N
N

N

HAL

open science

Fine costs for Euclid’s algorithm on polynomials and
Farey maps
Valérie Berthé, Hitoshi Nakada, Rie Natsui, Brigitte Vallée

» To cite this version:

Valérie Berthé, Hitoshi Nakada, Rie Natsui, Brigitte Vallée. Fine costs for Euclid’s algo-
rithm on polynomials and Farey maps. Advances in Applied Mathematics, 2014, 54, pp.27-65.

10.1016/j.aam.2013.11.001 . hal-01086629

HAL Id: hal-01086629
https://hal.science/hal-01086629

Submitted on 27 Nov 2014

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01086629
https://hal.archives-ouvertes.fr

FINE COSTS FOR THE EUCLID ALGORITHM ON POLYNOMIALS
AND FAREY MAPS

VALERIE BERTHE, HITOSHI NAKADA, RIE NATSUI, AND BRIGITTE VALLEE

ABSTRACT. This paper studies digit-cost functions for the Euclid algorithm on polynomials with
coefficients in a finite field, in terms of the number of operations performed on the finite field Fy.
The usual bit-complexity is defined with respect to the degree of the quotients; we focus here
on a notion of ‘fine’ complexity (and on associated costs) which relies on the number of their
non-zero coefficients. It also considers and compares the ergodic behavior of the corresponding
costs for truncated trajectories under the action of the Gauss map acting on the set of formal
power series with coefficients in a finite field. The present paper is thus mainly interested in the
study of the probabilistic behavior of the corresponding random variables: average estimates
(expectation and variance) are obtained in a purely combinatorial way thanks to classical meth-
ods in combinatorial analysis (more precisely, bivariate generating functions); some of our costs
are even proved to satisfy an asymptotic Gaussian law.

We also relate this study with a Farey algorithm which is a refinement of the continued
fraction algorithm for the set of formal power series with coefficients in a finite field: this
algorithm discovers ‘step by step’ each non-zero monomial of the quotient, so its number of
steps is closely related to the number of non-zero coefficients. In particular, this map is shown
to admit a finite invariant measure in contrast with the real case. This version of the Farey map
also produces mediant convergents in the continued fraction expansion of formal power series
with coefficients in a finite field.

KEYwWORDS. Laurent formal power series, finite field, continued fractions, Farey map, bit-
complexity, cost function, combinatorial analysis, bivariate generating functions

1. INTRODUCTION

We fix a positive integer ¢ which is a power of a prime number p, and we consider the field I,
of cardinality ¢. It is well-known that the theory of continued fractions extends in a natural way
the classical real framework to polynomials and formal power series with coefficients in the finite
field F,. See for instance the survey [2]. Similarly as in the real case, we have in this framework
an intimate correspondence between the Euclidean algorithm and continued fraction expansions.
We study and compare here digit-cost functions for the Euclidean algorithm, on the one hand,
and for truncated trajectories for the Gauss map acting on the set of formal power series, on the
other hand.

1.1. Euclid’s algorithm on polynomials. Let us first recall the Euclidean algorithm for poly-
nomials in Fy[X]. For P and Q € F,[X] with deg @ > deg P > 0, the Euclidean division computes
a pair (A, R) with R =0 or deg R < deg P for which @ = AP + R. The Euclidean algorithm is a
sequence of Euclidean divisions; by setting Ry := @), Ry := P, one gets

Ry = A1R1 + R, Ro=0 or degRy < degR;.
If Ry # 0, then we can find, again, a pair of polynomials (As, R3) such that
Ry = ARy + R3, R3=0 or degR3<degRs.
We can continue this procedure of divisions Ry_1 = ApRjp + Riy1 until the ¢-th step where

we obtain a remainder Ryy; = 0. The last non-zero remainder Ry is a largest common divisor
(polynomial) of Ry and R;. In particular, Ry and R are coprime when deg R, =0 (i.e., Ry € F,

The research of the second author was supported in part by Grant-in Aid for Scientific research (No.24340020)
of Japan Society for the Promotion of Science. The research of the third author was supported in part by Grant-in
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with Ry # 0). The Euclidean algorithm builds the continued fraction expansion of the fraction
Rl/Ro, that iS,
[T
Ry |A |As | Ag
Remark that the fraction Ry.y1/Ry is defined by the ending part of the continued fraction expan-
sion, namely
R 1 1 1
k+1 = ‘ —+ ‘ -+ 7‘
Ri Ak | Akso | A
We will use the notation L(P,Q) = L(R1, Ry) = ¢ for the length (i.e., the number of polynomial
divisions) of the Euclidean algorithm. We also set L(0, Q) := 0.

+ -

Extended gcd and Bezout’s coefficients. We similarly recall basic facts concerning the ex-
tended Euclidean algorithm. Let P and @ in Fy[X], with 0 < deg P < deg Q. Let £ := L(P,Q).
The extended Euclidean algorithm produces a pair of polynomials (S, 7) such that

(1) ged(P,Q) = SQ — TP
with the help of the sequences (P, Q) defined as
(2) P.i=1, Py =0, Pey1=As1Pe+P1,  Q-1=0, Qo=1, Q1= Ap1Qk + Qr—1.
Indeed, since the sequence (Ry)o<k<¢ produced by the Euclidean algorithm satisfies

Ry=Q, Ri=P, Rpjo=Rr— Ak Ripy1, for0<k<Y,

the equality (—1)*Ry = P,_1Q — Qx_1 P holds for any k with 0 < k < £ and yields (1) for k = ¢,
with S = (—1)6P(,1,T = (—1)5Qg,1 .
Then, the computation (2) of the Bezout pair (S,T) follows exactly the same lines as the
computation of the fraction Py_1/Q¢—1, which defines the (¢ — 1)-th convergent of P/Q, that is,
Py 1] 1] L

g i .
Qe-1 |A1 | A | Ay

Cost of a division. We are interested in the cost of the Euclidean algorithm, where the cost is
the total number of operations performed in F,. Since the algorithm is a sequence of divisions,
we first focus on the cost of a single division on the pair (P, Q) with deg P < deg @ of the form
Q = AP + R, with R = 0 or deg R < deg P. One has deg @ = deg A + deg P. Such a division is
performed with various operations on the field F, (divisions, products, subtractions, shifts). The
number of most of the operations needed depends on the number of monomials which are present
in the divisor P and the quotient @. For any non-zero polynomial P, v(P) stands for the number
of non-zero coefficients of P, i.e., the number of non-zero monomials in P. Of course, one has
v(P) < 1+deg P, but, we wish to evaluate more precisely the number of operations over F, which
are performed during the division Q@ = AP + R, as summarized in the following table.

Number of divisions in Fy v(A)

Number of products in F, v(A)-v(P)

Number of subtractions in [Fy v(A)-v(P)

Upper bound for the number of shifts v(A) - (deg@+1)
Total number of operations in the field F, | O(v(A) - (deg@ + 1))

The realistic bit-complexity of the Euclidean division would completely take into account the
sparse representation of polynomials and would be related to the product v(A)-v(P). Nevertheless,
we have not succeeded to deal with this quantity in our cost estimates, as detailed in Remark 1
below.



Costs in the polynomial case. When the set of inputs is
Q={(P,Q) € F,[X]* : Qmonic, P =0 or deg P < degQ},

the execution of the (extended) Euclid Algorithm on the input pair (P,Q) €  is defined by the
number of steps £ := L(P,Q), and the three finite sequences of quotients (Aj)1<k<¢, remainders
(Rk)ogkgg and denominators (Qk)lgkﬁh with

Qi :=d —1‘—1——1‘—}— —|——1‘ deg Qi = Ekd A
: en s € € iy
k ‘ ]1 ‘ !2 ‘ 1k g Wk = g Aj
= den + + 4 — - gc s s
g ‘ flk—&-l ‘ 41k+2 ‘ 11@

¢
deg Ry, = Z deg A; + degged(P,Q), 0<k<{—-1, Ry =gcd(P,Q).
Jj=k+1

We have now gathered all the required material in order to define our costs for both the
Euclidean and the extended Euclidean algorithm on the input (P, Q).

Definition 1 (Costs in the polynomial case).

(i) The total number of non-zero monomials in the set of the quotients is

¢
N(P.Q) =) v(A).
k=1
(#¢) The usual bit—complexity B (as defined e.g. in [13]) and the fine bit-complexity ¢ of the
Euclid algorithm on the input (P, Q) are

B(P,Q) =Y (1+degAy)- (1+degRy),  &(P.Q) =Y v(Ay)-(1+degRy).

¢ ¢
k=1 k=

—

(i7i) The costs B and ¢ of the extended Euclid algorithm correspond to the the extra bit-
complezity for computing Bezout’s coefficients, in their usual or fine versions

~

-1 -1
B(P,Q) =) (1+degAy) - (1+degQ1),  ¢(P,Q) =D v(Ag)-(1+deg Qi 1).
k=1

b
Il
_

(iv) The costs B+ B, and ¢ 4 ¢ are the costs of the extended Euclidean algorithm, in their
usual or fine version. They are called total costs.

1.2. Continued fractions. We let denote by
FQ(X)a Fq((Xil))v L

the set of rational fractions, the set of Laurent formal series of the variable 1/X, and the subset
of F,((X™1)) of series of negative degree, respectively. Here the degree of a non-zero element
fEF, (X)) with

f=a X" +an X" 14+ -0 an #0
is defined as deg f = n. We also define the degree of 0 € F; by deg0 = —oo as usual. The norm
of f is then defined as |f| = q°8/.

The analog of the Gauss map T on L is defined as

T(f) = = - m for f£0,  T(0)=0,

3



where [ - | stands for the polynomial part for formal power series. In all that follows, the map
T will be referred to as the Gauss map, by abuse of language. Then, the Gauss map builds the
continued fraction expansion of f, that is,

f:——k——‘,— with Ak:|:Tk11(f):|, k>1.

The analog of the Gauss measure is the Haar measure py, (normalized to 1 on L): it is ergodic
and T-invariant.

Total costs on L. When f is a rational fraction P/Q of F,(X) with deg P < deg(@, it can be
viewed as an element of I, and the iteration of the Gauss map on P/Q exactly coincides with the
Euclid Algorithm on (P, Q): the trajectory of P/@Q under the action of T arrives at 0 in a finite
number of steps and stops there. In the general case of an element f, the trajectory is infinite, but
we are interested by the truncated trajectories which are stopped at depth n, i.e., after n steps:

Tn(f) = (£, T, T"(f))-

The truncated continued fraction at depth n leads to a finite continued fraction expansion and
produces a fraction equal to the n-th convergent of f, that is,

P, 1]

n ‘ Al

1]
B

L |

+ ‘An.

+

The computation of the pair (P, @) follows the general recurrence already seen in (2), and we are
interested in evaluating the cost of this computation in I (assuming that the sequence of partial
quotients (Ag) has already been computed).

We thus let denote by N,,(f) the total number of non-zero monomials in the sequence of partial
quotients (Aj, Aa, ..., A,), and we also consider the bit-complexity costs needed for computing
the n-th convergent, in their two versions. These costs are to be compared respectively to the
costs introduced in (i) and (iii) above for the polynomial case.

Definition 2 (Costs in the continued fraction case).

(i) The total number of non-zero monomials in the sequence of partial quotients (A1, As, ..., Ay)
18
No(f) = v(Ag).

k=1

(#3) The usual bit-complexity B,, and the fine bit complexity ¢, are

= (1+deg Ay) - (1 + deg Q1), => w(Ax) - (1+ deg Qr_1).
k=1 k=1

1.3. Probabilistic models. We deal within two models, namely a discrete and a continuous one.

e The discrete model is defined by the sequence of finite sets €2, of polynomials, with
(3) Q= {(P,Q) €F,[X]> : P=0o0r0<degP < deg@Q =m, Q : monic},

endowed with the uniform probability denoted as P,,. The expectation and the variance
in this model are respectively denoted as E,, and V,,. We are interested there by the
probabilistic behavior of costs N, B, ¢, B, ¢, in the finite set §2,,, for m tending to infinity.

e The continuous model deals with the set L endowed with its Haar measure . We study
some costs which are relative to the truncated trajectory of f € IL at depth n, i.e., the costs
N,, B, and ¢,,. We consider in this case almost everywhere behavior when the truncation
degree n tends to infinity.



Methodology. In the discrete model, the study of the fine costs uses classical methods from
analytic combinatorics developed in [13] (such as recalled in Section 2). In the continuous model
(see Section 4), we use the ergodic theorem, together with a suitable extension of the function v
(that counts the number of non-zero monomials) to the set IL. Note that the ergodic theorem,
which is well-suited for the study of truncated trajectories, does not provide any error term. We
introduce in this paper (Section 5) an additive (also said subtractive in the continued fraction
literature) version of the Gauss map, called here Farey map by analogy with the real case, which
discovers the non-zero monomials of each quotient one by one. Then, this map can be used to
study the function v. The main difficulty relies in the fact that we need a transformation that gives
a particular role to the constant term of the polynomial. We stress the fact that the definition of
this map is not canonical, and there are indeed two natural definitions. We provide an explicit
expression of an invariant measure for this map (see Theorem 8) which is absolutely continuous
with respect to the Haar measure, and we show that it is a finite measure, in contrast to the
original Farey map, which has an infinite absolutely continuous invariant measure with respect to
Lebesgue measure. We then deduce metric results that can be applied to the study of the cost
functions we are considering here. This map is also interesting per se because it gives rise to a
notion of mediant convergents for F,((X)) (see Section 6).

A brief overview of the literature. Many costs describing the execution of the Euclidean
algorithm (in the discrete model), and of the continued fraction algorithm (in the continuous
model), have been widely studied, in the classic number case, and also in the polynomial case.
The reader can find an historical account of the literature on the number case, both for the average
and distributional analysis of costs, in [13] or [20, 21, 17] and in the references therein. It is in
particular known since [3, 4, 8] that the average length of the Euclidean algorithm is linear with
respect to the logarithm of the numbers taken as input, with the multiplicative constant being equal
to the inverse of the entropy of the Gauss map multiplied by 2, with the factor 2 corresponding
to the dimension, i.e., the number of parameters under consideration. For results in distribution
concerning the length (i.e., for an asymptotic Gaussian law), see [9], and also [1, 13, 20, 21] for a
detailed distributional analysis, also involving more general cost functions.

We focus here on the polynomial case, where the study is simpler. Indeed there are no carries
and the topology is ultrametric. Over F,[X], the length L of the Euclidean algorithm for polyno-
mials is very precisely studied: on the set of polynomials with degree at most m, its mean and its
variance are linear with respect to the degree m (see for instance [6, 14, 15] and [13]). Its distribu-
tion is discussed in [12, 7], where it is proven to be binomial. Note in particular that the mean of
L is exactly (¢ — 1)/q-m on the set of polynomials with degree less than m; the constant (¢ — 1) /¢
equals 2/h where h is the entropy of the Gauss map, that is, 2¢/(¢ — 1). Furthermore, the usual
bit-complexities B, B, B + B are studied in [13], where they are proven to obey an asymptotic
Gaussian law. In particular,

52q—1
2q

E.[B] =m

_ o391 2 A 21 > _ i
+0(m), V,,[Bl =m 37 +0(m?), Py, ngB 5 >1/e| =0 o

However, the fine bit-complexity ¢ has not been previously handled.

The results in the polynomial case are obtained via analytic combinatorics (see [6]), with the
direct study of bivariate generating functions. In the integer case, the non-ultrametricity of the
topology prevents the direct use of generating functions, which are replaced by Dirichlet series.
However there is a strong parallelism between the two studies. It is indeed observed in [13] that
results in the polynomial case could be obtained via the use of transfer operators (as in the integer
case) within the framework of dynamical analysis, which is the central tool in the number case.
This is due to the common framework between the integer and the polynomial case, given by
the underlying dynamical system, namely the Gauss map, with the branches of the dynamical
systems being affine for the polynomial case leading to a dynamical system without memory. For
a detailed discussion on the parallelism between the integer and the polynomial case, both for the
results and the methods, see Section 6 in [13].



There is a further parallelism that occurs, both in the integer and in the polynomial case,
between the probabilistic behavior for costs in the discrete model and in the continuous model,
that is, for orbits of rational entries and for truncated trajectories under the action of the Gauss
map. As highlighted in [1, 21], executions of the Euclidean algorithm behave on average similarly
to the way truncated real trajectories behave on average (this also extends to distributions), and
the probabilistic behavior of gcd algorithms related to rational trajectories is quite similar to the
behavior of their continuous counterparts, related to generic trajectories.

We stress the fact that concerning the ultrametric version of the Farey map, its invariant
measure is finite, unlike in the usual real case.

Description of the results. Here, we wish to study the costs N, ¢, ¢ in the discrete model, and
Ny, én in the continuous model. N

As in the previously described studies, we deal in the discrete model with the probabilistic
behavior of finite trajectories on the set of pairs of polynomials €2, (see (3)), and in the continuous
model, we deal with truncated trajectories and obtain results which hold almost everywhere.

For finite trajectories in the discrete model, we obtain (namely in Theorems 1, 3, below), first
for the cost N,

2(q7g1)+0(1)7 P, H;N—fl;l’ > 1/6} :O<€2>

2 v, v =m

q q
and both for costs ¢ or ¢,

E,[N]=m -

Enld] = m* L2 0(m), Valo] = m* 221 00, B, Hid’ S BNV e (m) .

We obtain also asymptotic Gaussian laws for the costs L, D, N and ¢+ ¢ (namely in Theorems
2, 4, below).

For truncated trajectories, we obtain the following results that hold for a.e. f € L:

N, q—1 1 qg—1
lim 2 =2-—— and lim ———— =
which correspond respectively to Theorem 5 and 6 below.
There results confirm the fact that the probabilistic behavior of gcd algorithms related to
rational trajectories is quite similar to the behavior of their continuous counterparts, related to
generic trajectories, which was already observed for the bit-complexity [13].

Remark 1. A more realistic bit-complexity of the Euclidean division would be provided by the
study of the product v(A) - v(P). Nevertheless, we have not succeeded to deal with this quantity
in our cost estimates. Indeed, we know how to handle each factor v(Ay), or deg A;. However, we
do not know how to handle v(Ry) or v(Qy), whereas it is easy to deal with their degrees, equal
to the sum of the degrees of A;. Our fine complexity ¢ can be considered as an intermediate

complexity, between the usual bit complexity and the complexity Zi:l v(Ag) - v(Ry), that is,

‘ ¢

> (deg A + 1)(deg Ry + 1) < ¢(P,Q) < > v(Ag) - v(Ry).

k=1 k=1
Contents. Let us briefly describe the contents of the paper. We first consider the discrete model
associated with polynomials in Section 2 by recalling the methods of analytic combinatorics based
on generating functions. Elementary costs are considered (the cost N in particular) as a warm-up.
We then discuss in more details the average behavior of the fine-bit complexity costs ¢ and ¢ + ¢
in Section 3. Section 4 is devoted to the continuous model. We obtain, via the ergodic theorem,
the almost everywhere behavior of the total number of non-zero coefficients N, (f) and of the fine
bit-complexity Qn( f). In Section 5 we introduce and discuss two versions for a Farey map, and
we show how to apply the corresponding metric results to recover the statistical study of cost
functions. The Farey map is lastly seen to produce mediant convergents in the continued fraction
expansion in the Appendix (Section 6).



2. PROBABILISTIC ESTIMATES OF COST FUNCTIONS VIA ANALYTIC COMBINATORICS
METHODOLOGY

In this section, we show how to deduce information concerning the probabilistic behavior of
cost functions in the discrete model. Here, we use classical methods in analytic combinatorics.
We first recall in Section 2.1, 2.2 and 2.3 the basic approach used for the study of additive costs,
such as developed e.g. in [6, 13, 21]. Then, Section 2.4 is devoted to the study of some basic costs
defined on polynomials, whereas Section 2.5 and 2.6 analyse the corresponding simple additive
costs related to the execution of the Euclidean algorithm for pairs of polynomials.

2.1. Basic generating functions. Recall that
Q={(P,Q) € F,[X]* : Qmonic, P =0or degP < degQ }.
The size of a pair (P,Q) € Q is equal by definition to deg @, and the subset Q,, formed by the

elements of Q of size m (with m > 0) has cardinality |Q2,,| = ¢*™. Then, the generating function
Ta(z) of Q is

1
To(z) = ) |Qmle™ = s
m>0
As it is well known (see for instance [6], Example IX.15), an element (P, Q) of Q is uniquely
determined, through Euclid’s algorithm, by the finite sequence of the quotients (A1, --- , Ag) (where
each A; is of degree at least one), together with its ged (which is here monic). (If P = 0, then the
sequence (Aq,---, Ay) is empty.) We thus introduce the sets

G={PecFyX]:degP>1}and U = {P € F,[X] : P is monic},

where G is the set of possible quotients, and U is the set of possible ged’s. Euclid’s algorithm thus
provides the following bijection

(4) Q =8eq(G) - U,

where Seq(G) stands for the set of finite sequences of elements of G.
The generating functions of the sets G and U are easily determined, namely

Ulz) = — G(z)—(q1)< ! 1)_((11)112'

:1—qz’ 1—gqz 1—gqz

Note that
1 1—gqz

1-G(z) 1-¢2z

We thus check the indentity

() To(z) = U(z)

1-G(2)
which ‘copies’ the bijection (4).

2.2. The general approach. Our general approach follows the main following lines, that are
classical in analytic combinatorics. For more details, see also [6, 13, 21].
Let ¢ be a cost defined on the set G C F,[X], and define the following additive cost C relative
to the execution of the Euclidean algorithm on the input (P, Q) € Q
L(P,Q)
(6) C(P.Q) = ) (4,
i=1
where A; = A;(P, Q) are the quotients and L(P, Q) is the number of steps of Euclid’s algorithm.
We wish to obtain probabilistic estimates for the cost C' on the set €, for instance evaluate its
expectation E,,[C] and its variance V,,[C] on the subset €,,, or else, determine its asymptotic
distribution on €2, when m — oo. Then, we aim at relating the behavior of cost C' on Q to
the behavior of the basic cost ¢ on G. Let us note that, by abuse of notation, we use the same
notation E,,[.] and V,,[.], both for costs ¢ and C defined respectively on G,, and Q,,. It is
natural for instance to compare the expectation E,,[C] and its variance V,,[C] on the subset .,
7



with their counterparts on the subset G,, of G made of the polynomials with degree m, namely
the expectation E,,[c] and the variance V,,[c] of the cost ¢ on the subset G,,.

We introduce the bivariate generating functions S.(z,u),Tc(z,u) respectively relative to the
cost ¢ on the set G, and to the cost C on the set Q. Their general terms are

[z™u*)S.(z,u) = |{P € G : deg P =m and ¢(P) = k}|,

("M To(z,u) = [{(P,Q) € Q : deg@ = m and C(P,Q) = k}|.

As the cost C' is an additive cost associated with the cost ¢ defined on the set G, we then deduce
from (5) a relation between these generating functions, namely

1

(7) To(z,u) = 1-5.(zu)

-U(z).
We are interested in three costs of type C, namely the cost L, the cost D and the cost IV
respectively related to the following costs ¢ equal to

(8) 1, d:=1+deg, v

Section 2.4 provides a simple expression of the generating functions of type S, associated with these
three costs, then we will handle the costs C' = L,C' = D,C = N, via their generating functions
of type T¢, in Section 2.5 and 2.6, where their asymptotic Gaussian law will be established. But
before handling these cases, we will recall in the next section how to deduce estimates for the
expectation and the variance from the generating functions.

2.3. Cumulative generating functions. We now deal with the cumulative generating functions.
The first one, denoted by S((z), is relative to the cost c on the set G, and the second one, denoted
by T (2), is relative to the cost C' on the set 2. Their general terms are respectively equal to

> b, > CPQ).

Peg, (P,Q)eQ,
deg P=m deg Q=m

The series S(.)(2), T(c)(2) are obtained by taking the derivative of Sc(z,u), Tc(z,u) with respect
to u, at u =1, i.e.,

0 50() = pSele it Ty (o) = o

auTC(z, )| y=1-

We thus deduce from (7) that

2
(10) Tiey(z) = S(e)(2) - (1—1G(z)> -U(2).

The expectations E,,[c], E,,[C] are now obtained via the extraction of the coefficient of z™ in the
generating functions S(.) and T|¢, that is,

[2™]S() (2)

Em[c} = (q — 1>qm )

In the same vein, the series S(.2)(z),T(¢2)(z) are related to the second derivative, via the
equalities

0? 02
(11) S(CQ)(Z) — S(C)(Z) = %Sc(z,u)\uzl, T(Cz)(z) — T(C)(Z) = %

The expectations E,,[c?], E,,[C?] are now obtained via the extraction of the coefficient of 2™ in
the generating functions S(.2) and T(c2).

TC(Z, ’U,>|u:1.

8



2.4. Costs c on G. We now consider the three costs ¢ defined in (8).

Lemma 1. The generating functions S.(z,u) for the three costs of interest are

Si(zu) =uG(2),  Salzu) = u G(zu), Sy(z,u)—uG<z<uq;1+;>>.

The cumulative generating functions are
y -1
S1y(2) = G(2),  Swy(2) =G(2)+2G'(2)  Suy(z) = Glz) + quG’(z).

Proof. Let us recall that [z™u*]S.(z,u) = {P € G : deg P = m and ¢(P) = k}|. The variable u
in S1(z,u) occurs with power 1 for every polynomial of G, which yields S1(z,u) = uG(z). For
the cost d = 1 4 deg, one gets S4(z,u) = uG(zu), where the multiplication of the term G(zu) by
u corresponds to 1, and the mutiplication by u in G(uz) corresponds to the degree. Lastly, for
the cost v that counts the number of non-zero monomials, the multiplication of the G term by

corresponds to the leading term (which is non-zero), whereas the multipication of z by (u% + é)

in the G term takes into account the remaining monomials. Recall that G(z) = (¢—1) - ( quz —1).
For each polynomial of a given degree, there are (¢ —1)/q choices for the non-zero terms, and one
choice over ¢ for the zero terms. O

We then deduce from (9) and (11) the following on G,,:

B[] =1, Epld =m+1, B[] = 14+ L2 o, V] = 220 .
q

Note that these costs are easy to study in a direct way. For instance, the variable v — 1 is the
sum of m Bernoulli variables of parameter (¢ — 1)/g, that is, the distribution of v — 1 is binomial.
2.5. Expectation and variance for costs C on (). Here, the costs of interest are of the form

{P,Q)

C(P,Q) = Y (A,

i=1
and involve the value of the cost ¢ on the quotients 4; = A;(P, Q) of the Euclidean algorithm.
The following theorem is a direct application of (10) and (11).

Theorem 1. On the set Q),,,, the expectation and the variance of the costs L, D, N satisfy

EnlL] =m (1), VoulL] = m (%)
E[D] =m (21) + 0(1), Vou[D] = m (%) +0(1)
E,,[N] zzm(%) +0(1), V,u[N] :2m(q;21) +0().
Furthermore, for C € {L,D,N}
2
(12) P, H;(C’—]Em[C])‘ > 1/5] :o(jn).
Proof. We deduce (12) from a direct application of Chebyshev inequality. O

2.6. Asymptotic normal laws for costs C on 2. We follow here Definition 1 of [13].

Definition 3 (Asymptotic Gaussian law). Let R be a cost defined on Q. The cost R is said to
follow an asymptotic Gaussian law if there exist two sequences of real numbers (am)m, (bm)m, and
a sequence (T )m of functions ry,: R = R, with lim,,—, o sup{r,(y) : y € R} =0, for which

R(P Q) — Qm :| 1 /y —42/2
P, |(PQ)eq,, : ") Z0m b~ [ P20 e (),
(P,Q) Now YW= ) ()
The expectation E,,[R] and the variance V,[R] then satisfy
En[R] ~ am, Vp|R] ~ bn.
9



Theorem 2. The three costs L, D, N follow an asymptotically Gaussian law on Q.

Proof. We consider here a cost C' € {L, D, N}. The expectation of the random variable u¢ (for u
a complex number close to 1) on the set ,, satisfies
™Teo(z,u) 1 . U(z)
Enu€] = EATCE0) Ly th Teo(zyu) = —et—.
W= ey ~ e ITe) i Telan) =g B
By Lemma 1, we know that, for any of the three costs ¢, the generating function S.(z,u) is always
of the form S.(z,u) = uG(zp), with

q—1

1
p=1 (forc=1), p=u (forc=d=1+deg), p=u- —|—a (for ¢ = v).

One then checks that T (z,u) can be written in the form

Te () U(z) 1—qzp

cl\zZ,u)= = .
1—uG(zp) (1—qz)(1—qzp(u(qg—1)+1))

Then, in each case, as a function of the variable z, the generating function T (z, ) has two poles,

namely

1 1
= and z = —.
gp(u(g — 1) +1) q

When w is close to 1, the first pole z. (which depends on the cost ¢ via the value of p) is close to
1/¢?: it is thus the dominant one, and

[fﬂﬂﬂau%=@Mum—1%+DW“(1_Q%p>%1+0(@%Vﬂw

Then, uniformly on a complex neighborhood of u = 1, one has

En[u€] = Ac(u) - Beo(u)™ (1 +0 (,;))

C

Zec

where A(u), B(u) are analytic at u = 1, and

-1 1 1
Bc(u) =p (uq + >a Re ~ —.
q q q

It remains to apply the quasi-power theorem (see [10] and Theorem IX-8 in [6]) which gives a
central limit theorem with speed of convergence for random variables whose moment generating
function has a ‘quasi-power’ structure. It thus applies to each random variable C' provided that the

coefficient of the variance V,,,[C] is not zero, which is true for the three cases under consideration.
O

3. STUDY OF THE FINE-BIT COMPLEXITY IN THE DISCRETE MODEL

3.1. Expectation and variance of the fine bit-complexity. Now we consider the average
and the variance of the fine bit-complexity.

Theorem 3. On the set Q,,, the expectation and the variance of the fine complexity ¢ satisfy
-1 2 -1 .
Ealol = (T2) om0t el = 3 (1) w0
Furthermore
(13) Poll-Lo— 91"t 51/ =0 e
m || |z el = — -

The same estimates hold for the fine complexity ¢.

We recall the similar results which have been previously obtained in [13] for the classical bit
complexity B

E,.[B] = (2‘12; 1) m2+0(m)  VnlB] = <q3;21> “m® + O(m?).

10



Proof. Remark first that the estimates of Theorem 3 also hold for ¢ and for ¢ since the two
fractions B
17‘4_17‘4_.._’_17‘ and 1‘4_17‘4_.._1'_17‘
[Ar |4z | Ae [Ae [ As [ A
have the same denominator.
For a general additive cost C (associated with the cost ¢ as in (6)), we can adopt a viewpoint
that is different from the one developed in Section 2, first in order to recover (10).
We first fix a length L, that is, we work with finite sequences of L quotients in G¥. We consider
the cost C; c(4;), defined on the set G%, for a given 7 with 1 < ¢ < L. The cumulative
generating functlon of the cost C; on the class QI := GL x U is

G7H(z) - S(e)(2) - G 7H(2) - U(2),

by recalling that S(.)(z) is the cumulative generating function of cost c on the set G. Finally, the
cumulative generating function T(cy(2) of the cost C' on the class €2 is obtained by taking the sum
over all the indices (i, L) with ¢ < L, which yields
(14) To)(2) = r— gy S0(@) Tz U G@)
z2) = ——— - Si(2) ——— - U(z),
©) 1-G(z) " T2G(E)

and we recover (10). This will be the viewpoint we now adopt in the present proof.
Recall that

L(P,Q) L(P,Q)
o(P,Q) = Z v(A;) - (1 +degR;), degR; = Z deg A; + deg ged(P, Q).
i=1 j=it1

For a given integer ¢ with 1 < i < L, the generating function of the cost v(4;) - ul*tdee i on

the class G& x U is as previously (compare with (14))
G 2) - Suy(z) - u- GE = (uz) - U(uz).
Then, the generating function of the cost

L(P,Q)

i=1
on the class 2 is obtained by taking the sum over all the indices (i, L) with 1 < ¢ < L, which
yields

1 1
T-Go “Suy(z) - u- (1 —G(uz)) ~U(uz).

Finally, the cumulative generating function T(4)(2) of the cost ¢ on €2 is obtained by taking the
derivative with respect to v at w = 1, which yields
1 -1

Enld] = o™ (2) = qT -m? 4

1-2 -m + O(1).

For the variance, we follow an extension of the previous approach which is proposed for instance
in [13, 21] in the framework of the study of additive costs associated with Euclidean algorithms
for integers, when handling the expectation E,,[¢#?] in order to produce an estimate concerning
the variance. The cost ¢? is written as

2=2 Z (14+degR;) - v(A;)(1+ degRy) +Z 2(1 4 deg R;)*.
i<j<L i<L

We will distinguish two cases, namely pairs ¢ < j, then pairs ¢ = j.
11



Non-diagonal terms. We first fix a length L and consider for any pair ¢ < j < L an intermediate
cost of the form

V(Ai) .u1+degR7~, . V(Aj) . ,Ul-&-degRj’
whose generating function on the class QI = GL x U is equal to
G 2) - Sy (z) - u- G N uz) - Sy (uz) - v - GF T (wvz) - Uluwz).
Taking the sum over all the indices (4,7, L) with 1 <4 < j < L gives
1 U v
- .8 Y e
1-G(z) »(?) 1 — G(uz) (0 (u2) 1 — G(uvz)

Then, the cumulative generating function of the part of the cost ¢? relative to the pairs i # j
is obtained by taking the derivative with respect to w and v at v = 1 and v = 1, and then by
multiplying by 2. Its general term in [2™] satisfies

(¢ —1)° 2m, 4

2
Tt g a6 - 1) -mP@*™ + O(m?).

-U(uvz).

Diagonal terms. For the diagonal pairs i = j, we consider the cost v2(4;) - u'*t9°8 i on the class
QI for 1 <4 < L, and we take the sum over all the pairs (i, L) with i < L, that is,
1 1
— .S, U —
=) S TG
Then, the cumulative generating function of the part of the cost ¢? relative to the pairs i = j

is obtained by taking the sum of the first derivative and the second derivative of the previous
expression with respect to u at u = 1, and its general term in [2™] satisfies

-U(uz).

2
37(12(2(1 + 1)(q _ 1) . m3q2m + O(m2q2m>.
We deduce that
2(¢—1)

37 m3 4+ O(m?).

Vi [(b} =

Lastly, (13) is a direct consequence of Chebyshev inequality.
O

3.2. Asymptotic Gaussian law for the total fine complexity. The asymptotic normal laws
for costs ¢ or ¢ seem to be more difficult to obtain. Nevertheless the total fine complexity ¢ + ¢
can be proven to be asymptotically Gaussian.

Theorem 4. On the set Q, the cost ¢ + ¢ is asymptotically Gaussian.

We will prove below that the cost ¢ 4+ ¢ decomposes as the sum of several costs. The main part
will be provided by the cost X := N(P,Q) - deg @, which is asymptotically Gaussian, according
to Theorem 2. We then will prove that the other terms are asymptotically more concentrated,
that is, their respective variances are negligible with respect to the variance of X. The proof of
Theorem 4 then relies on the following result.

Proposition 1. [13] Two costs X,Z defined on 2 are said to be variance equivalent with order
1/n if Vo[ X — Z) =1/n- (V,[X]) when n tends to oco. We assume furthermore that X admits an
asymptotic Gaussian law. Then Z admits also an asymptotic Gaussian law with a variance that
satisfies

VnlZ] = Va[X]- (1+O0(/1/n)).
Proof. Let us prove now Theorem 4. One has, according to Definition 1,

{—1

(@+)(P,Q) =) v(Ag) - (2+ degQr—1 + deg Ry) + v(A)(1 + deg Ry),
k=1
12



with £ = L(P, Q). Consequently

4
G+ 0)(P.Q) = v(Ap) - (2+ deg Q1 + deg Ri) — v(Ag)(1 + deg Qu—1).

k=1
The equality deg Qr_1 + deg Ry = deg @ — deg Ay, entails the relation
¢

(0 +¢)(P,Q) = N(P,Q) - deg Q + 2N(P,Q) — > _ v(Ay) - deg Ay, — v(Ar)(1+ deg Q1)
k=1

The conclusion of the theorem follows from Proposition 1 applied to X = N(P,Q) - deg @ by
noticing that V,,,[N(P, Q) - deg Q] = Q(m?), and then successively to the terms of

¢
Z—X=2N(P,Q)— ) v(Ag)-deg A —v(Ag)(1+degQ-1),
=1

by proving that their respective variance is in O(m?) (or even in O(m)).

e We first consider the main term which corresponds to the cost X = N(P,Q) - deg@. The
variance of X is equal to m?V,,(N), that is, by Theorem 1

Vi (X) =m? -V, [N] = m® - 2(q — 1) /¢* + O(m?).

Furthermore, the asymptotic Gaussian law holds for N (Theorem 2), which implies the
asymptotic Gaussian law for X.

e We recall from Theorem 1 that V,,[N] = O(m).
e We then consider the additive cost associated with the cost v(A) - deg A. By noticing that
v(A)-deg A < (1+ deg A)?, we get

Vi | Sy V(Ax) - deg Ak} < B |35 <0 V(Ai) - deg A; - v(A)) -degAj]
SEm |3 <0 (1+deg A% (1 + deg AJ)Z}
=2Bn | Yicj<e (14 deg A)? - (1+ deg AJ)Q} +
+Epn |21 + deg Ai)ﬂ .

Similarly as in the proof of Theorem 3, if we fix a length £ > 1, the generating function
corresponding to the pairs i # j is

Giil . S(dQ)(Z) . Gjiiil . S(d2)(2’) . Géij . U(Z)
Taking the sum overall the indices 1 < i < j < £ yields the generating function

1 3
(1—G(z)> (S (2))* - U(2).

Similarly, the cumulative generating function corresponding to the diagonal pairs i = j

is (i) Sunte) 06

In the first case, the expectation is in O(m?), and in the second case, it is in O(m).
e Finally, it remains to consider the cost = v(4;)(1 + deg@;—1). One has

Vinlp(Ar) (1 + deg Q)] < By [((A)(1 + deg Qi-1))?] < m? - Epn[(A0)].
Similarly as in the proof of Theorem 3, if we fix a length ¢ > 1, the generating function of
the cost v2(Ay) is
G S(,,z)(z) . U(Z)
Taking the sum over £ > 1 yields the generating function

1%% : S(VQ)(Z) ! U(Z),
13



wich provides E,,[1%(A.)] = O(1) and V,,,[v(A)(1 + deg Q¢—1)] = O(m?).

4. STUDY OF THE MAIN COST FUNCTIONS OF INTEREST IN THE CONTINUOUS MODEL

We now consider the continuous model, that is, . endowed with the Haar measure uy,, together
with the costs N, and ¢, related to truncated trajectories 7,(f) under the action of the Gauss
map, with

In particular, we are interested in the behavior of the random variable v that counts the number
of non-zero coefficients in partial quotients.

4.1. The Gauss map and the topology of the set L. We first need preliminary results
concerning the behavior of the Gauss map with respect to cylinders (see Definition 4 below).
These results will also be used in Section 5.3.

Recall that, for f € F,((X')), the degree is equal to the opposite of the valuation of the series
f, namely,

1
deg f =—m if and only if f=25,X"™ (1 + < -g) with b_,, #0, degg <0.

We also recall that the notation L stands for the subset of F,((X ~!)) formed with elements f with
deg f < 0, and, for m > 1, we set

L,:={f€lL: degf=—-m}.

We now want to get a simple expression of the Gauss map T: L — L, f — % — [H ([-] stands

for the polynomial part for formal power series) (see Proposition 2 below). For that purpose, we
introduce the following notation.

We fix ¢ > 1. For an element f € F,((X™1)), let 7 = (mo,m1,...m—1) be the element of
IFf; which defines, together with the dominant coefficient v(f), the ‘beginning’ of f (of length ¢)
formed with the part of f with indices —k € [deg f,deg f + ¢]. Note that = depends on f and /.
More precisely, if m = —deg f (m > 1), then f can be written in the form

1 1
(15) F=atx (14 g on (5 )) # Xy degg <o,
where 7 is the polynomial of degree at most £ — 1 related to ,
a(X)=mo+mX +.. e XL
When f decomposes as in (15), its inverse 1/ f satisfies

xm 1
= + XMty with degh < 0.

7(f) 1 1
1+ —.1(=
X T\ x
Then the ‘beginning part’ of 1/f formed with its terms of index k € [m,m — ] only involves

the powers 7% of the polynomial m, with exponents k& < ¢, and more precisely the polynomials
xlF = 7% mod X*F ie.,

=

Xy Ze:(—nkx* aM(1/X) | + X
£ = . '

Note that the beginning part of 1/ formed with the terms with power k € [m, m —¢] only depends
on the pair (y(f),7(f)). Hence, with © € F., we associate 6 € F}, via its polynomial ¢, which is
itself defined as

¢
XO(X) =Y (-1)* x*. zlF(x).
k=1
14



For each ¢, the map
.l l
v F, = F,, m—0
defines an involutive bijection of Fg onto itself. In particular, one has 1(0¢) = 0°.

There is a precise relation between the polynomial [1/f] and the sequence 7 defined in (15) for
¢ =m = —deg f. When f decomposes as in (15), the integer part [1/f] is completely defined by

the sequence (), namely,
= 0 (3) v (5))

Definition 4 (Cylinders). For a € Fy, and for a sequence m € Ff}, we consider the cylinder
E{_m,a,x] which gathers the elements f € L, which are written as in (15), with v(f) = a.

The set Ly, is the union of all the cylinders E[_,, 4 z], When a varies in Fy, m describes the set
Fg, and /¢ takes all values larger than or equal to 1. Moreover the measure of each cylinder is equal
to ¢~ (9 and the measure of L,, equals (¢ — 1)g~

Proposition 2. For each m > 1, the mapping defined on L., with values in Fy x Fg* which
associates with f the polynomial [1/f] is a surjection which is constant on each cylinder Ej_,, 4 x)
with m € F* and a € F7.

Proof. Tt is a direct consequence of the equivalence
1
(16) € Epoman <= 5 € Bim1japm)
O

4.2. Study of cost N,,. The cost N, is defined as N,,(f) = > p_, v ([Tk l(f)D . If we now define
v on L by

(17) v(f) = v([1/f]),

the cost IV,, is defined as

Nalf) = S w1 p),
k=1
and this is just the total cost of the truncated trajectory T, (f) = {f,T(f),--- ,T™(f)} related to
the basic cost v.

Theorem 5. For up-a.e. f, one has

lim SN, (f) =2 lim ~degQn(f) = —L— lim () =2, 2L

n—oo N n—oo N q— 1’ n— 00 deg Qn q

Proof. With Proposition 2, and for each m > 1, the distribution of v — 1 on LL,, is the same as
the distribution of v on Fj" which is a binomial distribution. In particular the expectation of v
on F7* equals m(q — 1)/q. Then, the expectations of v — 1 and v on L satisfy

1 ¢-1
E[y — 1] Zq mi™ " =1, E =2

m>1

Remark that the expectation of —deg on L equals (see also [2])

Bl deg) = 3 g-1 _g-1

m
ma1 q q

Then the ergodic theorem applied to the two functions v — 1 and deg yields the result.

15



4.3. Fine bit-complexity. We now consider the fine bit complexity ¢,, relative to the computa-
tion of the n-th convergent of an element of I defined as

n

¢ (f) = v(Ak)- (1 +degQr1).

Ln
k=1

It can also be expressed with the degrees of the quotient A; as

n k—1 n n k—1
O (=Y v(Ap) | 14> degA; | =D v(Ap)+ Y v(A) Y deg A;.
k=1 Jj=1 k=1 k=1 j=1

Then, we apply the following result:

Proposition 3. Let (V,,) and (W,,) be stationary and ergodic sequences of non-negative valued
random variables on a probability space (2, F, P) with finite expectations py and pyw , respectively.
For P-a.e. w € Q, we have

1 N N
L 2, W Zhvi

Proof. Let us fix € > 0. From the individual ergodic theorem, there exists a positive integer My
such that for any integer M > M, the following holds:

1 & 1 &
— Vi—pyv| <e, — W; — <e.
M; v M; W

Let N > M be a positive integer. One has
N t My—1
D Vi We= ZWZW+ZWZW
t=1 s=1 s= t=Mjy s=1

We take now N large enough (with N > M) for

Mo—1 My—1 t
(18) ZVf <e and N2 ZV,ZW <e.
For t > My, one has
t
tpw =€) <D W <t(uw +2).
s=1
Since the random variables take non-negative values, one gets
N
(19) (> tVi)(uw <) ZWZW< Zt%)(uw+a).
t=Mp t=M, s=1 t=M,
By applying Abel’s transform, one gets
N N-1 ¢
NESNAE AT
t=1 t=1 s=1
One has
N
N(ILLU—&‘)SZV N(Mv"'e)
t=1
We also take N large enough (with N > M) for
My—1 t My—1
0< D V<N’ and 0< >tV < N
t=1 s=0 t=1

16



Hence we get

N—-1 t N—1 t
(N —1)%2 — M¢ N(N —-1) 9
WM eSS ve Y < XD e
t=Mjp s=1 t=1 s=1
This yields that
N —1)2 — M2 ol N —1)2— M2
i RPNy oy S5 i - (AW

Since Zi\[:l tV; — N2 < ZiV:MO tV; < Zi\[:l tV;, this yields, together with (18) and (19), that

. 1 1
i 7 2 Ve D We = guviw
We then conclude by noticing that

N

N N N
ngnmNQZVkZW + lim 122Vk >ow; _ngnoo]\;<l;vk> lej = pwhv.
= i

k=1 j=k+1

O

Applying Proposition 3 to the sequences Vi = v(Ay) (of non-zero coefficients of A,) and
Wi = deg Ay, with respective expectations 2 and ¢/g — 1 (by Theorem 5) leads to the result:

Theorem 6. For up-a.e. f €1, we have

1 q . 1 g—1
lim —¢ (f)=——, lim ———— ¢ (f) = .
n— 00 nQ*”( ) q— 1 n—00 (deg Qn(f))2 n( )
This result has to be compared to Theorem 3 to confirm the parallelism of the results in the
discrete model and in the continuous one. The following corollary is deduced from the fact that
a.e. convergence implies convergence in probability:

Corollary 1. For any e > 0 and n > 0, there exists a positive integer ng such that for any n > ng
we have

1 q—1

p{f el s | m—a—rm b (f) - ——| >} <n.
(deg @n(f))? — q

The previous results confirm the analogy between the behavior of generic truncated trajectories

and rational trajectories. Furthermore, we can also consider the costs apphed to the pair of
polynomials (P, @,). More precisely, for f € L, let P ’Y(T? and Qn = forn>1. We
have @,, monic and (Pn7 Qn) € Q,, with deg(Qn) = m. One has

O(Pu, Qn) = ¢u(f).

One proves similarly as previously the following results concerning ¢(1/3;, @;) by noticing that f’;
and @, are coprime.

V(Q )

Theorem 7. For pp-a.e. f €L, we have

1 q , 1 5oy a1
nlgr;onf (Pan)—ﬁa llmnamm'Qs(Pan)— q :

Corollary 2. For any e > 0 andn > 0, there exists a positive integer ng such that for any n > ng

we have
Y o P Ak _
u(UGL. ’(dean(f))Q ¢(Pr, Qn) . ‘>€}) <l-n

17



Remark 2. The analogy between the discrete and the continuous models can also be illustrated

as follows. For any fixed polynomial A in G and for any fixed i > 1, one has
1
= H{(PQ) € Qi+ Ai(P,Q) = A} —rmsoo p({f €L Ai(f) = A}),

q2m
that is, for a.e. f €L,
Af) = lim Pl A(P.Q) = Al
Indeed, {f € L : A;(f) = A} = T ({f € L : Ay(f) = A}). By T-invariance of the Haar
measure, one has up (T~ ({f € L : A(f) = A})) = ¢*%&A). Now, we take the cost ¢; 4

defined on Q as follows: ¢; (P, @) = 1 if and only if A;(P,Q) = A. The corresponding cumulative

generating function is
1

1-G(z)
which yields that E[ci a] = # - [{(P,Q) € U A(P,Q) = A} = ety

298 U (2) = To(z) - 298,

5. FAREY MAPS

The aim of this section is to relate the function v with a Farey type algorithm: this algorithm
can be considered as a refinement of the continued fraction algorithm; it discovers step by step
each non-zero monomial of partial quotients; its number of steps is thus closely related to the
parameter v. More precisely, we will consider two Farey algorithms (see Section 5.2 and 5.3)
because of the particular role played by the constant term of polynomial terms.

5.1. General Farey maps. In the number case (see e.g. [5]), the Farey map is defined on the
unit interval as

Fr(z)=¢{ 1-=

It satisfies Fg[0,1/2] = Fr(1/2,1] = [0,1]: the map Fg is complete on each of its two branches.
If we denote, for z € (0, 1), by t(z) the first time where x leaves the interval (3,1] to enter the

interval [0,1/2], namely

t(z) =min{n >1: F () € (%, 1]},

FO@ =1 - 1]

we obtain

T x

which is the Gauss map (in the number case). Furthermore, the equality j(z) = [1/z] holds, and
shows that the number of steps j(z) performed by Fg is equal to the partial quotient [1/x]: the
Farey map Fgr goes [1/x] — 1 times through the first branch defined on [0, 1/2], and goes through
the second branch only during the last step.

There are two possibilities for defining a Farey map on F,((X~!)) according to the way the
constant term of the polynomial [1/f] is handled (see Section 5.2 and 5.3 below for more details).
Note that the set . on which the Gauss map T is naturally defined does not contain series with
non-zero constant terms. We thus will work with the two following subsets of F,((X 1))

J={f €Fo((X7")) t deg f <0}, L={feF,((X7")) : degf <0}

with their respective normalized Haar measures py and gy, (both sets are compact abelian groups
with respect to the addition law ‘+’) which are related by

p(A) = q - pg(A)
for any Borel subset A of L. Their difference set J\ L is the subset J(© defined as
IO = {f €Fy((X71)) : deg f =0}

which is of positive measure in J.
18



Remark 3. The situation is different in the real case, since the counterparts of J, namely the
interval [0, 1], and of L, the interval [0,1), differ from a subset of zero measure. Here, the Gauss
map T could be defined on J, but T'(J) = L. This is one of the reasons that makes us work with
J and L.

5.2. Farey map on J. We first define a map FJ, defined on J, which handles constant monomials
as other monomials, and that thus counts them. As its real counterpart Fg, it has two branches,
defined on two subsets denoted as J; and J,: the choice of the branch depends on whether the
number v(f) = u([1/f]) of non-zero monomials which remain to be computed in the polynomial
[1/f] is yet larger than 1, or equal to 1.

We use here the notation of Section 4.1. The Farey map Fy discovers the monomials of [1/f]
one by one. The first one is the monomial (1/v(f))X ~4°8/ and when we subtract this monomial
to 1/f, we obtain the series

1 X —degf

£

with y(f) being the dominant coefficient of f, and there are two possibilities for deg G(f). Indeed,
if deg G(f) > 0, the quotient [1/f] is not completely computed, and we continue the computation
with 1/G(f). In this case, the quotient [1/f] contains at least two monomials, and thus v(f) > 2.

Otherwise, if deg G(f) < 0, the quotient [1/f] is complete; this means that v(f) = 1, and we apply
the map T for computing the following quotient. We thus let:

Ji={fel: v(f)>2}={fel: degG(f) >0}
Jo:={fel: v(f)=1}={f€l: degG(f) <0}

(20) G(f) =

if degG(f)>0
F(f) = f ¢

1
7|
Proposition 4. Let f € J. We set
t(f)y=min{i >1: Fy7'(f) € I}

the first time when the trajectory of f under the map F leaves the set J; to enter the set Jo. Then,
t(f) equals the number of non-zero monomials contained in the polynomial [1/f].

} if degG(f) <0

i

5.3. Farey map on L. The relation

together with the fact that 7' is Haar measure preserving (i.e., up-invariant), prove that Fj has
an absolutely continuous invariant measure with respect to py, which is ergodic. This measure
will be denoted as fiy. Indeed, this follows from the fact that an invariant measure for a jump
transformation gives an invariant measure for the original transformation, and the ergodicity of
these two transformations are equivalent to each other (see [16]). However, this measure is not

equal to py since

-1 1
u(I®) = qT FHUO) G L, and ()=

The map Fj is thus not pj-preserving. In order to give an explicit expression for the ergodic
absolutely continuous invariant measure jip, for Fj (see Theorem 2 below), we now introduce the
induced map of Fy on L, denoted as Fy,, for which py, will be proved to be invariant (see Proposition
5). This will lead us to consider the constant term of the partial quotient in a separate way. Let
us recall that that we have initially defined the map F on the set J (and not on its subset L)
because of the need to deal with the constant term (of zero degree) when producing in an additive
way the monomials of [1/f].
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We now define another Farey map Fr, on the set L as follows
if degG(f)>0

f)
}—[H if degG(f) <0
Then,
Fy(f) if  Fy(f) el
F2(f) if Fy(f) € JO.

One checks that Fj, is the induced transformation of Fy to L. Indeed, if Fy(f) € J(©©, with f € L,
this implies that Fy(f) € Jo, and FZ(f) = T(f) € L.

As in the previous section, we then relate this map to the number 7(f) of non-constant mono-
mials in [1/f] (the difference between U(f) and v(f) is that U(f) does not take into account the
constant term of [1/f]). One has deg G(f) < 0 if and only if there exists b in F, such that
[1/f] = X~ 4¢8/ 4+ b. This means D(f) = 1. We then set

Li:={fel: degG(f) >0} ={f eL: u(f) =2},

FL(f) =

Lo:={felL: degG(f)<0}={felL : p(f) =1},

FLIL(f):FIL(f):G(lf) for fely, FyL(f) = Fu( % { ] for f € Lo.

1
f
The map Fy, is now related to (f). We have also:
Lo=J | U{fel: [1/f] =aX"+0b}.
i>1a€F; beF,
Proposition 5. The map Fy, is p-preserving.

To prove this proposition, we need Lemma 2 and 3 below which deal respectively with the two

possible types of preimage of a given cylinder set (see Definition 4). We use here the notation of
Section 4.1.

Lemma 2. The measure of the inverse transform of any cylinder Ei_, o~ (with k > 0) by the
first branch Fy 1 satisfies

_ 1
,U/]L(Fl,]l{(E[fk,a,ﬂ])) ? M]L(E[fk,a,‘rr]x Jor k> 1,

-1 q
pL(Fy L (Epo,a,x))) = 1 13(Ejo,a,7))-

Proof. Observe first that, here, E|_j, 4] is a cylinder of L or of J©) according to the value k.

Let f € L,, with y(f) = b and 1/G(f) € E[_pq,x, with £ > 0 and 7 € Fg. Then, by (16),
G(f) € Ejg,1/a,p) With p = 1(m), the inequality m > k + 1 holds and

Lo X o= X0 L (L), (L)] 4 - ereen
e e ONCY e

S T NN E)

If we define the sequence 6 via its polynomial 6 defined as

9(X) = SX"HH (1+Xp(X)),
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the sequence 6 depends on p (and then on 7) together with (m,b) and it belongs to IF;’“’“H.
Furthermore, 1/f belongs to the cylinder Ei, ;¢ and f belongs to the cylinder Ej_,, 1/ 4-1(9)]-
Finally, we have proven that

FILE[ kaﬂ] U U Embw 1(0)]
beF; m=k+1

is a disjoint union of cylinders where the polynomials ¢~1(8) are of degree m — k — 1 + £. Since
there are ¢ — 1 possible choices for b € F,;, we deduce that

F-YE _ 1 - 1 ¢g-1 1 1 1
MIL( 1 [*k,am])>—(q_ );qk+2i+€ =T I gyl 7
which yields the assertion of the lemma. O

Remark 4. For any pair (a, ), the equality Fj (E[O an]) = F; ]L(E[o an]) holds.

Lemma 3. For k > 1, the measure of the inverse transform of any cylinder Ej_, 4 x by the first
branch Fy 1, satisfies

_ q
MJL(FQ,]E(E[—k,c,w])) = ? M]L(E[—k,c,w])~

Proof. Recall that, in this case, there exist i > 1, a,b € F, with a # 0 such that [1/f] = aX® +b.
Let us fix a € ]F;,b €F, and ¢ > 1. Then

1 . X* 1 1
5 = (X b+ = [1+(X>7T < )| T X g, degg <0

HEE) EE T )

If we define the sequence 6 via its polynomiall 6 as

B(x) = Lxi=t 4 L XL (14 Xa(X)),
a ca

=qgX* 4 XD

the sequence # depends on (c,m) together with (i,a,b) and belongs to FiT+¢. Moreover, when
(c,m,4) is fixed, the sequences 6 associated with different values of the pair (a,b) are distinct.
Furthermore, 1/f belongs to the cylinder Ej; , ) and f belongs to the cylinder Ej_; 1/q4.4(9). We
thus have

Byl (Bkam) = U LJE[lu@w 1))

a€Fy, i=1
bE]I"q

This is a disjoint union. Since there are ¢ — 1 possible choices for a and ¢ possibilities for b, we
deduce that

1 qgl¢—1) 1 q(qg—1)
HL (FZJL(E[—kav”] ) =q(g—1) Z P A B A B | HL(E—g,cm))

which yields the assertion of the lemma. O

Proof. Let us prove Proposition 5. It is enough to show that
1L (FL (Biegan) = #L(Elgya,n)

for any cylinder set Ejj q - of L. According to Lemma 2 and Lemma 3, we get
1
g+1 g+1

which shows the assertion of Proposition 5. O

L (F N (Egan)) = pL(Eik,a,x) + pL(Eka,x) = HL(Ek,a.x])5
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5.4. Metric theory of the Farey map Fj. So far, we have obtained the invariant measure for
the induced map F1.. We now want to give an explicit expression for the invariant measure of Fj.

Remark 5. One has ijlA = FHTlA for any Borel subset A of J©©. Lemma 2 implies
1
F Ay =g-ur(A)  ——
pL(Fy " A) = q - py(A) |
for any Borel subset A of J(©). In particular, we see that

_ -1 qg-1
rolgoy = 4 g0y 4 97" ,
p(Fy T =m0 = o9 = =

Theorem 8. Let [iy be the measure defined on J by

~ q+1 q
A)="— (pu(ANL AN <0>>
() = T2 ALy + L n(an®)

for any Borel subset A of J. The measure Jiy is an invariant probability measure for Fy. Further-
more, it is finite and the map Fy is ergodic w.r.t. [ig,. In particular, [iy(J2) = 1/2.

Proof. Obviously % is the normalizing constant. Indeed one checks that

(J(O)):1+ q q_l_ 2(]

" _ 2
Arl) = (L) + e ES!

It is thus enough to show that
,UL(Fle n L) +

Lu
q+1 J

q
q+

ps(F7rANTO) = p (ANL) + — 1y (AN J©)
1 qg+1
for any Borel subset A of J.
Assume first A C J©©. One has FJ_lA = Fl_JlA C L. Furthermore, FJ_lA = F'A (since
A C J). According to Remark 5, one gets pu (Fy "A) = ¢ - py(A) - -1+ Hence

_ q
(4) = pu(AnL) + 4

_ q _ _
i (F; 1AﬂL)+ﬁuJ(FJ LANI©)) = p (F1A) = 1MJ(AmJ(O)).

a K
qg+1 J
Suppose now that A C LL. In this case, we have, according to Remark 5

—1 q —1 0
pL(FyPANL) + qHuJ(Fj ANJO)

— W (FTANL) 4 (F7(FT AN TO))
= p(F7YANL) + p(Fy2AN F 1O
Since (F; 'ANL) N Fy 'J© =, we have
p(Fy P ANL) + pn(Fy 2 AN FTO) = (B A) = pw(A)
which shows the desired assertion concerning the invariance of fiy.

Let us prove now that ij(J2) = 1/2. We have
T =JOU0@\J?)  with J\JO = | {f € Lm : degG(f) <0},
m=1

and 7i;(J) = (¢ - 1)/(29).
We now compute the the measure of each set {f € L, : deg G(f) < 0}. If f € Ly, with v(f) =a
and deg G(f) < 0, its inverse 1/ f satisfies

1 X

Then 1/f belongs to the cylinder Elm,1/a,0m] Whose measure equals g~2™. Hence

. +1 &
@2 \JO) = L= %"

2q
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O

Remark 6 (Non-zero coefficients of partial quotients). Observe that we can use the previous
results, and in particular the finiteness of the invariant measure fiy, for recovering the estimate of
Theorem 5 concerning the behavior of the total number of non-zero coefficients of partial quotients
in the continued fraction expansion of f, that is, for yp-a.e. f, one has
1
lim —N,(f) = 2.

n—o00 M

Indeed, consider the trajectory Q(f) of f under the action of Fj, that is,
Qf) = (£ Fy(f), FE(f), - FF(£)s - )

and let Qu(f) = (f. Fx(f), FF(f),- ... F7*(f))-
We let denote by 1 (f) the first time where the trajectory Q(f) of f under the action of Fy goes
out of Jo, that is,

t1(f) =min{m > 1 : F"7}(f) € Jo},
and by t;(f) the k-th time where the trajectory Q(f) of f goes out of Jo. One has

Nu(f) = th«f)-

Consider a fixed integer n, an integer m which belongs to the interval [¢,(f), tn+1(f) — 1]. Then,
the trajectory Q,,(f) goes n times through Jo at times Ny (f), Na(f),... No(f), so that

m
n= Z 132(Fﬂlf)'
=1

Because FJ is ergodic w.r.t. fij and according to Theorem 5, we see that

. n . 1 .
Jm = lm ; 1y, (F7 f) = pr(J2) = 1/2
for pij-a.e. f, which also means for up-a.e. f. Finally, the inequality N,(f) < m < Np+1(f)
entails the equality lim,, o, (1/n)N,(f) = 2.

6. APPENDIX: MEDIANT CONVERGENTS OF FORMAL POWER SERIES

The aim of this section is to show that the map Fj produces the mediant convergents in the
continued fraction expansion. For connections between the Farey map and mediant convergents
in the classical case, see e.g. [11]. Let us first recall what is meant by mediant convergents in the
classical case. Let x be an irrational number, 0 < z < 1, with simple continued fraction of the
form

L), 1]
‘al ag

where a;, i > 1, are positive integers. The principal convergents %, n > 1, are defined by

_ 0 1 0 1
Pn—1 DPn _ o 7 n Z 17
dn-1 Gn I a 1 a,
with
p-1 po| (1 0
g-1 Qo 0 1
One has
1 1
po_ L] 1
dn ‘ ay ‘ an



and
{anrl = Gp41Pn t Pn—1
In+1 = Gn41qn + Gn-1
for n > 1. The mediant convergents (also called intermediate convergents) are defined by
{“n,j = JPn + Pn—1
Un,j = JGn + qn—1
for 1 < j < anp41. A simple calculation shows
py1+1—7

Gnt1(J * G + qn-1)’
If we put j = a,41, the above formula gives

_ Unj

1<ji<apts.

Un,j

T — pn—i—l 1

Qn+1

5 .
qn+1

Mediant convergents thus interpolate % and {;"ﬁ.
n n

We now define an analog of the notion of ‘mediant convergent’ for formal power series. Let
f € L with continued fraction expansion

L[, 1]
=—4+— 4+, A eF,J[X]\F,, i>1.
f ‘Al ‘A2 o XI\Fq, @
Its principal convergents satisfy:
P’nfl Pn 0 1 O 1
= e 5 n Z 1,
Qn—l Qn 1 Al 1 An
and
Pn+1 = An+1Pn + P
Qn-i—l = An-i-lQn + Qn-1-
We write

An+1 — bt(n+1,1)Xt(n+171) + bt(n+1,2)Xt(n+1’2) N bt(n—&-l,un_,_l)Xt(n+17un+1)7

t(ﬂ + 1, 1) > > t(ﬂ + 1,Un+1) Z 07 bt(n-‘rl,i) 7£ 0, 1 S 1 S Up+1-
In the process of calculation of A1, the coefficients by(n11.1), - - bt(n+1,u,.,) are determined step
by step in decreasing order of powers. According to this point of view, we define the mediant
convergents by

(21) {Un’j = (by(nr1, XTI 4y bt(ft+17j)Xt(n+1’i))P” + P
Vi = (bt(n+1,1)Xt("+1’1) + 4+ bt(n+1,j)Xt(n+l’]))Qn +Qn-1
for 1 < j < upy1. Note that
{deg U, ; =deg P,
degV,, j = deg Qn1
for 1 < j < up41. This definition corresponds to the following matricial decomposition:

0 1 1 0 0 1
1 An+1 bt(n+171)Xt(n+1,1) 1 1 bt(n+1,un+1)Xt(n+17un+l)
which can be compared to the analogous decomposition in the real case:
n—1
0 1 1 0 0 1
1 a 11 1 1



Proposition 6. For all n and for all j with 1 < j < un41, one has

qt(n+1,j+1)

|Qn+1 |2

U, j
o

5]

Proof. We put

J
Sni1 = byng1,p X,
i=1
and

L], 1

fn+1: + .-

|Anta | Anys

One has deg fr,+1 < 0. It is easy to see that
f _ Pnfn+1 + P7L+1
annJrl + Qn+1

Hence we have

Pnfnt1+Pry1  Un,j
Q'nfn+1+Q'n+1 Vi, ¥
‘ (P,

Vii—QnUn i) fnt1+(Prnt1Vn, i —Qn+1Un ;)
(ann+1+Qn+l)Vn]

Since deg (41 = degV}, ;, one has
|(ann+1 + QnJrl)Vn,j‘ = |Qn+1|2~

Moreover, the norm of the numerator of the right hand side term is equal to

|Prt1Vn,j — @ni1Un
= [(Ans1Pn+ Po1)(Sny1,iQn + Qn1) — (An11Qn + Qn_1)(Snt1,jPn + Pp_1)]
|Ap+1(PuQn-1 — QnPr-1) + Sny1,j(QnPr1 — PuQn-1)]
—  gintLity
since
PoQn1— Ppo1Qn = —(Pat1@Qn — PaQny1).
This completes the proof of the proposition. O

Remark 7. Since
ttn+1,1) >t(n+1,2) > >t(n+1upy1) >0
and
deg Vy, j = deg Qn 1,

(U” .1 < j < up41) interpolate the principal convergents (£= :n > 1).

n

we may say that

We also introduce the following associated matrices for f € J

1
x—deg s if fel
M;(f) = v(f)
0 1 it el
1 € Jo.
1
1]

The following proposition (which is a direct consequence of Proposition 4) states that the map Fy
indeed produces the mediant convergents:
25



Proposition 7. Let

n—1 t.

ti(f)=min{i>1: F7'(f) €la},  ta(f) =t (FF=""(f))

forn>1. Form=3 7"t + j, 0<j <tpi1,

Un,j Pn . .
if 7#0
m Vn,j Qn
My(f)--- My(F5"(f)) =
Pnfl Pn

if j=0
Qn—l Qn

for f € L. Furthermore, for all n, u, = v(Ay).
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