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HAWKES PROCESSES ON LARGE NETWORKS

SYLVAIN DELATTRE, NICOLAS FOURNIER AND MARC HOFFMANN

ABSTRACT. We generalise the construction of multivariate Hawkes processes to a possibly infinite
network of counting processes on a directed graph G. The process is constructed as the solution
to a system of Poisson driven stochastic differential equations, for which we prove pathwise
existence and uniqueness under some reasonable conditions.

We next investigate how to approximate a standard N-dimensional Hawkes process by a
simple inhomogeneous Poisson process in the mean-field framework where each pair of individuals
interact in the same way, in the limit N — oco. In the so-called linear case for the interaction, we
further investigate the large time behaviour of the process. We study in particular the stability
of the central limit theorem when exchanging the limits N, T — oo and exhibit different possible
behaviours.

We finally consider the case G = Z® with nearest neighbour interactions. In the linear case,
we prove some (large time) laws of large numbers and exhibit different behaviours, reminiscent
of the infinite setting. Finally we study the propagation of a single impulsion started at a given
point of Z¢ at time 0. We compute the probability of extinction of such an impulsion and, in
some particular cases, we can accurately describe how it propagates to the whole space.

Mathematics Subject Classification (2010): 60F05, 60G55, 60G57.
Keywords: Point processes. Multivariate Hawkes processes. Stochastic differential equations.
Limit theorems. Mean-field approximations. Interacting particle systems.

1. INTRODUCTION

1.1. Motivation. In several apparently different applied fields, a growing interest has been ob-
served recently for a better understanding of stochastic interactions between multiple entities
evolving through time. These include: seismology for modelling earthquake replicas (Helmstetter-
Sornette [21], Kagan [27], Ogata [36], Bacry-Muzy [5]), neuroscience for modelling spike trains
in brain activity (Griin et al. [16], Okatan et al. [37], Pillow et al. [38], Reynaud et al.
[40, 41]), genome analysis (Reynaud-Schbath [39]), financial contagion (Ait-Sahalia et al. [1]),
high-frequency finance (order arrivals, see Bauwens-Hautsch [6], Hewlett [22], market microstruc-
ture see Bacry et al. [2] and market impact see Bacry-Muzy [4, 5]), financial price modelling across
scales (Bacry et al. [3], Jaisson-Rosenbaum [24]), social networks interactions (Blundell et al. [7],
Simma-Jordan [43], Zhou et al. [46]) and epidemiology like for instance viral diffusion on a network
(Hang-Zha [45]), to name but a few. In all these contexts, observations are often represented as
events (like spikes or features) associated to agents or nodes on a given network, and that arrive
randomly through time but that are not stochastically independent.

In practice, we observe a multivariate counting process (Z},..., Z});>0, each component Z}
recording the number of events of the i-th component of the system during [0, ], or equivalently
the time stamps of the observed events. Under relatively weak general assumptions, a multi-
variate counting process (Z},...,Z)i>o is characterised by its intensity process (A}, ..., AN )i>o0,
informally defined by

Pr(Zi has a jump in [¢, ¢ + dt] ‘ Fi) = Ndt, i=1,...,N,
1
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where F; denotes the sigma-field generated by (Z%)1<;<n up to time ¢. For modelling the inter-
actions, a particularly attractive family of multivariate point processes is given by the class of
(mutually exciting) Hawkes processes (Hawkes [18], Hawkes-Oakes [19]), with intensity process
given by

. N t— .
)\;:hZ(Z/O @ji(t—s)ng),
j=1

where the causal functions ¢;; : [0,00) — R model how Z7 acts on Z' by affecting its intensity
process \!. The nonnegative functions h; account for some non-linearity, but if we set h;(x) = u;+x
with p; > 0, we obtain linear Hawkes processes where p; can be interpreted as a baseline Poisson
intensity. In the degenerate case ¢;; = 0, we actually retrieve standard Poisson processes.

Multivariate Hawkes processes have long been studied in probability theory (see for instance the
comprehensive textbook of Daley-Vere-Jones [12] and the references therein, Brémaud-Massoulié
[9] and Massoulié [32] or the recent results of Zhu [47, 48]). Their statistical inference is relatively
well understood too, from a classical parametric angle (Ogata [34]) together with recent significant
advances in nonparametrics (Reynaud-Bouret-Schbath [39], Hansen et al. [20]). However, the fron-
tier is progressively moving to understanding the case of large NV, when the number of components
may become increasingly large or possibly infinite, see Massoulié [32] and Galvez-Locherbach [17]
for some constructions in that direction. This context is potentially of major importance for future
developments in the aforementioned applied fields. This is the topic of the present paper.

1.2. Setting. We work on a filtered probability space (Q,F, (Ft)i>0, Pr). We say that (X;)i>o0
is a counting process if it is non-decreasing, cadlag, integer-valued (and finite for all times), with
all its jumps of height 1. For (X;);>0 a (Fi)i>0-adapted counting process, there is a unique non-
decreasing predictable process (A;);>0, called compensator of (X;);>0, such that (X; — Ay)i>0 is a
(Ft)e>o0-local martingale, see Jacod-Shiryaev [25, Chapter IJ.

We consider a countable directed graph G = (S, £) with vertices (or nodes) i € S and (directed)
edges e € £. We write e = (j,i) € £ for the oriented edge. We also need to specify the following
parameters: a kernel ¢ = (gji,(4,1) € &) with ¢;; : [0,00) — R, and a nonlinear intensity
component h = (h;,7 € §) with h; : R — [0,00). The natural generalisation of finite-dimensional
Hawkes processes is the following.

Definition 1. A Hawkes process with parameters (G, ¢, h) is a family of (F;)i>0-adapted counting
processes (Z})ics t>0 such that

(i) almost surely, for all i # j, (Z})i>0 and (Z])i>0 never jump simultaneously,

i) for every i € S, the compensator (AY)y>o of (Z!)¢>o has the form Al = DY ds, where the
t)t> t)t> t 0 s
intensity process (\i)i>o s given by

t7
X = h(Z/ st — s)dzg‘),
j—iv0
with the notation ., for summation over {j : (j,i) € £}.

This model can be seen as a particular case of that introduced by Massoulié [32] who considers
more general sets of sites (possibly R?) and a larger class of intensities. We say that a Hawkes
process is linear when h;(z) = p; + « for every € R, ¢ € S, with p; > 0 and when ¢;; > 0.
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We will give some general existence, uniqueness and approximation results for nonlinear Hawkes
processes, but all the precise large-time estimates we will prove concern the linear case.

A Hawkes process (Z});es >0 with parameters (G, p, h) behaves as follows. For each i € S,
the rate of jump of Z% is, at time ¢, \;(t) = hi(32 i 2ok it — Tg)l{ng}), where (T))>1
are the jump times of Z7. In other words, each time one of the Z7’s has a jump, it excites its
neighbours in that it increases their rate of jump (in the natural situation where h is increasing
and ¢ is positive). If ¢ is positive and decreases to 0, the case of almost all applications we have
in mind, the influence of a jump decreases and tends to 0 as time evolves.

1.3. Main results. In the case where G is a finite graph, under some appropriate assumptions
on the parameters, the construction of (Z});cs.+>0 is standard. However, for an infinite graph, the
situation is more delicate: we have to check, in some sense, that the interaction does not come
from infinity.

The first part of this paper (Section 2) consists of writing a Hawkes process as the solution to a
system of Poisson-driven S.D.E.s and of finding a set of assumptions on G and on the parameters
(¢, h) under which we can prove the pathwise existence and uniqueness for this system of S.D.E.s.
Representing counting processes as solutions to S.D.E.s is classical, see Lewis-Shedler [31], Ogata,
[35], Brémaud-Massoulié [9], Chevallier [11]. However, the well-posedness of such S.D.E.s is not
obvious when G is an infinite graph.

In a second part (Section 3), we study the mean-field situation: we assume that we have a finite
(large) number N of particles behaving similarly, with no geometry. In other words, S = {1,..., N}
is endowed with the set of all possible edges € = {(i,7) : 4,j € S}, and there are two functions
h and ¢ such that h; = h and ¢;; = N~y for all i,j € S. We show that, as N — oo, Hawkes
processes can be approximated by an i.i.d. family of inhomogeneous Poisson processes. Concerning
the large-time behaviour, we discuss, in the linear case, the possible law of large numbers and
central limit theorems as (¢, N) — (00, 00) and we observe some different situations according to
the position of [ ¢(t)dt with respect to 1 (the so-called critical case).

Finally, we consider in Section 4 the case where G is Z?, endowed with the set of edges £ =
{(¢,7) : |i —j|] = 0 or 1}, where | - | denotes the Euclidean distance. We study the large time
behaviour, in the linear case where h;(x) = p; + = and when ¢;; = (2d + 1)~ does not depend
on i,j. We first assume that p; does not depend too much on ¢ (consider e.g. the case where the
u; are random, i.i.d. and bounded) and show that (i) if fooo o(t)dt > 1, then there is a law of

large numbers and the interaction makes everything flat, in the sense that for all i # j, Z} ~ th
as t — oo; (ii) if f;~ ¢(t)dt < 1, then there is again a law of large numbers, but the limiting value
depends on i. We also explain why these results are reminiscent of the infinite setting and of the
interaction. Finally, we study the case where p; = 0 for all ¢ but where there is an impulsion at
time 0 at ¢ = 0. We compute the probability of extinction of such an impulsion and, in some
particular cases, we study how it propagates to the whole space (when it does not blow out).

1.4. Notation. The Laplace transform of ¢ : [0,00) — R is defined, when it exists, by
Ly(a) = / e “o(t)dt.
0

We also introduce the convolution of h,g : [0,00) — R as (if it exists) (g x h); = fg gshi_sds =
fot gi—shsds. As is well-known, when everything makes sense, Lg.p(a) = Lg(a) x Lp ().
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2. WELL-POSEDNESS USING A PoIissoN S.D.E.

We will study Hawkes processes through a system of Poisson-driven stochastic differential equa-
tions. This will allow us to speak of pathwise existence and uniqueness and to prove some propa-
gation of chaos using some simple coupling arguments.

Consider, on a filtered probability space (Q,F, (F;)i>0, Pr), a family (7(dsdz),i € S) of i.i.d.
(Fi)1>0-Poisson measures with intensity measure dsdz on [0,00) x [0, 0).

Definition 2. A famzly (Z})iest>0 of cadlag (Ft)i>0-adapted processes is called a Hawkes process
with parameters (G, @, h) if a.s., for alli € S, all t >0

(1) Zi = / / Z/ 0ii(s —u) dZJ)}

J]—1

7' (ds dz).

This formulation is consistent with Definition 1.

Proposition 3. (a) A Hawkes process in the sense of Definition 2 is also a Hawkes process in the
sense of Definition 1.

(b) Consider a Hawkes process in the sense of Definition 1 (on some filtered probability space
(Q, F, (Ft)t>0,Pr). Then we can build, on a possibly enlarged probability space (Q, F, (]:"t)tzo, Pr),
a family (n*(dsdz),i € S) of d.i.d. (F+)i>0-Poisson measures with intensity measure dsdz on
[0,00) x [0,00) such that (Z})ics+>0 is a Hawkes process in the sense of Definition 2.

Point (a) is very easy: for a Hawkes process (Z});cs.¢>0 in the sense of Definition 2, it is clear
. i . t poo . .
that for every ¢ € S, the compensator of Z* is fo fo 1{z<h (5, ™ il u)dzj)}dzds which is

equal to [ h;(3. isi o wji(s —u)dZ])ds. Furthermore, the independence of the Poisson random

measures (m'(dsdz),i € S) guarantees that for all i # j, (Zi);>0 and (Z7);>0 a.s. never jump
simultaneously.

Point (b) is more delicate but standard and a very similar result was given in Brémaud-Massoulié
[9]. Their proof is based on results found in the book of Jacod [23], of which one of the main goals
is exactly this topic: prove the equivalence between martingale problems and S.D.E.s. The many
results of [23] generalize those of Grigelionis [15]. See also the pioneering work of Kerstan [28].
We also refer to Chevallier [11, Section IV] where a very complete proof is given as well as a
historical survey. Let us mention that the idea to integrate an indicator function with respect to a
Poisson measure in order to produce an inhomogeneous Poisson process with given intensity was
first introduced by Lewis-Shedler [31], and later extended by Ogata [35] in the case of a stochastic
intensity.

The following set of assumptions will guarantee the well-posedness of (1).

Assumption 4. There are some nonnegative constants (¢;)ics, some positive weights (p;)ics and
a locally integrable function ¢ : [0,00) — [0,00) such that

(a) for every i € S, every x,y € R, |h;i(z) — hi(y)| < ¢z — 9],
(b) Zies hi(0)p; < oo,
(¢) for every s € [0,00), every j € S, 33, (;iyee Cibi|@ji(s)| < pjd(s).

Let us give a few examples of parameters (G, ¢, h) satisfying Assumption 4.
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Remark 5. (i) If S is finite, then Assumption 4 holds true, with the choice p; = 1, as soon as h;
is Lipschitz continuous for all i € S and j; is locally integrable for all (j,i) € £.

(i) If S = 7 is endowed with € = {(i,§) : |i —j| = 0 or 1}, then Assumption 4 holds, with
the choice p; = 271, if 3. ;. 271|h;(0)| < 0o and if there are ¢ > 0 and ¢ € L},.([0,00)) such
that |hi(x) — hi(y)| < clz —y| and |p;r(t)] < o(t) for allie S, x,y €R, (j,k) € £ and t > 0.

(iii) Consider next S = Z* endowed with the set of all possible edges & = {(i,7) : 4,7 € Z%}
and assume that there is ¢ > 0 such that |h;(0)| < ¢ and |h;i(x) — hi(y)| < clz —y| for all i € S,
z,y € R. Assume that there are ¢ € L}, .([0,00)) and a nonincreasing a : [0,00) — [0,00) such
that |@;i(t)] < a(li — j|)e(t) for all (i,5) € € and t > 0. Then if 3, ,a a(]i]) < oo, Assumption 4
holds true.

(iv) Consider the (strongly oriented) graph Z. endowed with the set of edges & = {(i,i + 1) :
i € Zy}. Then Assumption 4 holds true as soon as there is ¢ € L}, ([0,00)) such that for every
i € Zy, there are ¢; > 0 and a; > 0 such that |hi(x) — hi(y)| < cilz —y| and |@;i41)] < aip.

Points (ii) and (iii) of course extend to other graphs. In (iv), there is no growth condition
on |h;(0)], ¢; and a;. This comes from the fact that the interaction is directed: Z° is actually
a Poisson process with rate ho(0), the intensity of Z! is entirely determined by that of Z°, and
so on. Hence this example is not very interesting. But we can mix e.g. points (ii) and (iv):
informally, coefficients corresponding to edges directed to the origin have to be well-controlled,
while coefficients corresponding to edges directed to infinity require less assumptions.

Proof. Point (i) is obvious. To check (ii), simply note that for all j € S, }°; ; ;ce 271l pji] <
cp2 1l Diiee 201=li < ¢2(2d 4+ 1)p2719! and define ¢ = c2(2d + 1)p. Point (iv) holds with
(pi)iez, deﬁned by po = 1 and, by induction, p;+1 = min{27/(1 + h;1+1(0)),p:/(1 + a;ciy1)}-
This of course implies that Zz‘eZ+ pilhi(0)| < oo and that for all j > 1, 37, . ce cipilpjil =
Cir1Pi+119G+1)| < cjripjria;0 < pjp as desired.

To prove (iii), we work with the sup norm |i| = |(i1,...,4q)| = max{|i1],...,|iq|}. The delicate
part consists in showing that there is b : N+ [0, 00) and a constant C' > 0 such that >, ;. b(]i]) <
oo and, for all j € Z%, 3, 54 b(li])a(]i — j|) < Cb(|j]). Then the result will easily follow, with
the choices p; = b(|i]) and ¢ = Cep. We define b recursively, by b(0) = a(0) and b(k + 1) =
max{a(k + 1),[(k + 1)/(k + 2)]?¢b(k)}. Using that a is nonincreasing, we easily check that b is
nonincreasing. We next check that 2, ;. b(|i]) < oo, i.e. that 37, -, k% 1b(k) < oo, knowing by
assumption that Y-, o k%" 'a(k) < co. We have, for k > 0,

b(k+1) —a(k +1) =([(k + 1)/(k + 2)**b(k) — a(k + 1))
<[(k+1)/(k+2)]%¢(b(k) — a(k)) 4 +
(

<[k +1)/(k +2)]*(b(k) — a(k)) +

+
([(k +1)/(k +2)*a(k) — a(k + 1)),
a(k) —a(k+1)).
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Recalling that b(0) = a(0), one gets b(k) — a(k) < Zif:l(a(f —1) —a®))[(t+1)/(k + 1)]* by
iteration. Hence

k
D kITHOR) —ak) <Y KT (a(t = 1) = a(@)[(£+ 1)/ (k+ 1]

k>1 E>1 {=
=Y (a(t—1) —a(®)(+ 1> k4 (k4 1)
£>1 k>t
<CY (a(t = 1) = a(0)e,
£>1

This last quantity is nothing but C'>_,, a(€)[(€ + 1) —¢d) < CY o1 a(f)¢?=1 < co. We have
thus checked that Y-, 0 k7 10(k) = 30,51 a(k)k® 4+ 37,1 k41 (b(k) — a(k)) < oo,
We finally prove that for all j € Z%, Y. .4 b(|i])a(|i — j|) < Cb(|j]). First, we claim that

there is C' such that b(k) < Cb(2k) for all k > 0. This is easily checked, iterating the inequality
b(k) < [(k+2)/(k+ 1)]?b(k + 1). Next we write, using that a and b are nonincreasing,

Yo bihalli—i) < D b(lihalli =)+ D blliha(li —jI)

i€Zd li|<ljl/2 li|>15/2
<a(ljl/2) Y b(lil) +b(131/2) Y alli - jI)
i€Z4 1€Z4

<Ca(|j]/2) + Cb(|j1/2)-

By definition of b, we have a(|j]|/2) < b(|§]/2). And we have just seen that b(|j]/2) < Cb(|j]). We
finally have checked that >, ;a4 b(|i[)a(|i — j|) < Cb(|j]) as desired. O

Our well-posedness result is the following.

Theorem 6. Under Assumption 4, there exists a pathwise unique Hawkes process (Zti)ies,tzo such
that ;s PiE[Z]] < 0o for all t > 0.

Observe that this result is not completely obvious in the case of an infinite graph. In some
sense, we have to check that the interaction does not come from infinity. Let us insist on the fact
that, even in simple situations, a graphical construction is not possible: consider e.g. the case of
Z endowed with the set of edges & = {(i,j) : |i —j| =0 or 1}, assume that h;(z) = 1 + z for all
i € S and that ¢,;; = 1 for all (¢, j) € £. Then one easily gets convinced that we cannot determine
the values of (Z))icpo,7] by observing the Poisson measures 7* in a (random) finite box.

As a second comment, let us mention that we believe it is not possible, or at least quite
difficult, to obtain the full uniqueness, i.e. uniqueness outside the class of processes satisfying
> icsPiE[Z]] < oo (or something similar). Indeed, consider again the case of Z endowed with
E={(j7) : |i—j| =0or 1}, assume that h;(z) = 1+ z for all ¢ € S and that p;; = 1 for all
(i,7) € €. One easily checks that for (Z});cs,+>0 a Hawkes process, for mi = E[Z}], it holds that
mi=t+ fot (mi=t +m? +mitl)ds for every i. This infinite system of equations is of course closely
related to the heat equation dwu(t,x) = 1+ Orpu(t,z) on [0,00) X R and with initial condition
u(0,2) = 0. As is well-known, uniqueness for this equation fails to hold true without imposing
some growth conditions as |z| — oco. See e.g. Tychonov’s counterexample of uniqueness, which
can be found in John [26, Chapter 7].
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To compare Theorem 6 with the results of Massoulié [32], let us consider a very simple situation.
Let S = Z% be endowed with €& = {(i,j) : |i —j| =0 or 1}, let hj(z) = 1 + 2 for all i € S and
0i;(t) = (t) > 0 for all (i,5) € £&. Then Theorem 6 applies as soon as ¢ € L}, ([0,00)), see
Remark 5-(ii). Theorem 1 of [32] does not apply for two reasons: sup;cg h; is not bounded and,
more important, it does not hold true that }-; .y ¢ij € L}, .([0,00)) since > (ij)ee Pij(t) = +oo
for all ¢ > 0. On the contrary, [32, Theorem 2] applies, but only in the subcritical case where
(2d+1) fo p(t)dt < 1.

Proof. We first prove uniqueness. Let thus (Z})iest>0 and ( ies.t>0 be two solutions to (1)
satisfying the required condition. Set

t
Ag:/ (7 — Z1)| for i€ 8,12 0.
0

In other words, Al is the total variation norm of the signed measure d (Zfq — Z;) on [0,t]. We also
put 6! = E[A¢] and first prove that

(2) RS cZ/ Z'Qpﬂ (t — s)|69ds.

]—)’L

We have

t o0
At :/O /O ‘1{zShi(Zj~>i I~ wsils—wazd) } 1{Z§h”i(zj~>i J§~ wsils—w)dZi) }
Taking expectations, we deduce that
J s

5t = / Z/ ©ji(s dZJ Z/ wji(s —u de)

J— J—

(3) <chE// [pjills = w)|dA) ds|

J—

7' (ds dz).

by Assumption 4-(a). Using Lemma 22, we see that

t S— t
/ds/ \wﬁ(s—U)ldAi;:/ oyt — ) | Ad
0 0 0

which, plugged into (3), yields (2).

Set 6 = ) ics pidL, where the weights p; were introduced in Assumption 4. By assumption, &;
is well-defined and finite. We infer by (2) that

0 < / szclz‘goﬂ (t—9) (5st
€S Jj—i
By Assumption 4-(c),
_/ 25] Z clpz|<pﬂ (t—s) |d5</ ijé ot —s dsf/ d(t — s)dsds.
JES i, (ji)eE jes

Lemma 23-(i) thus implies that 0; = 0 identically, from which uniqueness follows.
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We now quickly prove existence by a Picard iteration. Let ZZ’O =0 and, for n > 0,

t o0
i,n+1 i
@ % 7/0/0 Lesni(s, o i pastsmwazimy ™ (48 42).

We define 6, = E[[|dZi" ! — dZin
obtain, for n > 0,

t
(5) sptt < / B(t — 5)6"ds.
0

Next, we put m!™ = E[Z}"]. By Assumption 4-(a), h;(z) < h;(0) + ¢;|z|, whence
‘ t s— ) t )
mi" T <R [/ (hi(O) + ¢ Z/ lpji(s — u)|dZ{L’”>ds] < / (hi(O) + Z lpji(t — s)\m;’")ds,
0 j—i70 0 i

where we used that, by Lemma 22, fg Iy lpji(s — u)|dzimds = fg|<pji(t —u)|ZI"du. Setting
up =3 ,cspimy" and using Assumption 4-(b)-(c),

t t
(6) uptt §tz h;(0)p; + / Zpici Z lpji(s — u)|m?"ds < Ct + / o(t — s)ulds.
0

icS 0 jes i

Jand 67 = > .cs pi6i™. As in the proof of uniqueness, we

Since uY = 0 and ¢ is locally integrable, we easily check by induction that u™ is locally bounded
for all n > 0. Consequently, d” is also locally bounded for all n > 0. Lemma 23-(ii) implies that
forall 7> 0, )", -, 0% < oo. This classically implies that the Picard sequence is Cauchy and thus
converges: there exists a family (Z})ies.1>0 of cadlag nonnegative adapted processes such that for
all T > 0, lim, ), g pl-]E[foT |dZi — dZ'"|] = 0. Tt is then not hard to pass to the limit in (4) to
deduce that (Z});es,t>0 solves (1). Finally, Lemma 23-(iii) implies that sup,, uj < oo for all ¢ > 0,
from which Y, ¢ piE[Z{] < 0o as desired. O

3. MEAN-FIELD LIMIT

In this section, we work in the following setting.

Assumption 7. Let h: R [0,00) be such that ||y, = sup,, |z —y| = h(z) — h(y)| < oo and
let ¢ = [0,00) — R be a locally square integrable function.

For each N > 1, we consider the complete graph Gy with vertices Sy = {1,...,N} and edges
En ={(i,j) : i,j € SN}, i.e. all pairs of points in Sy are connected. We put hl¥ = h for all
i € Sy and o} = N~'p for (i,7) € En.

Under Assumption 7, the triplet (G, @™, hN ) satisfies Assumption 4 (the graph Gy is finite)
for each N > 1. Therefore, a Hawkes process (ZtN’l, cee ZtN’N)tZO with parameters (G, @”, hN)
is uniquely defined by Theorem 6.

Introduce the limit equation

7 Z; = t oo1 s w(dsdz), for every t >0,
@ /0 /0 {zgh(/o Lp(s—u)d]E[Zu])} ( ) Y

where 7(ds dz) is a Poisson measure on [0, 00) x [0, 00) with intensity measure dsdz. Also, dE[Z,,]

is the measure on [0, c0) associated to the (necessarily) non-decreasing function v — E[Z,]. Note
that a solution Z = (Z;)i>0, if it exists, is an inhomogeneous Poisson process on [0,00) with

intensity \; = h(fot o(t —u)dE[Z,]).
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3.1. Propagation of chaos. The main result of this section reads as follows. We denote by
D(]0,00),R) the set of cadlag R-valued functions on [0,00) and by P(D([0,00),R)) the set of
probability measures on D([0, cc), R).

Theorem 8. Work under Assumption 7.
(i) There is a pathwise unique solution (Z)i>o to (7) such that (E[Z])i>0 is locally bounded.

1) It is possible to build simultaneously the Hawkes process ZN’l, cery zNN >0 with parame-
t t >

ters (Gy, ™, hY) and an i.i.d. family (Z})i>0.i—1
allT >0, alli=1,...,N,

N of solutions to (7) in such a way that for

E[sup \ZtN’i —7i| < CpN—Y/2,
(0,77

the constant Cr depending only on h, ¢ and T (see Remark 9 below for some bounds of Cr in a
few situations).

(#ii) Consequently, we have the mean-field approximation
1 XN
N Z(S(ZtN,i)tzo — ﬁ((Zt)tzo) in probability, as N — oo,
i=1

where P(D([0,00),R)) is endowed with the weak convergence topology associated with the topology
(on D([0,0),R)) of the uniform convergence on compact time intervals.

Proof. For (Z):>0 a solution to (7), the equation satisfied by m; = E[Z;] writes

t s
(8) my :/ h(/ ¢(s —u)dmy)ds for every t > 0.

0 0

By Lemma 24, we know that this equation has a unique non-decreasing locally bounded solution,
which furthermore is of class C! on [0, 00). We now split the proof in several steps.

Step 1. Here we prove the well-posedness of (7). For (Z;);>0 a solution to (7), its expectation

my = E[Z}] solves (8) and is thus uniquely defined. Thus the right hand side of (7) is uniquely
determined, which proves uniqueness. For the existence, consider m the unique solution to (8) and
put Z; = fot I Lia<h(f7 o(s—u)dm,)yT(ds dz). We thus only have to prove that E[Z;] = m;. But

E[Z;] = foth(fos ©(s — u)dm,,)ds, which is nothing but m; since m solves (8).

Step 2. We next introduce a suitable coupling. Let (7°(dsdz));>1 be an i.i.d. family of Poisson
measures with common intensity measure dsdz on [0,00) X [0,00). For each N > 1, we consider
the Hawkes process (Z)'', ..., Z)"V) =0

t &)
Ny 7
Z ’/o /0 Loan(vr o, i psmwaza) } (48 2).

Next, still denoting by m the unique solution to (8), we put, for every ¢ > 1,

) t oo )
Zt :/O /0 l{zgh(f;* @(S*U)dmu)}ﬂ- (dS dZ)

Clearly, ((71),:20)1-21 is an i.i.d. family of solutions to (7).
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Step 3. Here we introduce A’ ( fo |d(Z,, — ZI%)| and éx(t) = E[A%(t)], which obviously
does not depend on i (by exchangeablhty) Obberve that
(9) sup |Z., — ZNi| < Al (t), whence ]E[sup iz - ZN1|] < O (D).
(0,¢] [0,]

“d(Zy— 2N < [ 1d(Z, - 2.

We show in this step that for all ¢ > 0,
71/2 t s ) 1/2 t
(1) on(t) < |BlipN / (/ (s —u)dmy, ) ds+ |h|h-p/ lo(t — 5)|on (s)ds
0o “Jo 0
First, AL (¢) equals

7' (ds dz).

t o]
L L Pt i o)} = Hozh st}

Taking expectations, we find

Sn (1) :/OtJEHh(/OScp(s—u)dmu - 12/ — w)dz})||ds,

whence
S (t) s|h|“p/0tEH /Osws—u ), — 12/ 75| as
+|h\z¢p/ ‘N IZ/ (s —u) ZN’]]}d
(11) =|hlip(A + B).

Using exchangeability and Lemma 22,

(12) B <[] [ lots - wiaak]as = [[lo - wintuin

Next, we use that X7 = [* (s —u dZ’ are iid. with mean [*o(s —u dm,,, whence
s 0 u 0 ¥
t
(13) A< N*1/2/ (Var X1)¥/2ds.
0

But it holds that .
- /0 /0 1{Z§h(fou<ﬂ(u—7')dmr)}§0(5 —u)rt (dudz).

Since the integrand is deterministic, denoting by #! the compensated Poisson measure,

:/O/O 1{z§h(f o (u— 7)dmr)}<,0(8—u) (dudz)

Recalling Assumption 7, we find

(14) Var X! = /0 (s — wh( /Ou o(u— r)dm, ) du = /O (s — u)dma.

We used (8) for the last equality. Gathering (11), (12), (13) and (14) completes the step.
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Step 4. Here we conclude that for all T > 0, supyy 71 on (t) < CpN~'2. This will end the proof
of (ii) by (9). This is not hard: it suffices to start from (10), to apply Lemma 23-(i) and to observe
that fot ( fos ©?(s — u)dmu) 1/2d3 is locally bounded (which follows from the assumption that ¢ is
locally square integrable and the fact that m is C'* on [0, 0)).

Step 5. Finally, (iii) follows from (ii): by Sznitman [42, Proposition 2.2], it suffices to check that

for each fixed £ > 1, (ZN")i>0, ..., (Z)")i=0) goes in law, as N — oo, to £ independent copies of
(Z1)>0 (for the uniform topology on compact time intervals). This clearly follows from (ii). O

We now want to show that the constant Cr we get can be quite satisfactory.

Remark 9. Work under Assumption 7.

(a) Assume that |h|ip [ @(s)|ds < 1 (subcritical case) and that [;° ¢*(s)ds < oo. Then (ii)
of Theorem 8 holds with Cp = CT, for some constant C > 0. This is a satisfactory slow growth.

(b) Assume that h(z) = u+ x for some p > 0 and that p(t) = ae™® for some a > b > 0
(if a < b, then point (a) applies). Then m; = E[Z;] ~ pa(a — b)~2e@ Dt as t — co and (i) of
Theorem 8 holds with Cp = Cel®=0T | for some constant C > 0. This is again quite satisfactory:
the error is of order N~'/2mqp.

Proof. We start with (a). Using the notation of the previous proof, it suffices (see (9)) to show
that on(T) < CTN~Y/2. Setting A = |kl I le(s)lds < 1, starting from (10) and observing
that d is non-decreasing, we find dx (t) < |h|lipN’1/2f(;5 (fg ©*(s—u)dm,)'/?ds + Aoy (t), whence
In(t) < CN_l/zfg(fos ©*(s — u)dm,)'/?ds. We thus only have to check that [; ¢*(s — u)dm,, is
bounded on [0, 00). Since [ ¢*(s)ds < oo, it suffices to prove that m’ is bounded on [0, ). But
mj = h(fot o(t—u)m!,du) < h(0)+|h|ip fot |p(t—wu)|m},du, whence supjo 7y m; < h(0)+Asupy ) m}
and thus supyg 71 m; < h(0)/(1 — A) for any T > 0.

We next check (b). First, (8) rewrites m; = ut + afg Jo e =¥ dm,ds, with unique solution

— bt (a=b)t _
S pale D _Ha (ab)
a—1>b (a—b)? (a —b)?
Next, using (10) and the explicit expressions of h, ¢ and m, we find
t

Sn (%) §N1/2/0t(/05 @2(5u)dmu)1/2ds+/0 o(t — s)dn(s)ds

t
<CN~1/2ela=b)t/2 4 a/ e bt 5 (s)ds.
0
Setting un (t) = On(t)e, we get un(t) < CN—V2elatb)t/2 1 afJuN(s)ds. By Gronwall’s lemma,
un(t) < CN—1/2elatb)t/2 4 afotCN_1/26(“+b)5/26“(t_5)ds. On easily deduces, since a > b, that
un(t) < ON~Y2e% 50 that Sy (t) < CN~1/2ele=b)t The use of (9) ends the proof. O

3.2. Large time behaviour. We now address the important problem of the large time behaviour.
Since the solution (Z);>0 to (7) is nothing but an inhomogeneous Poisson process, its large-time
behaviour is easily and precisely described, provided we have sufficiently information on the solution
to (8). The question is thus: can we use the large time estimates of the mean-field limit to describe
the large-time behaviour of the true Hawkes process with a large number of particles? To fix the



12 SYLVAIN DELATTRE, NICOLAS FOURNIER AND MARC HOFFMANN

ideas, we consider the linear case. For A a symmetric nonnegative matrix, we denote by N (0, A)
the centered Gaussian distribution with covariance matrix A.

We treat separately the subcritical and supercritical cases.

Theorem 10. Work under Assumption 7 with ¢ nonnegative and h(x) = u + x for some p >
0. Assume also that A = fooo o(s)ds < 1. For each N > 1, consider the Hawkes process
(zN, . 2NN 0 with parameters (G, N, hY). Consider also the unique solution (my)yo
to (8).

1. We have my ~ agt as t — oo, where ag = /(1 — A).

2. For any fized 1 > 1, ZtN’i/mt tends to 1 in probability as t — oo, uniformly in N. More
precisely, B[|Z)N" Jm, — 1]] < C’mt_l/2 for some constant C.

3. For any fixed £ > 1 (mi/z(ZtN’i/mt —1))i=1,...¢ goes in law to N'(0,1;) as (t, N) — (00, 0)
(without condition on the regime).

Point 2. is of course related to the classical law of large numbers for multivariate Hawkes
processes, see e.g. Brémaud-Massoulié [9] or [3]. What we prove here is that this law of large
numbers is uniform in N. From this result, we deduce that Pr(|Z" /m; — 1| > ¢) < C’a_lm;l/z,
uniformly in N. In view of the papers by Bordenave-Torrisi [8] and Zhu [49, 48], which concern
one-dimensional processes, one might expect that a much more fast decay (large deviation bound)
could be proved, under a Cramér condition on . It would be interesting to decide if such a bound

is uniform in N.

Theorem 11. Work under Assumption 7 with ¢ nonnegative and h(x) = p+ x for some p > 0.
Assume also that A = [~ ¢(s)ds € (1,00]. Assume finally that t — fg|d<p(s)| has at most polyno-
mial growth. For each N > 1, consider the Hawkes process (ZtN’l, el ZtN’N)tZO with parameters
(Gn, N, hY). Consider also the unique solution (my);>o to (8).

1. We have my ~ age™" as t — oo, where g > 0 is determined by L,(ap) = 1 and where

a0 = o tip(t)eotdr) .

2. For any fized i > 1, ZtN’i/mt tends to 1 in probability as (t, N) — (00, 00). More precisely,
there is a constant C such that E[|Z)" /m, — 1]] < mt_l/2 +ONY2(1+m;h).

3. For any fized £ > 1,
(i) (mz/Q(ZtN’i/mt —1))i=1,....¢ goes in law to N'(0,1;) if t — oo and N — oo with my/N — 0;

(i) (NY2(ZN fmy — 1))i=1,...¢ goes in law to (X,...,X), ift = oo and N — oo with my/N —
oo. Here X is a N'(0,02)-distributed random variable, where 0® = adp=?2 fooo e~ 205! ds.

Let us summarize. At first order (law of large numbers), the mean-field approximation is always
good for large times. At second order (central limit theorem), the mean field approximation is
always good for large times in the subcritical case, but fails to be relevant for too large times
(depending on N) in the supercritical case: the independence property breaks down.

In the supercritical case, we have the technical condition that ¢t — fg |dp(s)| has at most poly-
nomial growth. This is useful to have some precise estimates of the solution m to (8). This is, e.g.
always satisfied when ¢ is bounded and non-increasing, as is often the case in applications. It is
slightly restrictive however, since it forces ¢(0) to be finite.
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It should be possible to study also the critical case, but then the situation is more intricate:
many regimes might arise. With a little more work, we could also study, in the supercritical case,
the regime where m;/N — z € (0, 00).

In order to prove Theorems 10 and 11, we will use the following central limit theorem for
martingales. For two cadlag martingales M and N, we denote by [M, N| the quadratic covariation
defined by [M, N]; = M;N; — fot M,_dN, — fot N,_dM,. When M and N are purely discontinuous,
it holds that [M, N]; = > ., AM AN, see Jacod-Shiryaev [25, Chapter I, §4e].

Lemma 12. Let { > 1 be fized. For N > 1, consider a family (MN",... MM >0 of ¢-
dimensional local martingales satisfying Mév’i = 0. Assume that all their jumps are uniformly
bounded and that [M™N4 MN-3), = 0 for every N > 1,4 # j and t > 0. Assume also that
there is a continuous increasing function (vi)i>o : [0,00) +— [0,00) such that for alli =1,...,¢,
lim Ay (00,00) vt_2[MN’i,MN’i]t = 1 in probability. In the case where vy = lims_, oo vy < 00, as-
sume moreover that for alli =1,... £, all to > 0, uniformly in t > to, imy_ oo [MN1, MY¥], = v2
in probability.

Then v * (MM, ..., M"Y converges in law to the Gaussian distribution N'(0,1;) as (t, N) —
(00, 00), where Iy is the £ x € identity matriz.

Proof. Let (tn)n>1 be a sequence of positive numbers such that ¢y — co. We want to prove that
v, ! MmN Mgv’e) converges in law to N(0, I;). For all u € [0,1], set

tn

T =inf{t > 0: v} > uv} }.

N

Since v is increasing and continuous, 7°' is also continuous and increasing for each N. We also
2

clearly have vZy = wv?, for all uw € [0,1] and 7{¥ = ty. Finally, for each u > 0 fixed, the sequence

N

w 1S Increasing.

For all u € (0,1], limy v_¢ [MN-E, MN-¥]_~ = 1 in probability. Indeed, in the case vo = 00,

this follows from the facts that limy 72 = 0o and limg, x)—(so,00) Vi - [M N, MN], = 1. When

Voo < 00, the additional assumption (uniformity in ¢ > ¢y of the convergence as N — o0o) clearly

suffices, since the sequence 7 is increasing and thus bounded from below.

We define the martingales (L]uv’i)uE[OJ] by LYVt = v;leﬁv’i. All their jumps are uniformly
bounded (because those of M”:* are assumed to be uniformly bounded and because sup y v; N1 < 00
since v is increasing). We also have [L™¢ LN+, = 0 for all i # j, all u € [0,1]. Furthermore,
using that va = uva,

[MN,i’MN,i]TIJLV [MN,i,MN,i]TN

(LN LN, = 3 = 5 = u
vy Vrn

in probability. Therefore, according to Jacod-Shiryaev [25] (Theorem VIII-3.11), the process
(LY, LY ) yejo,) converges in law to (B, ..., BY)ue[o,1) where the B are independent stan-

wr -

dard Brownian motions. In particular, (LY, ... L") goes in law to A'(0,1;). To conclude the
proof, it thus suffices to observe that L:]lv” = valMi}fv’z = v;legv’l. O

We can now give the

Proof of Theorem 10. In the present (linear) case, we can rewrite (8) as m; = fg(u + [y (s —
u)dm,,)ds = ut + fgap(t — s)msds by Lemma 22. This equation is studied in details in Lemma 25:
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recalling that A = [ ¢(s)ds < 1, we have mj ~ ag and m; ~ agt as t — oo, where ag = p1/(1—A),
which proves point (i). The proof is now divided in several steps. Step 1 will also be used in the
supercritical case.

Step 1. Recall that, for some i.i.d. family (7°(dsdz));>1 of Poisson measures on [0,00) x [0, 00)
with intensity measure dsdz,

t e’}
N _ i
Zt = /0 /0 1{ZSM+N_1 Zévzl f07 (p(sfu)dzi\]’j}ﬂ— (dS dZ).

We have E[ZY""] = m,. Indeed, by exchangeability, we see that E[Z}V"] = E[Z)""'] and that

Bz = [ t(M+N‘1§; [ ot = ez as = [ (e [ ots - waeizy )

whence (E[Z!])¢>0 solves (8), of which the unique solution is (m;);>o by Lemma 24.

We next introduce U"" = ZN'* —m, and the martingales (here 7(ds dz) = 7' (ds dz) — dsdz)

Nz i
/ / z<u+N 1 ZN L (;s— Lp(s—u)dZiV'j}Tr (dS dZ)

We consider the mean processes Zt = NI N ZN Uiv = NSV UM and finally Mﬁv =

N1t Efl M}, An easy computation using (8) and Lemma 22 shows that

UMt =N 4 /N 12/ (s —u)dZN7ds — m,
_MN1—|—// (s —u) 1ZdZN’] dm )d

j=1

=M+ /0 (t—-s ( 1ZZN’J—mS>

so that

(15) UMt =M+ /Otgo(t — 5)T. ds,
This directly implies that

(16) Uﬁv = Miv + /Otgo(t - S)Uivds.

Next, we observe that [M™¢{ MN+J], = 0 for all i # j (because these martingales a.s. never jump
simultaneously) and that [MN:¢ MN4], = ZN" Hence [MN,MN]t = N_ljiv. We thus have
E[(M]")?] = E[2""] = mq and E[(M, )*] = N"'E[Z,] = N~'m,.

Step 2. Recalling (16) and using that A = [° ¢(s)ds < 1, we observe that Sup|g 4 |Uiv| <
Sup[o,¢] |Miv| + Asupjg 4 |UN|. Consequently,

[SUP|U |} <(1-A)" 1]E{sup|M |} <CON 2%y /2
[0,] [0,¢]
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by the Doob and Cauchy-Schwarz inequalities. We easily deduce that
t
E[/ ot = 9T, |ds| < AB[sup U] < ON7V/2my,
0 (0,t]

whence finally, recalling (15),
my E[UN ) < m B MY+ CmT INTY?2m 2 < om V2,
This says that E[|Z"" /m, — 1] < C’mt_1 /% and thus proves point 2.
Step 3. We then fix £ > 1 and use (15) to write, for i = 1,...,¢,

¢
i - i - i 7N
mi/Q(ZtN’ /my— 1) =m, 1/QUtN’ =m, 1/2]\/1}]\[ +m, 1/2/0 ot —s)Uy ds.

First, E[mt_lmfggo(t — s)|ﬁiv|ds] < CN~'/2] which tends to 0 as (t, N) — (00,00), by the es-
timate proved in Step 2. To conclude the proof of point 3, we thus only have to prove that
(m{l/thN’i)i:L,__’g goes in law to N(0, Iy) as (¢, N) — (00,00). To this end, we apply Lemma
12. The jumps of the martingales M are uniformly bounded (by 1) and we have seen that
[MN:i MNJ)y = 0 for all i # j. The function (my);>o is continuous and increases to infinity.
It thus suffices to check that, as (t, N) — (0c0,00), m; '[M™N:*, MN¥], — 1 in probability. Since
(MM MNE, = thv’i7 this is an immediate consequence of point 2. O
We now turn to the supercritical case.
Proof of Theorem 11. We rewrite (8) as m; = fg(qufOS o(s—u)dmy,)ds = utJrfgcp(t— s)msds by
Lemma 22. This equation is studied in details in Lemma 26: there is a unique a > 0 such that

L,(ap) =1 and, defining ag € (0,00) as in the statement, we have m; ~ age®" and mj ~ agape™*
as t — oo, which proves point 1. We also know that I'(t) = > o, ¢*"(t) ~ (apad/p)e™, that

fo s)ds ~ (apag/p)e

Step 1. We adopt the same notation as in the proof of Theorem 10-Step 1, of which all the
results remain valid in the present case. Point 1 follows from Lemma 26-(a).

@t and further properties of m,m’/,I", Y are proved in Lemma 26.

Step 2. First, (16) says exactly that T =" + pxT". Using Lemma 26-(e), we deduce that
UN v + Iy (the processes ﬁN and M are clearly a.s. cadlag and thus locally bounded).
Since E[(H;V)Q] = N~'m; by Step 1,

—N
E[|lU;

| <E[AY) + / I(t — 5)E[TT" Jds
0

t
§N_1/2m1/2 + / D(t—s)N~Y2ml/24s
0
<CNY2(1+my).
The last inequality easily follows from Lemma 26-(b).

Using (16) again, we see that fotgo(t - S)Uivds = U;V - Mﬁv, whence

o f-or

<Em4u+waug “1/212 L ON“Y2(1 + my) < CN~V2(1 4+ my).
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On the other hand, we know from Step 1 that E[(M;"")2] = m,. Using (15), we conclude that
B2 fmy = 1)) = my 'BIUN ) < mp 2+ ONTH2 (14 m ).
which ends the proof of 2.
Step 3. We then fix £ > 1 and write, for i = 1,...,¢, by (15),

(2 fme = 1) = m O =M [t - )T s,
0
Step 3.1. We first consider the regime (¢, N) — (o0, 00) with m;/N — 0 and study
t
mi2(ZN my — 1) = m; PN m;1/2/ ot — S)Uivds.

0

The second term tends to 0 in probability, because we can bound, using Step 2, its L'-norm
by Cm{l/zN_l/Q(l + my), which tends to 0 in the present regime. We thus just have to prove
that (m;1/2MtN’i)i:1,__i74 goes in law to N(0, I;). We use Lemma 12: the martingales M~ have
uniformly bounded (by 1) jumps and we have seen that [MN:!, M™:3], = 0 for i # j. The function
(m¢)i>0 is continuous and increases to infinity. It only remains to check that m; 1[M Nt AN Ay
tends to 1 in probability. But [MN:i MN:i], = ZtN’i, so that the conclusion follows from point 2.

Step 3.2. We finally consider the regime (¢, N) — (00, 00) with m;/N — oo and study
. . t _
NY2(ZN g —1) = NY2m7 M) + N1/2m;1/ ot — s)U" ds.
0

First, Nl/zmglMtN’i — 0 in probability, because its L'-norm is bounded by Nl/zmt_l/2 (recall that
E[(M"")2] = my), which tends to 0 in the present regime. Since V;N := Nl/Qm;lfOtap(t - S)Uivds
does not depend on i, it only remains to prove that V;¥ goes in law to N(0,02). We write,
using (16), recalling that U = M + T x M (see Step 2) and integrating by parts (recall that
T(t) = Jy T(s)ds)

t t
VN = NY2m 2T, — DY) = NY2m;t | T(t— s)Mo ds = NY2m;t | Y(t - s)dD. .
0 0

Introduce W2 = (ao/u)N1/2fge_“°deiv and observe that, since E[[MN,MN]t] = N"1my,
t
BV~ W) =[N [ (n TG - )~ Gaof)e o air T
0
t

= [ (e = 5) = (/e s

Lemma 26-(c) tells us that this tends to 0 as ¢ — co. We thus only have to prove that W}¥ goes
in law to N'(0,0?) as (t,N) — (00, 0).

This follows again from Lemma 12 (with ¢ = 1): the jumps of the martingale (W});>o are
bounded by (ag/p)N~1/? (because those of M are bounded by N~—1). The function v; =
(ozo/,u)(fot6_20“03771’Sds)1/2 is continuous and increasing to the finite limit v, = o (which was

defined in the statement). We thus only have to prove that (a) v; 2[W~, W], — 1 in probability
as (t, N) — (00,00), (b) for all ty > 0, uniformly in ¢ > to, v; 2[WY, WN]; — 1 in probability as
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N — oo. By Lemma 12, we will deduce that v; *W/ goes in law to N'(0,1) as (t, N) — (o0, 00),
which of course implies that W}V goes in law to A/(0,0?) as desired.

We have, since [MN,MN]t = N‘lfiv,
t t
WY W)= oo/ N [ e 2eosd1”, 3, = (aofu)? [ e sz,
0 0
Using that Ziv = Uﬁv + m; and performing an integration by parts, we see that

t
WY W) i? (o [ e 2edT)
0

t
—0? + (ao/p)2e 2T 1 2(ad /1) / e200T7N g,
0

Recalling that that E[|T, || < CN~2(1 + my,), we infer
t

B[ (ao/ne 20T 4 2(a/i?) [ e 20T as
0

t
?/2 (eanot(l—i—mt)—{—/ 672a05(1+ms)d8),
N 0

which is bounded by CN~1/2 by Lemma 26. We have proved that supyso E[[[WN, W], —|] <
CN~'/2, from which points (a) and (b) above immediately follow. The proof is complete. O

<

4. NEAREST NEIGHBOUR MODEL

We consider here the case where G is a regular grid, on which particles interact (directly) only
if they are neighbours. We will work on Z?, endowed with the set of edges

E={(1,4) € (Z"? : |i—j|=0or 1},
where |(i1,...,iq)] = (3%, i2)/2. Thus each point has 2d + 1 neighbours (including itself).

r=1
We hesitated to include self-interaction, but this avoids some needless complications due to the

periodicity of the underlying random walk on Z¢.

Assumption 13. (i) The graph G = (S,€&) is S = Z¢ (for some d > 1) endowed with the above
set of edges &.

(i) There is a nonnegative locally integrable function ¢ : [0,00) — [0,00) such that for all
(]71) S 5’ PYji = (2d+ 1)71S0'

(iii) For all i € Z2, there is p; > 0 such that hi(x) = pu; +x. The family (1;);cza is bounded.

We next introduce a few notation. In the whole section, we call vector (and write in bold) a
family of numbers indexed by Z?. We call matriz a family indexed by Z? x Z?. The identity matrix
I is of course defined as I(i,j) = 1(;—;3. We will often use the product of a matrix and a vector.
The matrix A = (A(i,7)); jeza defined by
(17) A(i,§) = (2d+1) 7 1 j)eey
will play an important role. Since A is a stochastic matrix, we can define, for any A € (0,1),

(18) Qali,j) = Y A"A™,j).

n>0
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4.1. Large-time behaviour. Under Assumption 13, we can use Theorem 6 (with p; = 2711l see
Remark 5-(ii)): there is a unique Hawkes process (Z]);cza4 4> with parameters (G, ¢, h) such that
D iczd 27 IIE[Z{] < co. Let us state the first results of this section. As usual, we treat separately
the subcritical and supercritical cases.

Theorem 14. Work under Assumption 13 and assume further that A = fooo p(t)dt < 1. Consider
the unique Hawkes process (Z})icza 1>0 with parameters (G, ¢, h). For all i € 72, t71Z} goes in
probability, as t — oo, to ZjeZd Qa(t, 7).

Theorem 15. Work under Assumption 13 and assume further that A = [ o(t)dt € (1,00]

and that t +— fot|d<p(s)| has at most polynomial growth. Consider ag > 0 uniquely defined by
Ly(ag) = 1. Assume finally that the “mean value”

1
(19) U= rll)rgo ezl <] I; Wi exists and is positive.

Consider the unique Hawkes process (Z});cza 40 with parameters (G, @, h). Then for all i € 7,
e~ 0t Z{ goes in probability, as t — 0o, to ag = pag > ( [y te(t)eotdt) L.

Let us comment on these results. In the subcritical case, the parameter pu = (u;);eza is strongly
present in the limiting behaviour: the limit of t~'Z} depends on a certain mean of g around the
site 7 and thus depends on i. In the supercritical case, the behaviour is very different: the limit
value of e~*!Z! does not depend on i, and depends on p = (11;);cz4 only through a global mean
value. Observe also that for a finite-dimensional (e.g. scalar) Hawkes process, there is no law of
large numbers: one can get a limit of something like e=®°*Z¢ but the limit is random, see Zhu
[49, Section 5.4] (in particular Theorem 23 and Corollary 1). In that sense, we can say that in
the supercritical case, the law of large number is reminiscent of the infinite dimension and of the
interaction.

We will need a precise approximation for A™(i,j) where A is defined by (17). It is given by
the local central limit theorem, since A is the transition matrix of an aperiodic symmetric random
walk on Z? with bounded jumps. Precisely, we infer from Lawler-Limic [29, Theorem 2.1.1 and
(2.5)] that there is a constant C such that for all n > 1, all i € Z¢,

(20) [A4"(0,9) = pu ()] < —i5y7m

where, for ¢t > 0 and € R?,

(21) pe(x) =

() e (- 2T,

To apply [29, Theorem 2.1.1], we needed to compute the covariance matrix I' corresponding to our
random walk, we found I' = 2(2d + 1)~ 11, I; being the d x d identity matrix.

Lemma 16. Consider the matriz (A(i,7)); jeza defined by (17).
(i) It holds that €, = 374 (A™(i,5))? does not depend on i € Z% and tends to 0 as n — o0o.
(ii) Let p = (p13);eza be bounded and satisfy (19). Then for alli € 79, lim,, oo (A" 1); = pu.

Proof. In the following we denote by C' a constant depending only on d.
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Point (i) is easy: since A™(i,j) = A™(0,7 — i) and since A is stochastic, one has ¢, =
> jezd (A™(0,4))? < sup;cza A™(0, j). Moreover, by (20), A™(0, j) < pn(j)+Cn~(@+2/2 < Cn=4/2,
We conclude that ¢,, < Cn~%? — () as desired.

Now we turn to the proof of (ii). Let i € Z%. First we show that lim,, [(A™u); = eza Pa(d)1] =
0. Since (A™u); = ZjEZd A6, )y = ZjeZd A™0,7 — i)p; and since the family (p;);eza is
bounded, it suffices to prove that v, = ;74 |A™(0,7 —4) — pn(j)| — 0. We write

< D A0 =) e+ D (AN0,5 =) +pa(i) = vn + 0
|j|<nt/2+1/4d |j|>nl/2+1/4d
On the one hand, using that ZjeZd |7112A™(0, j) < Cn (the variance of the random walk at time n
is of order n), so that ;4 1712A™(0,§ — i) = Y pega |i + k|2A™(0,k) < C(|i]> +n) and thus
S A0, i) < Cn ST GRAN0, 5 — i) < On V(i 4 ).
|j|>nl/2+1/4d jezad
Similarly, we have >,z |7>pn(j) < Cn and thus
Yo paG) <o AN iPpa(i) < O
j[>nt/2t1/4d jEezd
Consequently lim,, v2 = 0. On the other hand,
< > A0 =) =G =D+ Y PG — 1) = pald)]-
Ilen1/2+1/4d U|Sn1/2+l/4d
From (20), the first sum is bounded by Cn~(+2)/24(5 ¢ 74 . |j| < nl/?+1/4dy < Cp=3/4 - 0.
For the second sum, we use that, with ¢y = (2d + 1)/4,
o , . Cd, . 2¢q .
PG = 1) = Pal)] = pu(i)| 1 = exp(= S22 + =2i.5)|.

1/241/4d and for n large enough (e.g. so that |i|n~—1/2+1/4d < 1),

Hence for |j| <n
PG =) = Pa () < Coa() (i7" + filn ™12 FHA) < Cpp () (1 + fif)n ™2,
Thus 3| <p/241/20 [P (G — 9) —pn(G)] < C(1 + |i|2)n=1/* and we deduce that lim,, v} = 0.

We have shown that limv, = 0. It only remains to check that lim, 3 cza pjpn(j) = p. Let

(T%)x>0 be the increasing sequence of nonnegative numbers such that {ry}r>0 = {|j| : j € Z9}
and observe that

Z ijn(j) = an(rk) Z M-

jezd k>0 ljl=rx

A discrete integration by parts shows that
. 1

> 1pn(3) =Y (are) = pa(resn)) Y w =Y v(rk)alrs) —pn(m+1))m > w,

jens k20 gl<me k20 i1z,
where v(r) = #{j € Z* : |j| < r}. We easily conclude that lim, > jeza MiPn () = p as desired,
because

(a) limyyoo v(vl"k) Z\jlﬁm Hj = Hs

(b) for all k£ > 0 fixed, lim, v(r%)(Pn(rk) — Pr(rr+1)) = 0;

(C) lim,, oo Zzo:() U(Tk)(pn(rk) - pn(rkJrl)) =1
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Point (a) follows from our condition (19) on u, point (b) is obvious (because |v(rg)(pn(rx) —
Pn(ris1))] < 0(7%) sup;eza pn (i) < Co(ry)n~%? — 0). To check (c), we write Yoo (k) (Pn(rs) —
Pr(ri41)) = 2 jeza Pr(d) = 2 eza A™(0,5) 4+ cza[Pn () —A™(0,§)] = 143 czalpn () —A™(0, 5)].
This tends to 1, because lim,, Y4 [pn(j) — A"(0,4)| = 0, as seen in the first part of the proof

(this is v, in the special case where i = 0).
O

Let us now give the

Proof of Theorem 14. We split the proof into several steps. We assume that there is at least one
i € Z% such that u; > 0, because else the result is obvious (because then Z} = 0 for all i € Z%, all
t > 0). The first step will also be used in the supercritical case.

Step 1. We write as usual, for some i.i.d. family (7%(dsdz));>1 of Poisson measures on [0, 00) X
[0, 00) with intensity measure dsdz,

t [e'e]
Zt :/0 /0 Y echv@arn s, fi e(emuazi} T (ds dz).

Let us put m¢ = E[Z}] and m; = (m});cze. A simple computation (using one more time Lemma
22) gives us, for all i € Z4,

mi:uit—i—/ (2d+ 1)~ Z(pt—sm]ds
0 j—i
Using the vector formalism, this rewrites m; = ut + fg o(t — s)(Amy)ds. We furthermore know
(from Theorem 6) that for all t > 0, 3=, ;4 27 /m{ < co. Applying Lemma 27, we see that m’ is
of class C' on [0, 00) for each i € Z?, that

¢
(22) m,=p —|—/ o(t —s)Am'ds
0
and that
(23) g:(I+ZA”/ 5)ds) .
n>1

Lemma 27 also tells us that u; = sup;eza supyg 4(m})’ is locally bounded, which of course implies
that sup;eza supyy  my, is also locally bounded (because mg, = 0 for all i € Z%), and that

t
(24) u < C +/ ot — s)usds.

0
We introduce the martingales, for i € Z?, (we use a tilde for compensation),

Mi // (esmtearn 15, fi p(swazi} T (@502

and observe as usual that [M?, M7]; = 0 when i # j (because these martlngales a.s. never jump at
the same time) while [M?, Ml]t = Z!. We finally introduce U} = Z} —m, the vectors U; = (U});cz4
and My = (M});cze and observe that

t
(25) U= M, + / ot — s)AU 4ds.
0
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Indeed, for every i € Z¢, using Lemma 22 and the equation satisfied by m, we find
t ¢
Ul =M} + / (2d+1)7" Z ot —8)(ZI —mi)ds = M} + / p(t —s)(AU,)ids
0 — 0
J—
Equation (25) can be solved as usual as
(26) U, = Mt +y / "t~ §)A"M ds)
n>1

Finally, we easily check that v; = sup;eza supp  E[|UZ|] is locally bounded (because E[|U/|] <
E[|Z}[]+mi < 2m}) and satisfies (start from (25), use that E[|M}|] < E[[M?, M*),]'/? = E[Z}]'/? =

(mi)V/? < (fotusds)l/Q) and that A is stochastic)

t 1/2 t
(27) vy < (/ usds) +/ o(t — s)vsds.
0 0

Step 2. Here we prove that there is a constant C such that for all i € Z¢, (m?)’ < C (and thus
also m{ < Ct). This follows from (24), which implies that u; < C' + Auy, whence v, < C/(1 — A).

Step 3. For all i € Z%, (ml) ~ (Qap);, whence also mi ~ (Qap);t, as t — oo. Indeed starting

from (23), using the monotone convergence theorem and that fooo " (s)ds = fo o(8)ds)™ = A™,
nAn _ .
tlgrolo(mt) N ((I+ ;A A )IJ)z = (Qan)s-

Step 4. There is a constant C such that for all i € Z%, all t > 0, E[|U}|] < Ct'/2. Indeed, this
follows from (27) and Step 2, which imply that v, < Ct'/2 + Av,, whence v, < Ct'/2/(1 — A).

Step 5. The conclusion follows immediately, writing

Z} U} mi
-t < _t .
EH .~ (Qan)i ] EH } +|7 — (@ani,
which tends to 0 as ¢ — co by Steps 3 and 4. 0

We now turn to the supercritical case.

Proof of Theorem 15. We consider m (not to be confused with m) the unique solution to m; =
ut + fg ©(t — s)msds, where p is the mean value defined by (19). This equation is studied in details
in Lemma 26: with ag and ag defined in the statement, we have mt ~ aoeo‘ot and m} ~ agage®?
as t — oo, as well as T'(t) = 3, o, ©*™(t) ~ (apad/p)e*t and Y(t fo s)ds ~ (agag/p)eot.

Step 1. We adopt the notation introduced in Step 1 of the proof of Theorem 14.

Step 2. Here we check that that there is C such that for all i € Z4, (m})’ < Ce®* (and thus
mi < Ce®?). This follows from (24), which tells us that ut = supzezd (m?)" is locally bounded
and satisfies u; < C + fgcp(t — 8)ugsds. Setting hy = us — fo Jusds, we see that hy is locally
bounded (from above and from below), because u is locally bounded and ¢ is locally integrable.
We furthermore have v = h + u x ¢. Applying Lemma 26-(e), we deduce that u = h+ hxT". But
h is bounded from above by C. Consequently, u < C'+C*I'= C(1+ T), where T was defined in
Lemma 26. The conclusion follows from Lemma 26-(b).

Step 3. We now show that for all i € Z4, (m?)’ ~ (my)’ (whence mi ~ m;) as t — oo. Let us
fix i € Z% and set ri = (m?)’ — (m;)’, which satisfies 7 = p; — p + Y ons1 (A7) fo ©*"(s)ds.
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We know from Lemma 16-(ii) that n, = (A" ) — p tends to 0 as n — co. Consequently, Lemma
26-(d) tells us that e~ 37 ((A™p); fo ©*"(s)ds tends to 0 as t — oo. Hence e~ ®0tri — 0

as t — oo. Using finally that mj ~ aoaoeo“’t as t — oo, we conclude that (m?)'/m} =1+ ri/m} ~
1+ (apap) " te iyt — 1 as desired.

Step 4. Here we check that for every i € Z9, e~ *'E[|U}|] tends to 0 as t — oo. We start from

(26) to write
\Ui| < |M}| + Z/ "t — s)|(A"M);|ds.

n>1
But E[|M[] < E[Z]]'/? = (m})!/? < Ce™!/2 by Step 2 and E[(A"M)7] = 32 ,(A" (i, j))*m] <
Ceot 37,(A" (i, 4))?

t
e R[|U]] < Ce~0t/2 4 Gt Z 571/2/ e (t — 5)60‘05/2ds.

n>1 0

< Ce®te, by Lemma 16-(i), with €, — 0 as n — oo. Consequently,

Lemma 26-(d) allows us to conclude.

Step 5. The conclusion follows, writing

[

aoeaot aoeoc()t

|+ e =1l
age®o?

and using Steps 3, 4, and that m; ~ ape®? by Lemma 26-(a). O

4.2. Study of an impulsion. Here we want to study how an impulsion at time 0 at ¢+ = 0
propagates. To this end, we work under Assumption 13 with y; = 0 for all 4 € Z?, but we assume
that Z° has a jump at time 0. Such a study is of course important: it allows us to measure, in
some sense, the range of the interaction.

We first define precisely the process under study.

Definition 17. We work under Assumption 13-(i)-(ii) and consider a family (7' (dsdz),i € Z%)
of i.i.d. (Ft)i>0-Poisson measures on [0,00) x [0,00) with intensity measure dsdz. We say that a
Jamily (Z})icza 150 of (Ft)i>o0-adapted counting processes is an impulsion Hawkes process if

Viezd, Zi= / / 4 7' (ds dz).
(= ear D[ ol - wdz] + el ga)
Jj—t
As said previously, the term Zj i ¢(8)1j—0y is interpreted as an excitation due to a forced
jump of Z° at time 0: simply rewrite it as 1go_;y 5 @(s — u)du(ds).
The following proposition is easy.

Proposition 18. Adopt the assumptions and notation of Definition 17. There exists a pathwise
unique impulsion Hawkes process (Z})icza >0 such that Y, . B[Z}] < 0o for all t > 0.

Exactly as Theorem 6, this result can be deduced from Massoulié [32, Theorem 2] in the sub-
critical case where [;° ¢(s)ds < 1.

Proof. The proof resembles much that of Theorem 6, so we only sketch it. We start with unique-
ness and thus consider two impulsion Hawkes processes (Z;);cza >0 and (Z);cza >0 such that

Y iczd E[Z} + Z}] < co. We set Al = fg|d(Z§ —Z1)|, 8! = E[A!] and §; = > ieza 64 (which is locally
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bounded by assumption). We may check that 6; < (2d + 1)*1fg > ¢t — 5)dlds exactly as in

the proof of Theorem 6. Summing in ¢ and recalling that each site has 2d + 1 neighbours, we find
0 < fotnp(t — 8)d0sds. Lemma 23-(i) tells us that §; = 0 for all ¢, whence pathwise uniqueness.

Existence follows from a Picard iteration. Let us only check an a priori estimate implying that

> icza BlZ}] < oo for all t > 0. Set m} = E[Z{] and m; = >, .54 m}. A direct computation using

; - ¢ ; t S

Lemma 22 shows that m¢ = (2d +1)7! > isillopt — s)mids + 1gj=0y Jyp(s)ds]. Summing in 4,

we find m; = fotgo(t — s)mgds + fotcp(s)ds. Using Lemma 23-(i), that ¢ is locally integrable (and

that fotgo(s)ds is locally bounded), we deduce that supy, rym: < C(T, ) as desired. O

We next compute the probability of the extinction event. Point 1 is a noticeable property that
makes the result very easy and precise.

Theorem 19. Adopt the assumptions and notation of Definition 17 and consider the impulsion
Hawkes process (Z{); ez 1>0-

1. The process Zy =),y Z} is a scalar impulsion Hawkes process with excitation function ¢.

In other words, (Z)i>0 is a counting process with compensator A, = f(f)\sds, where
t7
M=)+ [ it - sz,
0

2. We introduce the extinction event defined by Qe = {limy_o0 Y ;cp0 Z < 00}. Setting A =
15" e(s)ds, we have (i) Pr(Q) = 0 if A = oo; (ii) Pr(Qe) = exp(—7aA) if A € (1,00), where
va € (0,1) is characterised by yaA + log(1 — yp) = 0; (44) Pr(Q) =1 if A € (0,1].

Of course, we can sometimes use this theorem, by a simple comparison argument, if ¢;; depends
on i, j. For example, to guarantee non-extinction with probability one, it suffices that all the ¢;;
are bounded below by some (2d + 1) "¢ such that [~ ¢(s)ds = occ.

When A € (0,1), a detailed study of the tail distribution of the extinction time is handled by
Brémaud-Nappo-Torrisi [10], for a more general scalar model with marks.

Proof. Point 1 is immediate: the compensator of the counting process (Z;)¢>¢ is

Ay :/O D> (2d+ 1)*1[/

t S—
iezd j—i 0
t

:/OZ

[ / (s — u)dZE + ()1 oy )ds
jGZd

p(s — u)de; + ©(8)1gj=0y]ds

-/ ols) + | ets = wazias

We next prove point 2. It is well-known Folklore that a scalar impulsion Hawkes process can
be related to a Poisson Galton-Watson process with Poisson(A) reproduction law, but we give a
direct proof for the sake of completeness. If A = oo, it suffices to note that Pr(Q.) = Pr(Z- <
00) = Pr(As < 00) < Pr(f;” ¢(s)ds < 0o) = 0. When A < oo, we introduce the martingale, for
v€(0,1), N) = —(Zs — Ay) = —vZ4 —|—’yf0t o(s)ds +"/f0t o(t — 8)Zsds by Lemma 22. We denote
by M; = E(N7)y = e [],,(1 — yAZ,) its Doléans-Dade exponential, see Jacod-Shiryaev [25,
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Chapter 1, Section 4f]. Since Z is a counting process, we see that
t t
M] = exp(’y/ o(s)ds + ’y/ p(t — s)Zsds + log(1 — 'y)Zt).
0 0

If yA+log(1—+) < 0 then M7 is bounded (because *yfg o(s)ds+~ f(f o(t—s)Zsds+log(1—~)Z; <
YA + (yA +log(1 — 7)) Z; < vA), and thus converges in L'. Consequently, E[M7] = 1 and (one
easily verifies, using that Z is non-decreasing, that lim;_, o fot ot — 8)Zsds = AZ )

E[exp(*yA + (log(1 —v) + WA)ZOO)} =1.

But for all = > 0, there is a unique y(z) € (0, 1) such that v(z)A + log(1 — v(z)) = —, whence

E [exp (—xZoo)} = exp(—Avy(x)).
Consequently,

Pr(Q) = Pr(Zs < 00) = Illr(l)l+E[exp(—xZoo)} = exp(—A(04)).
If A € (0,1], we see that v(0+) = 0, so that Pr(Q.) = 1. If now A > 1, v(0+) is the unique solution
in (0,1) to y(04+)A + log(1 — v(0+)) = 0. O

We next study more deeply, in the super-critical case, how the impulsion propagates. Unfortu-
nately, the computations are really tedious: we decided to restrict ourselves to a particular case
(p is an exponential function) where some computations are explicit. We believe that the result
below can be extended to a general class of functions ¢, but a difficult technical lemma is required.

Theorem 20. Work under Assumption 13-(i)-(ii), with p(t) = ae™", for some a > b > 0.
Consider the impulsion Hawkes process (Z})ieza y>0. Since fooo o(s)ds = a/b > 1, we know from
Theorem 19 that Pr(§.) € (0,1). We set cg = a —b (for which L,(cw) = 1) and we recall that the
Gaussian density p:(x) is defined by (21).

(i) There are some constants C > 0 and to > 0 and a random variable H > 0 such that for all
i€ Z% allt>tg,
Ceaot

E[|Zi — Hpa(De™'|] < s

/
(ii) For all x € R, td/Qe_aotZthtl R Hp,(x) in probability as t — oo. Here, we define the
“integer part” |y| of y = (y1,...,94) € R, by |y] = (ly1), ..., |va]) € Z.

(iii) The random variable H is positive on the event QC.
(iv) Actually, H = limy_,oc e~ Y. 00 Z} and H = limy o0 (4t /(2d + 1))4/2e=0t Z0 in L.
This result describes quite precisely how an impulsion propagates. Conditional on non extinc-

tion, the process (Z});cza resembles a Gaussian profile, with height t=4/2 et and radius V%, for
some positive random variable H.

Compared to the previous result (Theorem 15), the growth is only very slightly slower: a single
impulsion at the site 0 produces a growth in t~%2e®? while we have e®* when all the sites are
regularly excited (as is e.g. the case when p; = 1 for all 7).

It is important to note that, even if the growth “near 0” of the process is very fast (exponential),
the spatial propagation is quite slow (of order v/%).
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Since H = limy_,o0 e~ Z;, where Z; := ZieZd Zf is nothing but a scalar impulsion Hawkes
process by Theorem 19, much more information on the distribution of H can be found in the
papers by Hawkes [18] and Lewis [30]. See also the work of Torrisi and Leonardi [44] for related
modelling purposes.

It is likely that these results could be proved for more general functions . Since we assume
that ¢ is an exponential function, the couple (Hawkes process, intensity process) is actually a
Markov process. See Oakes, [33] in the scalar case. But we do absolutely not use the Markov
property. What we use is that in Lemma 21 below, many explicit computations are possible, that
considerably simplifies the study.

We start with some preliminary computations.

Lemma 21. Adopt the notation and assumptions of Theorem 20. Introduce also, for i € Z¢ and
t>0,T(it) = Zn21 A™(0,1)*" ().

(i) For alln > 1, allt >0, o*(t) = (at)" " te % /(n — 1)\

(i4) For all t >0, 3, 50 T(i,t) = e’

(ii) There is C' such that for all t >0, >, ,a |i]*T(i,t) < C(1 + t)e?.

(iv) There are some constants C' and tg > 0 such that for all t > to, all i € 74,

Clexot
. t
(28) |F Z,t pt( €0|_m,
CeXot
apt
(29) |/ sts—fpt( | < s

Proof. Point (i) is well-known and can be checked recursively. Using that A™ is a stochastic matrix,
we see that ), ;. ['(4,t) = > -, ¢*"(t). Hence (ii) follows from (i).

Next, we recall that A is the transition matrix of a symmetric random walk on Z¢ (with bounded
jumps), so that there is a constant C' such that for all n > 0, 3=, ;4 [i{|*A™(0,i) < Cn (its variance
at time n is of order n). Consequently,

D OIiPTG ) < C Y net Z "l oy GO Y (at)"ﬂe*bt]
o i n—l B (n—1)! (n—2)1 &

i€Z4 n>1 n>1 n>1

This is easily computed: it gives Ce®![1 + at].

Point (iv) is more complicated. First, we need the Gaussian approximation of A™(0,%) given by
(20). We will also need the following result, which can be found e.g. in [14, Lemma 9-(d)] (plus the
fact that for z € (0,1), (z+1)log(x+1) —x > 22/4): for any A > 0, for X a Poisson(\)-distributed
random variable, for any x € (0, 1),

(30) Pr(|X — Al > A\z) < 2exp(—Az?/4).

We now turn to our problem. Observing that Y. ., ¢*"(t) = e’ we write

= |T(i,t) = par(i a‘”l-‘Zcp J(A™(0,) — par(i))|-

n>1
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We now assume that ¢ is large enough so that p;/,(i) < 1 for all 7 and we write

(i,0) <D @ OL (1) -ati>@tr5y + 2 " OL 1) -at<(anz/s) | A (0,) = pu(i)]

n>1 n>1
+ 2 O (1) ati<(an/5y [P (E) = Par (D)
n>1
First, using point (i) and (30) (with A\ = at and x = (at)~'/?), we see that (if ¢ is large enough so
that at > 1)

n—1

) <€a°t26_at 1 HIm=D—atl> at)2r0) < 2€
n>1

aot ,—(at)/? /4.

We next use (20) and assume that t is large enough so that |(n—1) —at| < (at)*/3 implies n > at/2:
A2(Z t <CZTL (d+2)/2 *n( )1{|(n 1) at|<(at)2/5} < C(at) (d+2)/2 Zw < o (d+2) /2 ot

n>1 n>1

Finally, we observe that |0;p; ()| < Ct~%?71 so that, if ¢ is sufficiently large, |(n—1)—at| < (at)?/3
implies |py, (i) — pae(i)| < Ct~42=1/3. Consequently,

Ag(i,t) < Ct_d/2_1/3 Z (p*n(t) < Ct_d/2_1/36a0t.

n>1
We have proved that there are C' and t, such that for all ¢ > t¢, all i € Z¢,
|F(l,t pat a0t| < 20t o —(at)1/3/4+ct (d+2)/2 a0t+Ct d/2— 1/3 apt < Ct™ d/2— 1/3 aot

which is (28).

It remains to deduce (29) from (28). We write

a(t, i) :‘/Otr(iﬂ s)ds — pat(i)ea()t/ao’

i—t/
S/
0

t t
+ / |pa5(i)ea03 - pat(i)ea(’slds —I-pat(i)‘ / ) e*%ds — ea"t/a0|
t—t1/2

First, point (ii) implies that

oo [ I009) = pan(le s

t—t1/2

8y (t,1) < / e™3ds < Ce®o(t=t""")
0
Next, (28) tells us, if ¢ is sufficiently large (so that ¢t — t'/2 >ty and t — t1/2 > t/2), that
Jz(t,l) - O/t y Sid/Zfl/Seaost < thd/271/36aot.
¢
Recalling that [9yp;(x)| < Ct=%271 we get (still for ¢ large enough so that ¢ — t1/2 > ¢/2)

t
Is(t,1) < C'/ sTU2T (¢t — g)e0%ds < Ot U/21/ 20t
t—t1/2
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Finally, if ¢ is suffiently large, we can bound p. (i) by 1 (for all 7), whence
5a(t,1) < oz oot — aolt=t1) _ gant] < coaalt—t%),

All in all, we have proved that for all ¢ large enough, all i € Z¢,
t
‘/ F(us)ds —pat(i)eaot/ao < Ceao(t—tlﬂ) + Ct_d/2_l/3€a0t + Ct_d/2_l/2€a0t < Ct—d/2—1/36aot
0
as desired. O

We finally can give the
Proof of Theorem 20. We divide the proof in several steps.

Step 1. As usual, we write

Z; = // @i 5, . [fim elsmwiZito(s) o]} (35 92);

we set m} = E[Z}] and m; = (m});cza. A simple computation, using Lemma 22, shows that

¢
mi = / (2d+ 1)~ Z o(t — s)mlds + Loy (2d + 1)~ /0 p(s)ds.

0 ']*)Z

Using the vector formalism and introducing d = (0;);cz¢ defined by §; = 1y—g), this rewrites
my = (A(S)fggo(s)ds + fggo(t — 5)(Amy)ds. Differentiating this formula (see Lemma 27 for the
justification of a very similar differentiation), we find m; = (A4d)p(t) + foga (t — s)Am!ds, which
can be solved as (see Lemma 27 again) mj =}, -, ¢*"(t)A"4. Hence for all i € Z4,

(31) (mi)' = A™(0,0)0™"(t)

We introduce the martingales, for i € Z?, (we use a tilde for compensation),

M} = _ ~i
/ / z< (2d+1)=1 32, [f07 (s— u)dZi—i—ap(s)l{j:O}} }7‘(’ (dS dZ)

and observe as usual that [M?, M7], = 0 when i # j (because these martingales a.s. never jump
at the same time) while [M?, M?], = Z}. We will use several times that for any family (o;);cz4,

(32) Z aZMZ Z a?mi,
€24 €2

We finally introduce U} = Z} — mi, the vectors U; = (U});cze and My = (M});cze and observe,
exactly as in the proof of Theorem 14-Step 1, that U; = M, + Af(fgp(t — 5)U4ds, whence U, =

(Mt + D01 A"ft *( s)Msds) and thus, for all i € Z9,

(33) Zi = mt+Ml+ZZ/ "t — $)A™(i, j)MIds = mi + M} + W},
jezdn>1

the last equality defining W}.
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Step 2. Here we treat the terms mi, M/, and collect a few more information. Recall that
D(t,i) = 3,5, A"(0,1)p*"(t). Starting from (31), we see that m{ = fot I'(i, s)ds and deduce from
Lemma 21-(iv) that there are C' and to > 0 such that for all i € Z¢, all t > ¢,

1 . Ce®ot
|mj — Ojopat(Z)e“Otl < rICESYES

Next, Lemma 21-(ii)-(iii) imply that 3,50 mi = [} e®%ds < Ce®t and 3,y |i>mi < C [7(1 +
s)e*3ds < C(1+ t)e®!. Finally, we observe that

, . N1/2
E[M] < ()" < (3 mi) < cenr
jezd
Step 8. We introduce
X = Z / e MIds
jeza”O
and show that there are C' > 0 and ty > 0 such that for all i € Z%, all t > t,

Ceaot

E[[W; = par(i)e™ X|) < i

We observe that since A™(i,j) = A™(0,i — j), it holds that W} = > jezd fot (i —j,t —s)Mids.
We also introduce the auxiliary processes

) $1/2
W= / (i — j,t— s)Mids,
jezd 0
$1/2
W= / Pa(t—s)(i — §)e™ =) Mds,
jezd 0
$1/2
=S [ et
jezd’0

Step 3.1. Here we show that E[|[W} — WiH < Cexp(agt — (ap/2)t'/?). By definition of T’ and
using (32),

BIW Wil < [ Yot —sBl X 4 s

> jEezZ
t
< / STt —s)( 3 (A", §))2mi) s,
12> jend

Using that A™(i,j) is bounded by 1 and that ZieZd mi < Ce® (see Step 2), we see that
> ieza(A™(i,§))?m] < Ce*0*/2. Next, the explicit expression of ¢*" (see Lemma 21-(i)) gives
an e (t—s) = e (t=3)  We finally find

, t
E[|W; — W] < C’/ e@0(t=s)ga0s/2 ¢ < Ce@ote—aot'/?/2.

$1/2
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Step 8.2. We next check that E[[W, — W{|] < Ct=4/2=1/3¢™t_ Using (32), we get
t1/2 . ,1/2
[ Z m? (F(z — Jyt = 8) = Pa(t—s)(i — j)ea"(t_s)) ] ds.

JEZ

Using Lemma 21-(iv), [T'(i — j,t — 5) — pa(t—s)(i — §)eot=9)| < Ot — s) =427 1/3ex0(t=9) if t —
is large enough (which is the case for all s € [0,£'/2] if ¢ is large enough). Since furthermore
> iezami < Ce™t (see Step 2), we find

B[ — W] < /

1172

E[T — Wi[] <Ceoot / (t — 5)~4/2-1/3g=00s/2qg
0
For ¢ large enough, we clearly have (t — s)~%/2=1/3 < 2¢=4/2=1/3 for all s € [0,t'/?], whence
, . 11/2
]EHW; _ WtiH SCt_d/Q_l/geaot/ e—aos/st < Ct_d/2_1/3€a0t.
0

Step 3.3. We now prove that E[|W; — Wﬂ] < Ct=#2=1/2¢0t | Ag usual, we start with

11/2 . A 1/2
(3 i (Pate = ) = parl@))?) e ds,
jezd
But an easy computation (using that |9;p;(z)] < Ct~42~1 and |V,p(x)| < Ct=%2~1/2) shows
that for all t > 0, all h € (0,t/2), all z,y € RY, |pr_pn(x — y) — pe(x)| < Cht=4/2=1 4 |y|t=4/2=1/2,
Hence if ¢ is large enough so that ¢t — t'/2 > t/2, we can write

E[[W; - Wi < /

1/2

11/2
E[[W; - W] <C / (D2 mi (st 4 |l /271/2)7) T eenlt=) g
jezd
11/2 \1/2
SCt_d/2_1/2/ (Z mfg) e®0(t=5) jg
0 jezd
£1/2 R
+ crd/zfl/z/o (D 1iPmi) eret=)ds.
jezs
Finally, we know from Step 2 that 3, ;am] + 3,z |j[Pm] < C(1 4 s)e®®, whence
£1/2
E“Wtz - WtZH Sthd/Qfl/Q/ (1 + 8)1/26a05/26a0(t75)d8 < thd/271/26aot.
0

Step 5.4 We finally verify that E[[W¢ — pas(i)e®0t X|] < Ce®t=(20/2t"* e note that

¢
Wi — par(i)e™t X = pay(i)e?t Z / e~ MIds.
jeza /t?
For ¢ large enough (not depending on 4), we can bound p.:(i) by 1. Hence, we infer from (32) and
the fact that 3,7 mI < Ce** that

t

E[|[W} — pai(i)e™ X|] <Ce* /

t1/2

oo
_ \1/2 _
e a"s( g mi) / dsSC’ea"t/ e O‘OS/st,
jezd B/

from which the conclusion follows.
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Step 3.5. Gathering Steps 3.1 to 3.4, we conclude that indeed, there are C' > 0 and ¢g > 0 such
that for all t > tg, all i € Z%, B[|W} — pas(i)e®t X|] < Cevott—d/2-1/3,

Step 4. Define the random variable H = aal + X. Recall (33) and write Z} — pqi(i)e®'H =
[mi — ag ' par(i)e®t] + M} + [W} — pas(i)e®0 X]. Gathering Steps 2 and 3, we see that there are
C > 0 and to > 0 such that for all t > ¢y, all i € Z%,

. Cleot Cleot
i A\ ot aopt/2
E[|Z; pat(Z)eOHHStd/QH/g—FCeO Std/2+1/3'
To prove that H is nonnegative, it suffices to use the above inequality with ¢ = 0, divided

by par(0)e®t. Recalling that pa;(0) = ct~%? for some constant ¢, we deduce that E[|H —
Z0e=t p,;(0)]] < Ct=/3. Consequently, H is the limit (in L) of ZPe= ! /p,;(0), and is thus
nonnegative. This ends the proof of (i).

Step 5. We now check (ii), which follows from (i): for z € R?, and t > t,

Y Hpa(ﬂc)H Std/Qe_a"tEHZthtl/zJ — HeaOtpat(thl/Qj)H

+E[H][t?par (212 ]) = pa(@)].

The first term on the RHS is bounded, by (i), by Ct~'/2, which tends to 0 as t — co. The second
term also tends to 0, simply because

192 par (L2 ]) = po (t7V2|2tY/2]) = palz) ast — oo.

E[[td/2e- ot 7[*

Step 6. Tt remains to prove (iii) and (iv). The fact that H = lim;_, . (47t/(2d + 1))/ 2e=0t 70
in L' follows from point (i) with i = 0. Next note that H = lim;_,o, e~ “'Z; in L!, where
Zy = iez4 Zi. Indeed, recalling (33)

Zi= Y i Y0+ Y i
iezd iezd iezd
We have Y, ;0 mi = fotea“sds = ag'[e®! — 1] by Step 2, (32) implies that E[(}", 5. M})?] =
> iezamy and finally >, ;o W} = e®o! fot e~ 3" o Mids, therefore e~*'Z, converges to ag ' +
0+ X =H ast— oo in L'. We also note that E[H] = ay* > 0 since E[X] = 0.

Next, we recall that by Theorem 19-(i), (Z;):>0 is a scalar impulsion Hawkes process: its
compensator is given by A; = fot [o(s) + [3 ¢(s —u)dZ,]ds. We claim that (Z;);>0 has the same
law as (Zt)tzo built as follows:

e consider a Poisson process (IV;);>o with intensity ¢(t)dt, observe that N, is Poisson(A)-
distributed, denote by 0 < Ty < --- < Ty_ its times of jump (we adopt the convention that
T; = oo for i > N),

e consider an i.i.d. family (ZF);>0 of scalar impulsion Hawkes process with same law as (Z;);>0,

[ ] pU.t Zt = Nt + Zz]\;o; Ztkak]‘{tZTk}'
Indeed, (Zt)tgo is a counting process with compensator
t (s—Tk)— 5 t s— B
J e+ S tenee-to+ [ we-Ti-uwazblds= [le)+ [ els—wizas
i>1

We define H = limy_, o, e~ Z, and, for each k > 1, Hj, = limy_,o, e~ **Z¥. We obviously have
H = ZQ’;"& e~k [;.. Denoting by p = Pr(H = 0) (which also equals Pr(H = 0) and Pr(Hy = 0)
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for all £ > 1), we deduce by independence of the family (ﬁk)kzh that p =" o, Pr(Ne = n)p".
Hence p =3}, e MA"p" /n! = e=20-P) | Since E[H] > 0, we cannot have p = 1. Hence p is the
unique solution in (0,1) to p = e~ 2(17P), Recalling that Pr(Q.) = exp(—yaA) where y5 € (0,1) is
characterised by yaA + log(1 — o) = 0 by Theorem 19-2-(ii), we easily check that p = Pr(Q,).

By definition of H, we have 2. C {H = 0}. Since Pr(Q2.) = Pr(H = 0) we conclude that a.s.,
H > 0on Q. O

5. APPENDIX: CONVOLUTION EQUATIONS

We collect here some technical results about convolution equations. We start with an identity
of constant use in the paper.

Lemma 22. Let ¢ : [0,00) — R be locally integrable and let « : [0,00) — R have finite variations
on compact intervals and satisfy a(0) = 0. Then for all t > 0,

/Ot /OS_ ¢(s —u)da(u)ds = /075 /OS (s —u)da(u)ds = /075 B(t — s)a(s)ds

Proof. First, we clearly have that fos_ s — u)da(u) = fo s — u)da(u) for almost every s > 0,
whence fg‘ Iy~ ¢(s — u)da(u)ds = fo s (s — u)da(u)ds. Using twice the Fubini theorem,

/ /¢5*Ud04( ds/t /qbs—uds do(u)
= [([ " sw)iatw
:/Ot (/Otv da(u))qS(v)dv
- [t~ votia,
0
from which the conclusion follows, using the substitution s =t — v. O

We carry on with a generalized Gronwall-Picard lemma, which is more or less standard.

Lemma 23. Let ¢ : [0,00) — [0, 00) be locally integrable and g : [0, 00) — [0, 00) be locally bounded.

(i) Consider a locally bounded nonnegative function u such that for allt >0, uy < g + fgqﬁ(t —

s)usds for all t > 0. Then supj 7 ur < Crsupy 1y gi, for some constant Cr depending only on
T >0 and ¢.

(i) Consider a sequence of locally bounded nonnegative functions u™ such that for all t > 0, all
n >0, uptt < fg¢(t — s)ugds. Then supy 11,50 uy < Cr, for some constant Ct depending
only on T > 0, u° and ¢.

(iii) Consider a sequence of locally bounded nonnegative functions u™ such that for all t > 0,
alln >0, u™ < g, + fg(b(t — s)ugds. Then for all T > 0, supjy ) sup,>ou; < Cr, for some
constant Cp depending only on T > 0, u°, g and .
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Proof. We start with point (i). Fix T' > 0 and consider A > 0 such that fo (8)1{p(s)>ards < 1/2.
Then for all ¢t € [0, T7,

t

¢ t
uy < gy + /0 Lig(t—s)<ar@(t — s)usds + /0 1ig(t—s)>a10(t — s)usds < gy + A/O usds + ?(1)1}}) ug/2.

from which we deduce that supjq  us < 2supyg ) gs + 24 fot usds. We then can apply the standard

Grénwall Lemma to get supjg 7y us < 2(supjo gs)e2AT.

To check point (iii), put vf* = sup,_, , uf. One easily checks that for all n > 0, vj" <
ud + g + fotgb(t — s)vitds. By point (i), supjy 7 vf < Crsupyg 7y(g: + u7). Letting n increase to
infinity concludes the proof.

Point (ii) follows from point (iii), since v} = >_7_, uf satisfies vy ™! < uf + fo o(t—s)vds. O

We next prove an easy well-posedness result for a general convolution equation.

Lemma 24. Let h: R+ [0,00) be Lipschitz-continuous and ¢ : [0,00) — R be locally integrable.
The equation

(34) my = /Ot h(/os ¢(s — u)dmy,)ds

has a unique non-decreasing locally bounded solution. Furthermore, m is of class C* on [0, 00).

If h(z) = p+ x for some p > 0 and if ¢ is nonnegative, Equation (34) rewrites as

t
(35) my = pt —|—/ o(t — s)mgds.
0

Proof. Let m and m be two such solutions. Since h is Lipschitz-continuous,

v = / A — )| < c/d/ (s — W)l dlmy, — )| = C/Ot p(t — vy,

The last inequality follows from Lemma 22. Lemma 23-(i) allows us to conclude that v; = 0 for all
t > 0 (because vy < my + 1y is locally bounded), whence m; = m; for all t > 0. For the existence,

we consider the sequence of non-decreasing functions m9 = 0 and m? ™ = fot h( fos o(s— u)dm{j)ds
for every n > 0. We easily check that m?™! < h(0)t + \h|lipf0 lo(t — u)|mydu, so that sup,,>qmy
is locally bounded by Lemma 23-(iii). Setting, for n > 0, 6" = f5|d(mﬁ+1 —m™)|, one readily gets
sptt < \h|lipf0t\<p(s — u)[dydu for all n > 0. Lemma 23-(ii) thus implies that > ., d;" < co. All
this classically implies the existence of a locally bounded non-decreasing m such that for all ¢ > 0,
lim,, fot|d(mu —mM)| = 0. Checking that m solves (34) is routine.
To prove that m is C!, we use the previous Picard Iteration. One easily sees, by induction, that
™ is O for all n > 0 and that (m} )" = h( f0<p (t—u)(m?) du) (indeed, t — fotgo(t—u)(mZ)'du =
fogo (mf_,,) du is continuous because ¢ is locally integrable and because (m}')’ is continuous by

the inductive assumption). Next, a direct computation shows that |(m} ')’ — (m})| < Cfg|go(t =
w)|[(m?) — (m7~1)|du. Using Lemma 23-(ii), we deduce that the sequence (m™)’ is Cauchy (for
the uniform convergence on compact time intervals). The conclusion classically follows.

The equivalence between (34) and (35) in the linear case directly follows from Lemma 22. O
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We now investigate the large-time behaviour of m; in the linear case. We start with the sub-
critical case.

Lemma 25. Consider ;1> 0 and a function ¢ : (0,00) — [0,00) such that A = [~ ¢(s)ds < 1. By
Lemma 24, (35) has a unique non-decreasing locally bounded solution (my)>o, whzeh is furthermore
of class C. It holds that m} ~ ag and m; ~ agt as t — oo, where ag = /(1 — A) > 0.

Proof. We rather use (34), which writes m; = ut + fot [y (s — uw)ym/,duds. Differentiating this
expression, we find m;, = p + fotgo(t — s)myds. We first introduce u; = supjy ,m,. We have
up < p+ Auy, whence uy < p/(1 — A) for all ¢ > 0 and thus limsup,_, . m; < p/(1 —A). We
next introduce vt = infs>, m/, which is non-decreasing and thus has a limit ¢ € (0, 00]. We have
Vg > V2 fo s)ds — p+ Al ast — oo. Consequently > u+ AL, whence ¢ > p/(1—A) and
finally lim mftﬁoo mt 2 u1/(1—A). All this proves that m} ~ ao and this implies that m; ~ agt. O

We now turn to the supercritical case.

Lemma 26. Consider pn > 0 and a function ¢ : [0,00) — [0,00) such that A = [ ¢(s)ds €
(1,00]. By Lemma 24, (35) has a unique non-decreasing locally bounded solution (my)¢>0, which

is of class C'. Assume furthermore that t — f(f|dap(s)\ has at most polynomial growth. Let
()= anl ©*"(t) and YT(t fo

(a) There is a unique ag > 0 such that L,(ag) = 1. The function T' is locally bounded. Setting
ag = pog (37 t(t)e=otdt) =1, we have, as t — oo,

D(t) ~ (apad/p)e®t,  Y(t) ~ (apan/p)e™",  my ~ age®™’, m; ~ agane™”

(b) There are some constants 0 < ¢ < C such that for all t > 0, ce®® < T(t) +1 < Ce*?,
ce®t < T(t) +1 < Cet | ce®t <my + 1 < Ce®?t and ce®t < m) +1 < Ceot,

(¢) We also have

t T(t — 2
lim (M — %e_aos) m.ds = 0.
0

t— 00 my n

(d) C’onsider a real sequence (nn)n>1 such that lim,, o 1, = 0. Then we have the property that
limy o0 of Zn>1 nnft *n - aos/2d$ = 0.

(e) For any pair of locally bounded functions u,h : (0,00) — R such that u = h + u* ¢, there
holds u=h+h*T.

Proof. We easily deduce from our assumptions on ¢ that there is some constants C' > 0, p > 0
such that for all t > 0, p(t) < C(1 4 t)P (in particular, ¢ is locally bounded). Hence its Laplace
transform is clearly well defined on (0, 00), of class C*°, and limy— 00 Ly(a) = 0. Furthermore,

= J37 @(t)dt € (1,00]. Hence, there indeed exists a unique ag > 0 such that L, () = 1.
We now divide the proof into several steps.

Step 1. We first prove that T' is locally bounded. To this end, we introduce I';, = >}, ©*F(t)
and observe that I',;1 = ¢ + '), x . Since ¢ is locally bounded, Lemma 23-(iii) allows us to
conclude that sup,, I';, is locally bounded, whence the result.

Step 2. Here we prove (e). Since h is locally bounded and since ¢ is locally integrable, we easily
deduce from Lemma 23-(i) that the equation v = h + v x ¢ (with unknown v) has at most one
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locally bounded solution. Since both w and h + hxI" are locally bounded solutions, the conclusion
follows.

Step 3. The aim of this step is to verify that T'(t) ~ (apad/p)e“! as t — oo. Observe that T
solves I' = ¢ + ' x p and introduce u(t) = T(t)e~*! and f(t) = p(t)e~*t. One easily checks that
u=f+uxf. We now apply Theorem 4 of Feller [13]. We have fo t)dt =1 by definition of
ag. We set by = fo tf(t) fo to(t)e~otdt and by = fo t2f( fo t2¢(t)e~otdt, which
clearly both converge, since cp( ) < C(1+t)P. Finally, it is not dlﬂicult to check that f(t ), tf(t)
and t2f(t) have a bounded total variation on [0,00) since we have assumed that t — fot|d<p(s)|
has at most polynomial growth. Thus Feller [13, Theorem 4] tells us that u(t) — 1/b; as t — oo,
which gives I'(t) ~ e*!/b;. This ends the proof, since 1/b; = apa/p by definition of ag.

Step 4. We now conclude the proof of (a) and (b). Recall that m; = ,ut—i—fot Iy (s —u)m!,duds,
so that m’ = p+ ¢ xm’. Applying (e), we deduce that m’ = p+ p+I' = u(1 4+ T). By Step 3,
we know that T'(t) ~ (agad/u)e®? as t — oo. This obviously implies that YT(t) ~ (agag/p)e*?,
whence mj ~ agape®’ and finally m; = fot mlds ~ ape®t. Finally, (b) directly follows from (a)

and the facts that I', T, m and m’ are nonnegative and locally bounded.

Step 5. Point (d) is not very difficult: using that ¢(t) < C(1 + t)P, we see that ¢*"(t) <
Cn(1 4+ t)Pr for some constants C,, > 0 and p,, > 0. We next introduce &5 = sup,,> [7,], which
decreases to 0 as k — oo, and write, for any k > 1,

hmbupe O‘“tzmn/ — 5)e**/2 s <hmsupe aotZ\nM/ Co(t — s)Pre®0s/2(s
n>1
+ e limsup e~ “° Z / O‘OS/ZdS.
t—o0 n=k+1

The first term on the RHS is of course 0 (for any fixed k). We can bound the second one, using
(b)7 by

¢ ¢
€ lim sup e_aot/ [(t — 5)e®*/2ds < Cey, limsup e_aot/ e@0(t=8)ga0s/2 (g < gy
0 0

t—o0 t—o0
Letting k tend to infinity concludes the proof.

Step 6. Tt only remains to check point (¢). We use the Lebesgue dominated convergence theorem.
Define hY, = (Y(t — s)/ms — cpe™ % /p)?m/,1{5<;. We have to prove that lim; o [ hids = 0.
First, it is obvious from (a) that for s > 0 fixed, lim;_,o, h% = 0. Next, we use (b) to write (for ¢
large enough so that m; > ce®?) hl < C(e=*0%)2e*% < Ce=*% which does not depend on ¢ and
is integrable on (0, 00). O

We next consider briefly a vector convolution equation.

Lemma 27. Consider a family p = (p;);eze of real numbers such that 0 < p; < C for all
i € 2, the stochastic matriz (A(i,])); jeza defined by (17), and a locally integrable function ¢ :

(0,00) — [0,00). The equation m; = pt + fogo (t — s)Amds with unknown m = (m});>o. iezd
has a unique solution such that for all t > 0, > ;427 lé |bup[0 4 mt < oco. Furthermore, m' is
of class C* on [0,00) for all i € Z%, and it holds that m, = p + f0<p (t — s)Am/lds and m} =
(I +D 01 A"fo ©*" (s ds) . Finally, u; = sup;eza supyg 4 (m})’ is finite for all t > 0 and it holds

that u, < C + fogo (t — s)usds.
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Proof. We proceed in a few steps.

Step 1. We first note that for any vector = (z;);ezq, it holds that . ;. 2-1|(Ax);| <
2 iz 2~ Iil|2;]. This easily follows from the explicit form of A.

Step 2. We next check uniqueness. Consider two solutions m and m satisfying the required
condition and put hy = 37,4 271" Sup|g 4 Imj —mji|. We have hy <3, 74 2"i|f0tcp(t—s)|(A(ms -
ms);|ds. Using Step 1, we deduce that h; < 2f0t<p(t — $)hsds and thus hy = 0 by Lemma 23-(i).

Step 3. We define m} = (I + D1 A”fotcp*”(s)ds)u. Using that A is stochastic and that p
is bounded (by C), we easily deduce that for all i € Z%, (mi) < C(1 + D>t Otga*”(s)ds). This
function is locally bounded because ¢ is locally integrable: use that Yy (t) = Zl;:l f(fgo*"(s)ds

satisfies Tp(t) < fotga(s)ds + f(fga(t — $)Y(s)ds and use Lemma 23-(iii), which provides a uniform

(in k) bound. Consequently, u; = sup;eza supjy (my%)’ is finite for all ¢ > 0. Similar arguments

S
show that (mj)" is continuous on [0, 00), because |(m{, ;)" — (m})| < CY, 5, tt+h ©*"(s)ds.

Step 4. A straightforward consequence of the definition of m) is that it solves m} = p +
fg p(t — s)Am/ds. Using that A is stochastic and that p is bounded, we immediately deduce that
up < C+ fggo(t — s)usds. We finally define, for each i € Z%, m! = fot(mi)’ds. Integrating the
equation satisfied by m’ and using Lemma 22, we find that m = (m});cz4 +>¢ is indeed a solution

to my = put + fggo(t — 5)Amgds. It only remains to check that ), ;. 21l Sup[o,4 mé < oo for all
t > 0, but this obviously follows from the facts that u; is locally bounded and that mgy = 0. 0
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