¢ € CY([t1,12],X) s.t. |lo(t)|lx < e t=1IX(R), Vt € [t1,t5]. Then the map
[tl,tg] — X
t — (ULf) (o)
is C* and satisfies
d

a1 (ULAA0) = V- UL Dt0) + 000 D (57 ). (96)
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Proof — W.lg. we assume t; = 0 < T = ty. Let f € Fp(X) and, for ¢ € [0,7], set

¢ == Usf. By Theorem 5.1 we know that f; € F -.x 7 (X), Vt € [0,T]. We first show
that, vVt € [0,T], (1,0) — (V- f;)(¢) is continuous on [0,¢] x Bx(0,e *(R)). For
that purpose, for 7,7+ ¢ € [0,t] and p,9 € Bx(0,e ¥ (R)) we evaluate the difference
(Vito - frio)(W) — (Vi - f2)(¢). We split this quantity as the sum of three terms:

Vet - Fria)(®) = (Vi - £)() = 6(Frs0)o(Vero () = 6()o (Vo)) = Ar + Ay + Ag,

where

A = (f7'+0> ( T+0<1/}) VT( ))
Ay = ( (fTJrU)w - (fTJrU) )( T( ))
A3 = 5(f'r+a_f'r) ( T( ))

To evaluate Ay and As we will use the following inequality (for all » > 0):
Vg € FV(X), Vg € Bx(r).VZ € X, 10g,(2)| < [Z-g] (Illx) = 1Z11[a] (lllx) » (97)

which follows by applying Lemma 4.1, (75) with V being the constant vector field [p —
Z).
We note that (97), ||v||x < e (R) and Inequality (74) imply

A < Ve (@) = Va(@) 1l frio] ™ (101])
< Veso(¥) = Va(@) [ (e (R), e (R))[freo] (e (R))

and hence A; converges to 0 as 0 — 0 and ||¢) — ¢||x — 0 because of (95). We decompose
and split As:

priﬂ’m«o)w ) = pf, (Va() @ 0)

p—1 p—1
0 p—1
p fTJrU ’QZ) @Z)W ()0) ()0)

We deduce that, by setting M := sup(||¢||x, ||]x),
|As] < Ve (@)llxlle = ellx Y po = DI lle MP™ = [[Va(@)lxll = @llxlfrro]® (M) .

Hence by using M < e ¥ (R) < e ((R+ R)/2) and Inequality (74), we deduce that A,
tends to 0 when |[1) — ¢|| — 0. Lastly using again (97) we have

|As] < V(@) lxlfrro = £ (el

which implies also that Az tends to 0 when o — 0 by applying Theorem 5.1 with (R+R)/2
in place of R (since (R+ R)/2 < R and f € Fg the map 7 — f, is continuous from [0, ¢]

to IFe_tX(M)(X) and hence to IF(_tX(R (X) by Inequality (74)).
2
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Hence we conclude that (Vi - fris)(¥) — (V7 - f)(p) converges to 0 when o — 0 and
| — || = 0, which proves the continuity of (7,¢) — (V- fr)(p).

An easy consequence is that the r.h.s. of (96) is continuous. Thus it suffices to prove
(96) in order to conclude. Let h # 0, then using (85):

[fren(o(t + h)) = file(t + )] + % [fe(p(t+h)) = file(t))]

t+h
| Ve Bt 1) + 5 (e + ) = (o)

(98)
When h — 0 the first term in the r.h.s. of (98) converges to (V; - f;)(p(t)) because
of the continuity of (7,¢) — (V- f;)(¢). The second term in the r.h.s. of (98)

converges to d(fi),w) (dfz—ff)) because of (30). Hence the r.h.s. of (98) converges to

(Vi f)(@(®) + 0(f) ) (%—9) when h — 0, which proves (96). 0

L (ot +h) — fulp@)] =

S

Proof of the Theorem 0.2 — On a flat space-time with a general real analytic nonlinearity
we first use Proposition 2.1 which provides us with a normal family of analytic vector
fields (V})es satisfying (95) and using Theorem 2.1 we obtain a C' map ¢(t) = ©;u which
satisfies (24). We can thus apply Theorem 6.1 to these data and deduce:

d
7 (ULN(Ow) = (Vi - Uy, ))(O) + 8(U, fe (=Vi(Oru)) = 0.
Hence the results follows.

A similar result holds for the Klein-Gordon L,u+wu? = 0 on a 4-dimensional hyperbolic

pseudo-Riemannian manifold, by using Theorem 3.2 and Theorem 6.1. U

7 Comparison with quantum field theory

The space [ shares some analogies with the Fock spaces used by physicists in the quantum
field theory. In the following we set N := dimFE, we let (eq,--- ,ey) be a basis of E and
we use the affine coordinates £ > w — w' € R, for i = 1,--- , N, in this basis. First
assume that s > n/2, so that £ embedds continuously in continuous functions. Then
for all z € M and i = 1,--- , N we define the continuous linear map ¢'(z) : & — R
(equivalentely ¢'(z) € (£5)* C F) by

P(r): & — R
p — ¢(x).

If 5 is arbitrary we define ¢' as a distribution on M, with values in (£5)* C F by

¢ CX(M) — _ (&) ,
Foo—= [ f@¢(@)de o [ f(2)o!(2)da]
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Similarly we define % as a distribution with values in (£5)*. More generally, assuming
that s is s.t. we can make sense of N(p, 0p), we define the F-valued distribution N (¢, 0¢).
Note that the constant functional 1 equal to 1 on &; plays a role analogous to the vacuum.

As an algebra of functions (on &) F acts linearly on itself by multiplication: to each
g € F we associate the multiplication linear operator [f —— ¢f] € End(F). This de-
fines a natural embedding F < End(F) and all previous F-valued distributions ¢’ %,
N(¢, d¢p) can also be viewed as End(F)-valued distributions.

Another important type of End(FF)-valued distribution is:

o C(M) — End(TF)
I @S @)y F 61, sae)

Here, in the case where M = M is a flat space-time, G, is defined by: Vz,y € M,
Gy(x) = G(z — y), where G is the distribution defined in (22). In the case where M
is a curved globally hyperbolic space-time and if L = [, G, is defined in Section 3.2,
i.e. is the solution of ,G, + m*G, = 0 with the Cauchy conditions G,|, = 0 and
(N,VGy)4lo = 6, for any Cauchy hypersurface o which contains y. In both case it may
be useful to set G(z,y) := Gm(y)

Hence for any f € C(M), [,, f y)dy is the analytic first order operator as-
sociated with the constant Vector ﬁeld equal to [, f v f(W)Gyeidy € &£ everywhere. Intu-
itively one may think that the notation ¢; (y) would represent the first order operator
f = dfa,e, associated with the constant vector field Gye;, if Gye; would be in &5 (but it
does not here if s > n/2).

This language allows us to express the operator V;- of our Main Theorem as:

Vieim / 4 N'($.08) (1 5)67 (1, §) = / 07 N (b, 00) () b7 (1),

yO=t

where we assume a summation over the repeated index i. The expression (6) can be
written as U[?(Oy,u), where

vt =Tesp [ a® [ a7 V(6. 08) )7 1)

We can then recover an expansion of this integral with terms analogous by using Wick’s
theorem with the commutation rules

[¢'(2), ' (y)] = @] (x). @] ()] =0, [&](z),¢'(y)] = Gl(2,y) = GL(y),

where G7 := (e/, Ge;) (here (e!,--- eV is the dual basis of (e1,-++,en)). In other words
the ¢; (x)’s play the role of annihilation operators and the ¢'(z)’s play the role of creation
operators.

As an example, we consider solutions u of the scalar equation Jyu + u® = 0 on a
4-dimensional space-time (M, g) (see Section 3) and we are given a smooth family of
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admissible Cauchy hypersurfaces (o)ser which, for simplicity, we assume to be the level
sets o, = 771(s) of a temporal function 7 € C°(M). We let V (s, p) := @, (0, \s?|,.) be
the associated family of vector fields. We can express it more intuitively by setting

Vo= [ duAW#w’G,. sothat Vi) = [ duy\)ew)C,

Then the corresponding first order operator reads

V= / Qg ()0 () D)™ () = / by (1),

where we introduced the shorter notation dy := du,(y)As(y). Let f € (&7)* be linear,

of the form f = [, dvoly(z)a(z)p(x) (or equivalentely f(p) = [, dvoly(z)a(z)p(x),
Vo € &), where av € C°(M). Then

Ve f = /dvol /dyG( Yo (y)?

and, writing dvol,(x) ~ dx for short,
Ve W 1) =3 [ alodte [ i [ a5y (0)Gn )02 b

We thus deduce the first terms in the expansion of Uff f (relating the Cauchy data oy,
and oy,).

to
Utf — f+/ dsV, - f+/ dSQ/ ds\Vi, - (Vi - f) +
t1

Using dsdy = dsd,ug(y)ks(y) = dvol,(y) ~ dy and setting f 2 dy = dy,

S crty<ta
ver = | ooyl ols) ¢ | ata o) I G, @0
+3 /M a(x)dz /U : dys /0 :”) Ay Gy, ()G, (y1)P(y2)* P(31)* + -+

Now apply Theorem 0.2: for any solution w of U,u + u® = 0 and for |jul| and [ty — ]
sufficiently small, we have f(0,u) = (U;* f)(Oy,u). Hence assuming for simplicity that u
is continuous, f = ¢(x) for some x € M and t; > t, we get

01, u(x) = Opyulz) - / "y Gy () (©1yuly))?
(99)
3 / dys / 0 Gyy (2)G o (1) (Oryu (32))*(Oyuu(an))* + -+

7(y2)

39



Each term of the form ©,u(x) (marked by a line with a bold foot on the diagram below)
reads:

Oyu() = / dp1a(y) (N, VCaho(y)uly) — Caly) (N, V) o))

Identity (99) (for e.g. t, < t; < 2Y) is pictured by the following diagram representation
where Feynman rules are used (see [21]). Note that if 2° = ¢;, the Lh.s. of (99) is nothing

but u(x).

8 A list of examples

Klein—Gordon equations

The Main Theorem can be applied to all nonlinear Klein—Gordon equations of the type
Ou + m? + N(u) = 0, where u is a (real-valued) scalar field and N is a real analytic
function (e.g. any polynomial or trigonometric function) for s > n/2. However as already
stressed in Remark 2.1 this result extends straightforwardly to the case s = 1 < n/2, if
N is a polynomial of degree less than or equal to n/n — 2.

Schrodinger equations

Our result can be applied only in the case where n = 1, for any real analytic nonlinear
function N, i.e. to the equation idyu + (01)*u + N(u) = 0 and for s > 1/2, since H*(R)
is then an algebra and because of the continuous embedding H*(R) — L*(R).

Wave maps
We consider for instance wave maps into the unit sphere S* ¢ R¥*! (but we may replace
Sk by any Riemannian manifold which admits a real analytic isometric embedding in
some Euclidean space). We set H*(R", S¥) := {v € H*(R",R¥*1);v(z) € S* a.e.}. Wave
maps are maps u € CO(R, H*(R", S*)) N CY(R, H*~}(R", R*1)), which are weak solutions
of the system:

Ou + (|0oul? — [0ul?)u = 0.

We note that the nonlinearity N(u, du) = (|9yul?> — |dul?)u is quadratic in du and hence
does not satisfy (20). Thus our result applies with s > n/2 + 1.

40



The Dirac—Maxwell system

Set n =4, g,, = diag(1,—1,—1,—1) = g" and consider 4 x 4 Dirac matrices 7,7, 2, +*
satisfying the Clifford algebra condition y#~" + vY+* = 2¢g"”. We agree to sum over any
repeated index. The Dirac operator is ¢ = v*9,, acting on functions ¢ : R* — C*. The
Dirac—-Maxwell system can be written

iy —my = ey'vA,
where A = A, dz" is a gauge connection for the electromagnetic field, F},, := 0,4, -9, A,
is the electromagnetic field and F* := ¢"'g"°F\,. If we further assume the Lorentz
gauge condition d,A" = 0, where A" := g" A, then 0,F"* = [JA", so that (100) can be
written:
o o _
OA* — G’QZ)’}/H’QZ) = 07

i.e. has the form (19). Our result can hence be applied if we assume that A € CO(R, H*(R3, (R*)*)N
CL(R, H*1(R?, (RY)*) and ¥ € CO(R, H*(R3, CH)NCH(R, H*~}(R3, CY), for s > 3/2. Note
that the Lorentz gauge can be achieved by starting from any arbitrary gauge connection
A, by setting A, = A, — 9,p, where p(z) = fomo dy® [os dyG(x — ¥)(0,A")(y) (so that
Oy = 0,A*).

The pure Yang—Mills equation
Given a finite dimensional semi-simple Lie algebra g, the Yang—Mills equation for a con-
nection A : R x R” — g reads:

0, (0" AP — 9 AY + [A”, AP]) + [A,, 0¥ AP — 9" AY + [A”, AV]] = 0, (102)

where we use the same convention on repeated indices as in the previous paragraph.
Assuming again that the Lorentz gauge condition d,A* = 0 is satisfied (which, in this
nonlinear case, is harder to achieve than for electromagnetism), then the higher order
term is simply 0, (0" A* — 0" A”) = JA*. Then (102) has the form

(-

OA* 4+ [A,, [AY, A*]] + 0, ([AY, A*]) + [A,, 0" AF — OFAY] =0 (103)
cubigin A linear in a,;,, linear in 4

and hence satisfies Hypothesis (20). Thus Theorems 0.1 and 0.2 can be applied to solutions
of (103) if s >n/2 > s—r,ie,sincen =3 and r=1,if 3/2 < s < 5/2.
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