N

HAL

open science

Plates with incompatible prestrain of high order

Marta Lewicka, Annie Raoult, Diego Ricciotti

» To cite this version:

Marta Lewicka, Annie Raoult, Diego Ricciotti. Plates with incompatible prestrain of high order.
Annales de I'Institut Henri Poincaré, 2017, 34, pp.1883-1912. 10.1016/j.anihpc.2017.01.003 . hal-

01138338

HAL Id: hal-01138338
https://hal.science/hal-01138338

Submitted on 1 Apr 2015

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01138338
https://hal.archives-ouvertes.fr

PLATES WITH INCOMPATIBLE PRESTRAIN OF HIGHER ORDER

MARTA LEWICKA, ANNIE RAOULT, AND DIEGO RICCIOTTI

ABSTRACT. We study the effective elastic behaviour of the incompatibly prestrained thin
plates, characterized by a Riemann metric G on the reference configuration. We assume
that the prestrain is “weak”, i.e. it induces scaling of the incompatible elastic energy E" of
order less than h? in terms of the plate’s thickness h.

We essentially prove two results. First, we establish the I'-limit of the scaled energies
h~*E"™ and show that it consists of a von Kdrmén-like energy, given in terms of the first order
infinitesimal isometries and of the admissible strains on the surface isometrically immersing
Gaxz (ie. the prestrain metric on the midplate) in R®. Second, we prove that in the scaling
regime E" ~ h® with 8 > 2, there is no other limiting theory: if infh 2E" — 0 then
inf E" < Ch*, and if inf h™*E" — 0 then G is realizable and hence min E* = 0 for every h.
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1. INTRODUCTION

The purpose of this paper is to study effective elastic behaviour of the incompatibly pre-
stressed thin plates Q. characterized by a Riemann metric G given on their reference con-
figuration. The incompatibility is measured through the energy E” given below (sometimes
called the “non-Euclidean” elastic energy).
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We will be concerned with the regime of curvatures of G which yields the incompatibility
rate of order higher than h?, in plate’s thickness h. Indeed, in paper [6] we analyzed the
scaling inf E" ~ h? and proved that it only occurs when the metric Gayxs on the mid-plate
can be isometrically immersed in R? with the regularity W22 and when, at the same time,
the three appropriate Riemann curvatures of G do not vanish identically (for details, see
below). The relevant residual theory, obtained through I'-convergence, yielded a bending
Kirchhoff-like residual energy.

In the present paper we assume that:

(1.1) h=2inf E" — 0

and prove that the only nontrivial residual theory in this regime is a von Karmén-like energy,
valid when inf E" ~ h*. It further turns out that this scaling is automatically implied by (1.1)
and inf B # 0. Indeed, we show that if (1.1) then A~*inf E* < C, and that h=*inf E" — 0
if and only if G is immersible whereas trivially min E* = 0 for all h.

This scale separation is contrary to the findings of [29] valid in the Euclidean case of
G = 1ds, where the residual energies are driven by presence of applied forces f* ~ h®. In
that context, three distinct limiting theories have been obtained for E" ~ h? with 8 > 2
(equivalently o > 2). Namely: 5 € (2,4) corresponded to the linearized Kirchhoff (nonlinear
bending) model subject to a nonlinear constraint on the displacements, S = 4 to the classical
von Karmén model, and 5 > 4 to the linear elasticity. The present results are also contrary
to the higher order hierarchy of scalings and of the resulting elastic theories of shells, as
derived by an asymptotic calculus in [45]. The difference is due to the fact that while the
magnitude of external forces is adjustable at will, it seems not to be the case for the interior
mechanism of a given metric G which does not depend on h. In fact, it is the curvature
tensor of G that induces the nontrivial stresses in the thin film. The Riemann tensor of
a three-dimensional metric has only six independent components, namely the six sectional
curvatures created out of the three principal directions, which further fall into two categories:
including or excluding the thin direction variable. The simultaneous vanishing of curvatures
in each of such categories correspond to the two scenarios at hand in terms of the scaling of
the residual energy.

1.1. Some background in dimension reduction for thin structures. Early attempts
for replacing the three-dimensional model of a thin elastic structure with planar mid-surface
at rest, by a two-dimensional model, were based on a prior: simplifying assumptions on the
deformations and on the stresses. Later, the natural idea of using the thickness as a small
parameter and of establishing a limit model was largely explored; we refer in particular to
the works by Ciarlet and Destuynder who set the method in the appropriate framework of
the weak formulation of the boundary value problems [12, 13], proved convergence to the
linear plate model [23] in the context of linearized elasticity, and obtained formally the von
Karmén plate model from finite elasticity [9]. See also [55, 56] for the time-dependent case
and convergence results, and [10] for a comprehensive list of references.

The issue of deriving two-dimensional models valid for large deformations, by means of an
asymptotic formalism, was subsequently tackled by Fox, Simo and the second author in [26].
They showed, in the context of the Saint Venant-Kirchhoff materials subject to appropriate
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boundary conditions, how to recover a hierarchy of four models. This hierarchy, driven by
the order of magnitude of the applied loads, consisted of: the nonlinear membrane model, the
inextensional bending model, the von Karman model and the linear plate model. The models
thus obtained still required a justification through rigorous convergence results. In [34], Le
Dret and the second author used the variational point of view and proved I'-convergence
of the three-dimensional elastic energies to a nonlinear membrane energy, valid for loads of
magnitude of order 1. We remark that the expression of the limiting stored energy therein
consisted of quasiconvexification of the three-dimensional energy, first minimized with respect
to the normal stretches. This allowed to recover the degeneracy under compression; a feature
that is otherwise missed by formal expansions. We further mention that for 3d— 1d reduction
a similar point of view had been introduced by Acerbi, Buttazzo and Percivale in [1].

A key-point for deriving rigorously the above mentioned nonlinear bending model has been
the geometric rigidity result due to Friesecke, James and Miiller [28]. In the similar spirit, the
same authors justified the von Karman model, the linear model [29] and also they introduced
novel intermediate models, in particular in the range of energies — or equivalently of loadings
— between the scaling responsible for bending (8 = 2) and the von Kérmaén scaling (8 = 4).
In this range of models, the three-dimensional stored energy appears in the limit stored
energy through its second derivative at rest. Scaling the energy with exponents S other than
integers had been explored for the membrane to bending range in [19] leading to convergence
results for 0 < 8 < 5/3 while the regime 5/3 < < 2 remains open and is conjectured to
be relevant for crumpling of elastic sheets. Other significant extensions concern derivation of
limit theories for incompressible materials [17, 18, 63, 47], for heterogeneous materials [61],
through establishing convergence of equilibria rather than strict minimizers [52, 62, 36, 53, 37,
and finally for shallow shells [39].

Extension of the above variational method valid in the framework of the large deformation
model was conducted in parallel for slender structures whose midsurface at rest is non-planar.
The first result by the second author and Le Dret [35] relates to scaling § = 0 and models
membrane shells: the limit stored energy depends then only on the stretching and shearing
produced by the deformation on the midsurface. Another study is due to Friesecke, James,
Mora and Miiller [27] who analyzed the case § = 2. This scaling corresponds to a flexural shell
model, where the only admissible deformations are those preserving the midsurface metric.
The limit energy depends then on the change of curvature produced by the deformation.
Further, the first author, Mora and Pakzad derived the relevant linear theories (5 > 4)
and the von Karmadn-like theories (f = 4) in [41], and subsequently proceeded to finalize
the analysis for elliptic shells in the full regime 8 > 2 in [42]. A similar analysis has been
performed in case of the developable shells in [32] leading to the proof of the collapse of all
residual theories to the linear theory when 5 > 2. Following these findings, a conjecture was
made in [45] about the infinite hierarchy of shell models and the various possible limiting
scenarios differentiatied by rigidity properties of shells. Let us recall that a comprehensive
body of work had been previously devoted to the asymptotic derivation of shell models in
the small displacement regime under clear hypotheses on the model taken for granted, three-
dimensional or already two-dimensional and containing the thickness as a parameter. Several
models were recovered by Ciarlet and coauthors [14, 15, 16], by Destuynder [22, 24] and by
Sanchez-Palencia and coauthors [59, 60, 8, 7, 50]. Sanchez-Palencia, in particular, theorized
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the role and interplay of the midsurface geometry and of the boundary conditions [58], as
well as underlined the singular perturbation behavior. We refer to [11] for many additional
references.

Most recently, there has been a sustained interest in studying similar problems where
the shape formation is not driven by exterior forces but rather by the internal prestrain
caused by e.g. growth, swelling, shrinkage or plasticity [33, 25, 62]. Variants of a thin plate
theory can be used to study the self-similar structures which form due to variations in an
intrinsic metric of a surface that is asymptotically flat at infinity [2], and also in the case of
a circular disk with edge-localized growth [25], or in the shape of a long leaf [48]. Ben Amar
and coauthors formally derived a variant of the Féppl-von Kérman equilibrium equations
from finite incompressible elasticity [20, 21]: they use the multiplicative decomposition of
the gradient proposed in [57] similar to ours. They take cockling of paper, grass blades and
sympatelous flowers as examples [21, 5].

A systematic study of the possible limit problems when a target metric is prescribed was
undertaken by the first author and collaborators: a residually strained version of the Kirchhoff
theory for plates was, for the first time, rigorously derived in [44] under the assumption that
the target metric is independent of thickness. This analysis was completed in [6], resulting
in a necessary and sufficient condition that the elastic prestrained energy scales as h?. The
object of the present paper is to study higher order prestrains.

Let us also mention that in [39, 40, 43] similar derivations were carried out under a different
assumption on the asymptotic behavior of the prescribed metric, which also implied energy
scaling h” in different regimes of 8 > 2. In [39] it was shown that the resulting equations
are identical to those postulated to account for the effects of growth in elastic plates [48] and
used to describe the shape of a long leaf. In [43] a model with a Monge-Ampeére constraint
was derived and analysed from various aspects. Other results concerning the energy scaling
for the materials with residual strain are derived in [4], where by imposing suitable boundary
data, conditions of [44, 6] are not satisfied and hence the residual energy scales larger than
h?, depending on the type of these boundary data (see also [62]).

1.2. The set-up and notation. Let {2 be an open, bounded, smooth and simply connected

subset of R2. For 0 < h < 1 we consider thin films Q" around the mid-plate :

(1.2) Q" = {z = (2/,23); 2/ € Q, x5 € (~h/2,h/2)}.

Let G : Q" — R3*3 be a given smooth Riemann metric on Q" uniform through the thickness:
G(z',z3) = G(2') for every (a',23) € Q",

and let A = /G denote the unique positive definite symmetric square root of G. Consider

the energy functional E* : W12(Q" R3) — R, defined as:

(1.3) E'uhy =~ [ W(Vu"A™!)de.
h Jon

The nonlinear elastic energy density W : R3*3 — R, is a Borel measurable function, assumed
to be C? in a neighborhood of SO(3) and to satisfy, for every F € R3*3 every R € SO(3)
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and with a uniform constant ¢ > 0, the conditions:
(1.4) W(R) =0, W(RF) = W(F), W(F) > cdist? (F, SO(3)).

The first condition states that the energy of a rigid motion is 0, while the second is the
frame invariance. They imply that DW (Id3) = 0 and that D?W (Id3)(S,-) = 0 for all skew
symmetric matrices S € so(3). The third assumption above reflects the quadratic growth
of the density W away from the energy well SO(3). Note that these assumptions are not
contradictory with the physical condition W (F') = oo for det F' < 0.

Throughout the paper, we use the following notation. Given a matrix F € R3*3, we
denote its transpose by F', its symmetric part by symF = 1(F + F'), and its skew part
by skewF = F —symF. By SO(n) = {R € R, R' = Rl and det R = 1} we denote
the group of special rotations, while so(n) = {F € R™*"; symF = 0} is the space of skew-
symmetric matrices. We use the matrix norm |F| = (trace(F*F))"/2, which is induced by the
inner product (Fy : Fy) = trace(F!Fy). The 2 x 2 principal minor of a matrix F' € R3*3 is
denoted by Fhyo. Conversely, for a given Fhyo € R?*2 the 3 x 3 matrix with principal minor
equal Fhyo and all other entries equal to 0, is denoted by (Fax2)*. All limits are taken as
the thickness parameter h vanishes, i.e. when h — 0. Finally, by C' we denote any universal
constant, independent of h.

1.3. Some previous directly related results. It has been proved in [44] that:
in EMuh)y =0
uhEW1’2(Qh,R3)

if and only if the Riemann curvature tensor of G' vanishes identically in Q", i.e.: Riem(G) = 0,
and when (equivalently) the infimum above is achieved through a smooth isometric immersion
u” of the metric G on Q". Further, in [6] it is proved that:

.1 h
flzli%ﬁlnfE =0

if and only if the following Riemann curvatures of G vanish identically:
(1.5) Ris12 = Ri13 = Rizp3 =0 in Q™.

More generally, the limit behavior of the rescaled energies h=2E" has been investigated in [6]
and it has been proved that their I'-limit is given by the functional:

1
I(y) = 24/992,A($/, (Vy)tvg) dz’,

effectively defined on the set of all y € W22(2,R?) such that (Vy)!Vy = Gax2. The quadratic
forms Qy a(a’,-) are given by means of the energy density W as in (3.4). The Cosserat vector

bewh2n L>(Q,R3) is uniquely determined from the isometric immersion y by:
(1.6) Q'Q =G where Qe =01y, Qes =y, Qes= 5, with det @ > 0.

Observe that the functional Z; is a Kirchhoff-like fully nonlinear bending energy, which in
case of Geg = e3 reduces to the classical bending content quantifying the second fundamental
form (Vy)!Vb = (Vy)!'VN on the deformed surface y(£2) with the unit normal vector N.
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We recall that by Theorems 5.3, 5.5 and Corollary 5.4 in [6], the negation of condition
(1.5) is equivalent to minZs > 0. For this reason, (1.5) is equivalent to the existence of a,
necessarily unique and smooth, isometric immersion yo : @ — R? of Gaya, such that:

{ (Vyo) ' Vyo = Gaxo

(L.7) sym((Vyo)tvgo) =0.

Above, the smooth vector field by and the smooth matrix field Qg are given as in (1.6):

(1.8) QhQo =G, Qoer = diyo, Qoez = dayo and Qoes = by  with det Qo > 0.
Equivalently, denoting the inverse matrix G—! = [G¥]; ,j:1..3, we have:

—

(1.9) by =

1 -
13 23
G 81y0 =+ G 62:[/0) \/ﬁN
Uniqueness of the immersion yp in (1.7) follows from Theorem 5.3 in [6] which shows that
the second fundamental form of the surface yo(€2) is given in terms of G. Therefore, both
fundamental forms are known. Also, the second equation in (1.7) comes from the fact that
the kernel of each quadratic form Qs 4 consists of so(2).

G33 (

1.4. New results of this work. In view of the above statements, in this paper we investi-
gate smaller energy scalings and the limiting behaviour of the minimizing configurations to
E" under condition (1.5). We first prove (in Lemma 2.1) that (1.5), which as we recall is
equivalent to (1.1), implies:
inf E" < Ch*.

We then derive (in Theorem 3.1 and Theorem 4.1) the I'-limit Z; of the rescaled energies
h™E", together with their compactness properties.

Namely, let yo be the unique immersion satisfying (1.7), where by is as in (1.8). Let
dB : 0 — R? be the smooth vector field given in terms of 1y by:

(1.10) (Qbdo, e1) = —(D1bo, bo), (Qbdo, ea) = —(Dabo, bo), (Qbdo,es) = 0.

The limit Z, is then the following energy functional:

TA(V,S) = / Q2.4 <:1: S+ = (VV) V4o (Vbo) Vb ) da’
(1.11) / QQA Vy()) Vp+ (VV) Vbo) da’

1 [ Qo (& (V)0 + (V) V) '
acting on the space of finite strains:
S € clpz2 {sym((Vyo)'Vw); w e WH(Q,R%)}
and the space of first order infinitesimal isometries:

Ve W??(Q,R?)  such that:  sym((Vyo)'VV)ax2 =0,
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where the vector field o € W12(Q,R3) is uniquely associated with each V by: (Vyo)lp =
—(VV)tbo and (by, p) = 0.

The spaces consisting of S and V' contain the information about the admissible error
displacements, relative to the leading order immersion 7o, under the energy scaling E" ~ h*.
We discuss the geometrical significance of V' and S and of various bending and stretching
tensors in the first two terms of Z4(V,S) in section 5. We further prove in Theorem 6.2 that
the last term in (1.11), which is obviously constant and as such does not play a role in the
minimization process, is precisely given by the only potentially nonzero (in view of (1.5))
curvatures of GG, namely:

- S o R R
sym ((Vyo) Vo) + (Vbo)' Vbo = [ Risss R ] '

We may thus write, informally:
1 1
Z4(V,S) = 2/ Q. 4(2, stretching of order h?) da’ + 24/ Q5 4(z, bending of order h) dz’
Q Q
1

+ 1410 /Q Q5 4(2', Riemann curvature of G)da'.

In particular, since all three terms above are nonnegative, this directly implies that the
condition limy_,q % inf E" = 0, which is equivalent to minZ, = 0, is further equivalent to the

immersability G, i.e. the vanishing of all its Riemann curvatures Riem(G) = 0 in Q".

1.5. Acknowledgments. M.L. was partially supported by the NSF grant DMS-0846996
and the NSF grant DMS-1406730. A part of this work has been carried out while the first
author visited the second author at the Université Paris Descartes, whose support and warm
hospitality are gratefully acknowledged.

2. THE SCALING AND APPROXIMATION LEMMAS
We first introduce the following notation. Let By(z') be the matrix field satisfying:
(2.1) Bo€1 = 8160, Boeg = 8250 and B()eg = CZ),

where dg is given by (1.10). Observe that in this way Q} By is skew symmetric. Indeed, it
has the following block form:

(Vyo)' Vg ‘ (Vyo)" do

2.2 QLBy = EAVERS SO
(22) 00 (b0)'Vbo | (bo,do)

and by (1.7) we see that (Vo) Vbg € so(2) is skew symmetric, while by (1.10): (Vyo)'do =
—(Vbo)tb(] and <b0,d0> = 0.

Lemma 2.1. Condition (1.5) implies: inf  E" < COht.
leQ(Qh,R3)

Proof. Let us construct a sequence u* € WH2(Q" R3) that has low energy. Let:

2
- €Te —
(2.3) uP (2 23) = yo(2) + w3bo(2) + é’do(:v’),
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in fact each u” is the restriction on its domain Q" of the same deformation. We have:

2
Vil (2!, 23) = Qo(2) + z3Bo(a’) + %Do(x’),

where the matrix field Dg(2) € R3*3 is given through:
Do(z')er = didy, Do(z')ey = dady, Do(a')es =0,
so that:
Vul A7 = QoA™ + 23BoA™! + ”;gDOA—l.
For brevity, denote F* = Vu? A~1. Obviously, F* decomposes as:
(2.4) F'(a/, w3) = QoA™ ! (2')(Id3 + 235(2') + 23T (")) = (QuA™ ' («))G" (2, x3)

with § = A7'Q{ByA™", T = L A71QEDyA™! and G" = 1d3 + 23S + 23T. Since QoA™! €
SO(3) by construction, frame indifference implies that W (F") = W (((G")!G")Y/?). Note
that S is skew symmetric, because Q}By is skew symmetric. Therefore, (G")'!G" and the
expansion of its square root do not contain terms linear in z3. Indeed, letting K = T+T*—52:

(GM'G") (@' w3) = 1d3 + 23K (2) + O(a3)
and:
(GM'GM* (! g) = 1ds + ?K(x’) +O(x3).
As a consequence, using W (Idz) = 0 and DW(Id3) = 0, we obtain:
W(Fh) =W (((Gh)tGh)1/2> - ”fﬁwadg)(z{, K) + 0(ad).
Using (1.3), we get
EMuy == [ W(F") dz < Ch4,

h Jan

which accomplishes the proof of the lemma. |

In Lemma 2.1 above, we constructed deformations whose gradient was sufficiently close
to Qo + 3By, to provide the energy of the order h*. Conversely, in Corollary 2.3 below,
we establish that the gradients of deformations u” whose energy scales like h?, are close
to Qo + 238y modulo local multiplications by R"(z') € SO(3). Corollary 2.3 makes this
statement precise and gives an estimation on VR" as well.

For any V which is an open subset of Q, we let V* =V x (—=h/2,h/2) and we define the
local energy functional by:

1
EM(u", Vi) = . W(Vu"A™) da.



INCOMPATIBLE PRESTRAIN OF HIGHER ORDER 9

Lemma 2.2. Assume (1.5). There exists a constant C' > 0 with the following property. For
any u" € WH2(Vh R3), there exists R" € SO(3) such that:

25

|Vt - R @Qofat) + s Bol@)| dx < € (BN V) 4 1Y)
Yh

The constant C' is uniform for all V* which are bi-Lipschitz equivalent with controlled Lips-
chitz constants.

Proof. By assumption (1.4), we have:
(2.6) Ehub Vb > & / aist? (V" 47, S0(3)) da.
h Vh

This suggests performing a change of variables in order to use the nonlinear geometric rigidity
estimate [29]. For any u" € Wh2(V" R3), we let v" = wh o Y1 with YV : VP — Y(V) =
U" c R? given as in (2.3), namely:
- xrs -

Y (2, 23) = yo(2') + 23bo(2) + gdo(as').
Obviously, v" € WL2(U", R3) and:
(2.7) Vul A7 (2, x3) = Vo' (2) (VY AN (2, 3), 2 =Y (2, x3).
Let ' = BoQp ' and T' = 1 DoQy". Note that 8" = BoQy' = Qp " (QhBoQy ') = —Qp ' B}
in view of Q} By € so(3). Therefore S" € so(3). Computations as in Lemma 2.1 now give:

2
(2.8) VY (&,23) = Qo(a') + @3 Boe) + 5 Dola),

and:
VYA = (Id3 + 235" (2) + 237" (2)) (QoA™).
We see that for h small, det(VY A~1) > 0. Further, the left polar decomposition VY A~! =

(VY A~1(VY A~h)) 12 R, allows us to write:

VYA~ = (Ids + 23M (2, z3)) R(2', z3),

where M = O(1) is a symmetric matrix field and R € SO(3). Again, the symmetric term
does not contain any term linear in x3. Therefore:

dist (VthYA‘l, 50(3)) — dist <Vvh(1d3 + 22M)R, 50(3))
= dist <Vvh(1d3 + 220M), 50(3)) > cdist <Vvh, SO(3)(1ds + ng)*l)
> cdist (Vuh, 50(3)) + O(23).

Now, let J = !det VY o Y_l}_l. By (2.7) and the above computation:

/ dist? (VuhA_l,SO(3)> dz > c/ dist? (Vvh,SO(?))) Jdz — c/ r3dr.
Vh uh Vh
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In other words, since J > ¢ > 0:
1
- / dist? (VuhA’l, 50(3)) do + W3V > £ / dist? (Vvh, 50(3)) dz.
h Vh h uh

By [29], there exists C' > 0 with the following property. For any vt e Wh2(U" R3), there
exists R" € SO(3) such that:

c [ dist? (Vvh,SO(B)) dz > / Vol — R de.

’2
Uk uh

The constant C' can be chosen uniformly for domains U which are bi-Lipschitz equivalent
with controlled Lipschitz constants. By (2.6) and the reverse change of variables which
satisfies J=! > ¢ > 0 and |VY| < C, we obtain:

1 _ 2
C (Eh(uh,Vh) +h3\V”’|) > h/ ‘Vuh —RhVY’ de,
Vh

again with a constant C' uniform for domains V" that are bi-Lipschitz equivalent with con-
trolled Lipschitz constants. This accomplishes the proof in view of (2.8). |

Corollary 2.3. Assume (1.5) and let u" be a sequence of deformations such that:

lim h2E"(u") = 0.
h—0

Then, there exist matriz fields R" € W2(Q, SO(3)) such that:

(2.9) % /Q h

and:

(2.10) /Q ‘VRh(x’)

Vuh(z) — R"(2') (Qo(') + 23Bo(a")) ‘2 dw < C (B"(") + 1)

’ da’ < % (Eh(uh) + h4) .

The proof follows the lines of [29, 44, 38], with necessary modifications in view of the
expected error of the order h*. For completeness, we will present the details in the Appendix.

3. THE LOWER BOUND

Theorem 3.1. Let u" € Wh2(Q" R3) be a sequence of deformations satisfying EMuh) <
Ch*. Then there exists a sequence of translations ¢ € R and rotations R" € SO(3) such
that the associated renormalizations:

(3.1) y" (2, z3) = (Rl (2! has) — " € WHA(QL R?)

have the following properties, where yo and go are the unique solution to (1.7) (1.8). All
convergences hold up to a subsequence:

() " = yo in WH2(QN, R?) and %&;yh — 50 in L?(QY, R3);
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(ii) the scaled average displacements:

(3.2) Vi) = 7 f__2 (yh(:v',xg) — (yo(2") + hl‘ggo(itl))> dzs

N

converge in W12(Q,R3) to a limiting field V€ W22(Q,R3), satisfying the constraint:
(3.3) sym ((Vyo)'VV) = 0;

(iii) the scaled tangential strains:

1
5 Sym ((Vyg)tVVh)

converge weakly in L?(Q,R?*2) to some S € L?(Q, }R%;?ﬂ)
(iv) Further, defining the quadratic forms Qs(F) = D?*W (Id3)(F, F) and:

(34) QQ,A(.’I}/,F2><2) = min {Qg(A(Q?/)_lpA(J}/)_l); F S R3X3 with F2><2 = F2><2} y
we have:

s L h h 1/ / 1 t 1 A v/ /
N > [ — R
112n1(r)1f h4E (u") > Zy(V,S) 5 2.4 <x .S + 2(VV) VvV + 24(Vbo) Vb | dz

1 o
(35) +or | Qe (& (V) i+ (VY)Y da
24 /o
b / Qo4 (x (Vyo)!Vdo + (vz?o)tvao) da’
1440 Jo ’ ’
where the vector field p € W12(Q,R3) is uniquely associated with V' by:

(Vyo)'7 = —(VV)'bo
(bo, p) = 0.

Proof. 1. Corollary 2.3 yields existence of R" € W12(Q, SO(3)) such that (2.9) and (2.10)
hold with Ch* and Ch? in their right hand sides, respectively. We rewrite these inequalities
for the reader’s convenience:

(3.7) % /Q h

and:
(3.8) /Q ‘VRh(xl)

To prove the claimed convergence properties for (3.1), it is natural in view of (3.7) to set:

(3.6)

Vil (x) — B (') (Qo(a') + w5Bo(a’))| dr < Ot

2
dz’ < Ch2.

Rh = Psos) fﬂh Vul(2)Qo(z') L da.
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This projection is well defined, because for every z’ € Q, in view of (3.7):

2
Vu'Qyt dz — RM(2')
Oh

dist? ( Vu'Qy ! da, SO(3)> <
Oh

2
+C

2

<C ][ (Vu"Qy' — R") dx ][ R"dx — RM(2)
Qh Qh

2 2

<C

]éh (Vuh — R"Qo + 96330)> Q!

dez +C ’Rh(x’) — ][ RM
Q

<C ” (Vul — RM(Qqo + x3By)|*dx + C|R"(2) — ]éha
< Ch* + C|RM&) — ]éRhF
Now, taking the average on €2, by the Poincaré-Wirtinger inequality and (3.8), we get:
dist? ( ” VuhQald:c,SO(?))) < Ch? +C/Q IVR"? < Ch?,
which proves that the average f,, VuQy' dz is close to SO(3) and that:
(3.9) | ]éh Vu'Qytdz — RM'? < Ch?.

Moreover:

][ |R" — R"? dx :][ |R" — R"? dx
Q Qh

(3.10) <cC (|Rh - ][ RM? + |(][ RM) —][ vuhQ01|2> +][ |R" —][ Vu'Qyt?
Qh Q Q Qh Qh Qh
< C'][ |VR"? dz + C][ \Vu" — R"(Qo + 23B0)|? dz 4+ Ch? < Ch?,
Qh Qh

where the last estimate follows by (3.7), (3.8) and (3.9).

Let now ¢ € R3 be such that [, V" = 0 where V" is defined as in (3.2). Denote by Vy"
the matrix whose columns are given by 913", 02" and d3y"/h. Obviously:
(3.11) Viy' (', z3) = (RM)!'Vul (¢, has).
Observe that:

/ IViy" — Qof? dz < 0][ V" — R'"Qol* da
01 Qh
< C(][ |Vu" — RM(Qo + 23Bo)|* da +][ |23 R"Bo|? da +][ |R" — R"*dx) < Ch?
Qh Qh Qh

by (3.7) and (3.10). Therefore, Vjy" converges in L?(Q') to Qg. Further, the sequence
{y"} is bounded in W12(Q), by the choice of c". Passing to a subsequence we get that y"
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converges weakly in W12(Q!) and in view of the strong convergence of V" we have:
1 -
y" =y in WH(QLR?)  and E@gyh — by in L*QYR3).

2. Note that, for every 2’ € Q:

h 0y l 1z h _ /
V(') = N Viy'(x) — Qo(x') dzs
—1/2 3x2
(3.12) 1 rv2 _ 1/ -
=5 Viy" — (RM)!R"(Qo + ha3By) dz3 +o (((Rh)tRh — Idg)Qo>
—1/2 32 3x2
=1+ 1.

The first term above converges to 0. Indeed:

2 C _ B
HI{‘] 2@ <3 ]é [(RMIVul (2!, has) — (RM)IRM(Qo(2) + hasBo)|* dx
(3.13)
C
< 2 o V' (2, x3) — Rh(Qo + 23By)|? dz < Ch2.

Towards estimating the second term in (3.12), denote:
1
Sh = E((Rh)tRh — Ids).
By (3.10) and (3.8), it follows that:
C _ C
IS 3@y < 1 [ B~ F'P < and V8" < 35 [ [VRUP<C

Passing to a subsequence, we can assume that:

(3.14) S~ 8§ weakly in Wh2(Q),
which implies:

(3.15) 1Y — (SQo)sy, in L2(Q,R3¥?),
Consequently, by (3.12):

(3.16) VV" = (SQo)syy in L*(Q,R¥*?).

As before, we conclude that V" converges in W12(Q) and that its limit V belongs to
W22(Q,R3), since VV = (SQo)3x2 € W2(2). We now prove (3.3). By definition of S":

h
2
so in view of the boundedness of {S"} in W12

| sym S| 2 () < Ch”ShH%‘l(Q)S ChHShH%vlﬂ(Q)S Ch.

(3.17) sym S" = ——(SM)tsh,

Consequently, S is a skew symmetric field. But (Vyo)!'VV = (Q5SQo)2x2, hence (3.3) follows.
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For future use, let us define 7 € W12(Q, R3) by:
(3.18) [VV | p] = SQo.
Since QH[VV | p] € so0(3), it is easily checked that p'is given solely in terms of V by:
{(Vyo)tﬁ= ~(VV)'by

(3.19) o B = 0.

3. We now want to establish convergence in (iii). In view of (3.12) we write:

1 1 1
(3.20) n sym (ngvhbw(ﬂf/) = n sym (QEI{L)QXZ + 7 sym (QEShQO)QXQ
= JP 4+ JL

We first deal with the sequence J§. By (3.14), S* — S in L*(Q2) and so (3.17) implies:

1 sym S — —%StS = %SQ in L2(Q).

h
Therefore:

1 1 .
(3.21) Jh - -3 (Q6S'SQ0),,., = —§(VV)'5VV in L%*(Q).
We now prove that JJ* converges. Recall that by (3.20), (3.12) and (3.11):

1 ~ 1/2
(3.22) Jh = 7 sym (QbIM) 9% = sym QB(Rh)t][ / ZM&! x3) das
—1/2 2x2

where the rescaled strains Z” are defined by:

1

= (Vuh(x/, has) — RM(2')(Qo(z') + h:ngo(x’))> .

By (3.7), the sequence {Z h} is bounded in L?(2!,R?). Therefore, up to a subsequence:
(3.24) ZM ~ 7 weakly in L*(Q',R?).

It follows that:

(3.25) Jl = J) :=sym (QE(R)t][

(3.23) ZMa! xg) =

1/2

Z (', x3) dl’g) weakly in L%(€).
~1/2

2x2
which yields (iii) by (3.20) and (3.21).

4. We now aim at giving the structure of the weak limit S of %sym (Q%VV}L)2X2 in terms
of the limiting fields V' and Z. We have just seen that:

1
(3.26) S=.J, — 5(VV)tvv,
where J; is given by (3.25). As a tool, consider the difference quotients f*":
1 - —
M as) = o (v s+ 9) =yt (@ ws) = hs (B + h(es + 2)dh ) )
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and let us study for any s the convergence of f5" as h — 0. In fact, we will show that
5" — p, weakly in W12(Q', R?). Write:

1 /s . .
fs’h(x/, xg) = 72 ][ ﬁgyh(x’, xs + t) — h(bo + h(xg + t)do) dt,
0

and observe that:

]. - - ]_ —
=5 (Osy" = h(Bo + haady)) = 1 (R")'Vu' (@', hag) = (Qo + hasB) ) es
1 -
= E(Rh)t (Vuh(m’, has) — RM(Qo + hngo)) es + S"(Qo + hz3By)es

= h(RM'Z"M(a', 23)e3 + S™(Qo + ha3 Bo)es.

The first term in the right hand side above converges to 0 in L?(2!) because {Z"} is bounded
in L2(Q',R3), while the second term converges to SQges = Sby in L?(QY) by (3.14). Note
that SQoes = p' by (3.18). Therefore, f*" — in L2(Q}).

We now deal with the derivatives of the studied sequence. Firstly:
1,1

O3 [ (2, w3) s (h2 (839}1(96'7 23+ ) = h(bo + h(zs + S)d_i))>

1 - -
— = (99" (@' 3) = B0 + haady)) )
converges to 0 in L?(2'). For i = 1,2, the in-plane derivatives read as:
1 _
O M (a a3) = o (B 0" (@' (s + 5)

— (}%h)t@-uh(x’, hl‘g) — hs (&50 +h (.133 + %)) 61%)
1
= ;

+ % (R R"(Qo + hlws + 5)Bo) — (R")' R"(Qq + hasBy) ) e
1

h
The last two terms above can be written as: S"Bye; — (.’E3 + %) 8@6, hence by (3.24):

((Rh)ch(a:/,xg +s) - (R_h)ch(x/,xg)) e;
(Boei + h(ws+ 5)ids ) -

1 _
6ifs’h($/,$3) AE(R)t <Z(a:',x3 +s) — Z(.ﬁ(}/,.%'g))ei
+ SBye; — (xg + g) Oido weakly in L*(Q',R?),

where R € SO(3) is an accumulation point of the rotations R".
Consequently, f5" — 5 weakly in WH2(Q!,R3) and, for i = 1,2:

(3.27) 50;p = (R)" (Z(w’, x3+5) — Z(2, xg))ei + sSBpe; — s (xg + %) d;do,
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which proves that Z(2/,-)e; has polynomial form and that:

(3.28) (R'Z(«', IL‘3))3X2 = (R'Z(«, 0))3X2 + z3 (VP — (SBo)3x2) + foc%.
By (3.24), it follows that:

_ 1 -
Jl = sym (QB(R)tZ@J/, 0))2><2 + ﬁ Sy (QBVd())QXQ.

With (3.26), we finally arrive at the following identity that links S and V' and Z:

(3.29) 8(a') = sym (QB(R)'Z(x',0)) g + 57 ym (QhVdo)oscs — S (VV)'TV.

5. We now prove the lower bound in (iv). Recall that by (3.23):
Vul (', has) = RM(2')(Qo(x') + hasBo(x')) + h2Z" (&', x3).

Since QpA~! € SO(3) we have:

W(Vu"A™) = W ((QoA™ ) (R")!'Vu"A™!) = W (1ds + T + h*G"),
where:

J (' x3) = 23A QL Bo) A7 (2)) € s0(3), GMa',x3) = ATLQL(RM)! Z"M(a! 3) AT

Note that by (3.24):

G x3) = G = ATIQL(RY) Z (2!, x3)A™1  weakly in L*(Q!, R3*3).
Define the “good sets”:

Qn = {z e Q' hG" <1}

By the above, the characteristic functions 1q, converge to 1 in L!(Q2). Further, by frame
invariance and Taylor expanding W on j:

W (Ids + hJ + h*G") = W (e (Id3 + hT + h*G"))
= W (I3 + h3(G" — £.7%) + o(h?)

2
1 1
=59 (hz(gh — 2j2)) + o(h%).
Therefore:
I NN 2~k
llgl_)l(l)lfﬁE (u) > hzn_ggfh‘l/ﬂl ]].QhW(Idg + hJ + h°G )da:
— Tminf © h_ Lo
(3.30) = h]gl_:élf 3 o Q3 (]].Qh sym (g 5] )) dz

> ;/Q 05 (sym (9 - 37%)) da.

by the weak sequential lower semi-continuity of the quadratic form Qsz in L? and in view of:

1 1
1on sym (gh — §j2) —sym@G — §j2 weakly in LQ(QI).
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Note that by (3.18) we have: (Q§SBy),. , = —(VV)!Vby and that:

2Xx2
J?=-J'TJ = —a3A'BByA~".
Therefore, using (3.28), the right hand side of (3.30) is bounded below by:

1 _ . 2 - o o
5 / Qo4 (', sym(Qb(R) Z(«',0) + 2 (QhVF+ (VV)'Vho) + 2 (Q4Vdo + (Vi)' Vh)) ) da
Ol 2x2

1

_ 1 / Qo4 (4, 1) + a I T1(a!) + #311(x") ) da.
2 Jor ’

Above we used (3.29) and we denoted:

1 - 1
I(x')=S - o Sym ((Vyo)'Vdy) + Q(VV)tVV

(3.31) I1(a') = & sym (Vyo) Vi) + & (Vo) Vg
I1(z") = sym((Vyo)' V) + sym((VV) Vby).

Let L2 4(2') be the symmetric bilinear form generating the quadratic form Qs 4(z"). Since
the odd powers of z3 integrate to 0 on the symmetric interval (—1/2,1/2), we get:

/QQA(.Z' I(x )—&—x;;[[[(x')—i—a;%][(x’))dm
1/2
/ Qo a(2, I(z")) da’ + (/ acg dl’g)/{;QQ,A(fE,,III(I',)) da’

—1/2

1/2 1/2
+ (/ x% dxg)/ Q2.4(x', I1(z)) da’ +2(/ x% dCCg)/Q,CQ’A(JI/,I(ZII/),II(LL“/)) da’

1/2 1/2

/QzAx Iy /QQA 1) +/Q2A D)+ 2/£2,A(as/,f,n> da’

_ ' = /
/QQZA x,1+12u) de’ + — /QQAx I11) dx+180/Q2Am 11)
=14(V,8),

by a direct calculation. This completes the proof of Theorem 3.1 in view of (3.30). |

4. THE UPPER BOUND

We now complete the proof of Z, being the I'-limit of h~*E", by proving that the lower
bound (3.5) is optimal.

Theorem 4.1. Let V € W22(Q,R3) and S € L*(Q,R%%2) satisfy:

sym
sym ((Vyo)'VV) =0,

4.1 S €S = clpz{sym ((Vyo)'Vw); w e WH(Q,R%)}.
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Then there exists a sequence u® € WhH2(Q" R3) such that assertions (i), (i) and (iii) of
Theorem 3.1 are satisfied with R" =1d and " =0, and:

(4.2) lim sup

h
< .
nsup o B (1) < Zu(V.5)

Proof. In the construction below, we will use the following notation. In view of (3.4), for
every Fyyo € R?X? one can write:

(4.3) Qo A(.’L‘ F2><2) = mln {Qg( (F2*><2 + sym(c & 63)>A71)},

where F}, , denotes the R3*3 matrix whose principal 2 x 2 minor equals Fyyxo. We will denote
by ¢(2/, Fox2) the unique minimizer in (4.3). Note that c¢(2’,) is a linear function of Fayo
and it depends only on its symmetric part (sym Foy2).

1. Since S € S, there exists a sequence w” € W12(Q, R?) such that:
1 -
(4.4) sym ((Vyo)'V(w" + ﬂdo)) —S in L*(Q,R?*?)
and without loss of generality we can assume that each w” is smooth up to the boundary of
Q, together with:
(4.5) lim v'h||w"||y200 = 0.
h—0

Fix a small ¢g € (0,1) and let v" € W2>(Q,R3) be a sequence of Lipschitz deformations
with the properties:

" =V in WH2(Q,R3),
(4.6) hl[v* w2 < e,
hthHx e Q; o }‘—0

We refer to [49] and [29] for the construction of such truncated sequence v".

€ WL2(Q,R?) by:

Define now

(w7 Pt | e

and also define the fields ¢ € W1°°(Q,R3), ko smooth and 7 € L*°(Q, R?) such that:

h\t7 h\t
ngh _ %c(w',Q(Vyo)tih n (Vvh)tVUh) _ [ (Vwo) bo } _ { (Vlzy’ﬁg’g ] :
2

(Vbo)'do
|dol? ’

(Voh)idy
(" do) |

Qbko = c(2’, (Vyo) Vdo + (Vbo)'Vby) — [

Brh = c( (Vyo) Ak (VU ) Vgo) —
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Finally, let 7 € W°°(Q, R3) be such that:
lim || — 7| ;2 = 0, lim VA |7 |10 = 0.
m lim 7% — 7 tim VB [y

It follows from the definition of the minimizing map ¢, that:
Qs (A1 (2Q4Vul | §+ (Vo' | Y [Vo" | 7]) A7)
= Qo4 <$/, 2(Vyo) V' + (Vvh)thh),
Qs (AH(Q4[Vdy | ko] + [Vbo | do]t[Vby | do]) A~
(4.9) <
9
= Qu.a (@, (Vo) Vo + (V) Vo),
Qs (A7 (2QBIVA" | 7] + 2[V0" | 7']'[Vho | do]) A™")
=024 (56/7 (Vyo)tVﬁh + (vuh)tvz}]).
Moreover, we have the following pointwise bounds:
7" < C|Vo,
V"] < O(Vo"| +[V2")),
17" < C(IVW| + [VO"[* + [Vo"[[7"] + 5" ) < O(IVwh| + [V ),
V@] < C(IVw"| + V2| + V20" |V | + [Vo"[?).

(4.10)

2. Consider the sequence u € WH*(Q" R3) defined as:
u (@', x3) = yo(2') + ho'(@') + hPwh(2') 4 z3bo(2') +
+ ?EO(x') + hasp(2)) + hPasq (2)) +
For every (2/,z3) € Q! we write:
Vul (2!, has) = Qo(a') + ZM o', x3) + Z0(2', x3),
where:

h29:§
2

Zh! x3) = [V | 5] + RV | @ + has[Vbo | do] + [Vdo | ko] + h2z3[ViT | 7],
3,.3

h>x - h3x
70! x5) = o [VEo [ 0]+ h3z5[Va" | 0] + Tﬂwh | 0].

Since QpA~! € SO(3), we get:

Vul A7 (2 hag) = QpA™! (Id3 + ATIQ Zp AT 4 A—ngng—l)

19
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and, in view of (4.6), (4.8) and (4.10), there follows for h sufficiently small:
1A QpZ1 AT + AT Qo 23 A7 e
< C(hHVUhHLOo + 15" | e + B2V || oe + B2(|G" || o + 2| Vbo| e + hlldo]| o
+ 12| Vdo| e + B2 (Kol e + B3IV [0 + B[l | oo + 1P| Vo | oc
+ WV |1 + bV 1 ) < Ceo.

By the left polar decomposition, there exists a further rotation R € SO(3) such that:

1/2
RVu' A~ = ((1d3 FATIQZh AT 4 ATIQEZh AT (1 + AT Q2P AT + A—ngng—l))

1/2
— (145 + 247 sym(QpZ1) A" + ATH (2 21 AT + 0(123)))

1
= Id3 + A L sym(QLZM A + 5,arl(zf)tz{url

+O(|sym(@h2D) + (21)'2112) + 0 Z4).

3. Consider the set:

Q= {(2/,23) € Q; V' (2') =V (2)}.

Note that on ), we have: p" = p and Q4[Vo" | p"] € s0(3). Using Taylor’s expansion, it
follows that:

1

]24/9 W (Va(a!, has) A1) de = — / 0; (A‘l(QBZ{‘ + %(Zf)tZ{‘)A‘l) dz + &N,
h

2nt Jg,

where the error term £ can be estimated by:
C 3
] < 15 /Q [2sym(Q021) + (21) 21" + 25 + |[2sym(Qo21) + (21)' 21| 25| d.
h
Now on €, we also have, by (4.10):

|2sym(QL2Z]) + (21! ZP| < c(;ﬂvaﬂ + R2|VoR[2 + b2 + W2Vl + k2| V20| + B2 )
\ZY| < CR*(1 + |V@"| + | Vi)
< Ch3<1 + |Vl + [V2uh| + V2| Vo] + [Vol 2 + \VFh|),



INCOMPATIBLE PRESTRAIN OF HIGHER ORDER 21

and therefore, in view of (4.5), (4.8), (4.6) and V € W22

|2 sym(Q4 21 + (201 28| dx
h

ht Jo
< % RSV |* 4+ S|Vt (6 + B8 + 1|V P 4 WO VPP 4 RS | P da
Qp
C
< o (R0 Lo (B0 1) + ROV + 19 + B0V V 3

B2 e [V2V 22 + (VR 1) hO2) =50 as b= 0.

Analogously:
1
v |Z5)? dz < C/ B 4 (h|| Vo | 1 )2ht V20" 2 + 6| Vo[t dz — 0 as h — 0,
ht Jq, ht Ja,
1
i [ sm@zt + (2020 2 o
h
< }i/ <h5]th\2 + B3 IV2wh |2 + B2Vl 2 + h® + WP|VV | 4+ K2 V2V | + hP||
Qp,

FRIVVR VRV + h5|VV||V2V|2) da < Cep.
We therefore conclude that:

(4.11) limsup |EF| < Cep.
h—0

4. Consider now the error due to integrating on the residual subdomain:

1 C
eh = 4/ W(VuhA_l(x',hxg)) dz < = |2sym(Qb 21 + (Z0)' 20| + | 252 da.
h Ql\Qh h Ql\Qh

Observe that, since the matrix field [Vo" | 5] is Lipschitz, we have:

[ sym(QbVe" | 7))

S CvahHWLoo dlSt (ZL',, {Uh = V})

< % dist (2, {o" = V}) =0 in L™(Q).

The last inequality above follows by a standard argument by contradiction. If there was a
sequence " € Q such that dist(z", {v" = V}) > ch, this would imply that: |{z'; v"(z') #
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V() = [an B(a:h,ch)‘ > ch?, contradicting (4.6). Consequently, by (4.5), (4.8), (4.6):

C

€< 53

[ i sym(@)9t | 7)) ds
ah\Qp

hAVwh? + h4 Vot + V202 + B4 + Rt 4 RO VR da

h

0t Jong
C C
< ﬁo(h%IQl \ Qn| + ﬁ\/ﬁllvw"l\mh”ﬂﬂl \ UMYVl 2

1 1
+ |\ UMV |75 + ChIIV%hHLooEIIV%’ZHLQ|Ql \ UMM+ E(\/ﬁllf"llm)zlQl \uU"|
+ (W V20" | oo ) 2| VO || 241\ |12 0 ash—0.

Thus:

1 1 1 1
lim sup —4Eh(uh) < limsup / — Q3 (Afl (sym(QHZ1) + f(Z{L)tZ{l)Afl) dz + Ceo.
h—0 N hso h* Jq, 2 2

Now on €, we have:

2sym(QoZ1) + (21)' 21
2 — —
= 2 (sym(Qh[Va" | ) + 5 sym(Qb[Vdo | Fol) + wasym(Q4[VF| 7))
+ 12 ([vv | B IVV | 5] + 23 [Vbo | do]'[Vbo | do] + 2z3sym([VV | 5[V | JO])) +&n

where the present error £" is estimated by:

€] < C (R VVI[Vut| + BV V] + BV VIIVA + BV V7
+ WA Vw)? + B3|Vl + B V||V + b V|| + BP
4.12
(412 + BAIVB B+ B BB+ B B VR + Y2

< CR? (0(1)\/E|VV| + V2V + o(1)Vh + 0(1)60JE).
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Consequently:
1
lim sup — E" (u”
h—0 ht ( )
: 1 _ 1 Lo
< limsup 5 / Qs (A7 (sym(QB[Ve" | ) + a3 sym(Q4Vdy | ho])

+aysym(QBIVE| ) + 5[VV |V |

23[Vbo | do]'[Vbo | do] + x3sym([VV | §'[Vby | J;]]))A—l) dz + Ceg

N | =

_l’_

1 1
= limsup/ 03 (A_l(sym(Qf)[th | 7) + =[VV | L [VV | §]
hso 2 Jq, 2

1 I 1 o
+ 523 sym(Q[Vdo | Fol) + 523(Vo | dol![Vo | do])A‘1>
+ Qa( A7 (ws sym(QAIVE| 7)) + wasym([VV | 1[Vhy | do))) A1) da + Ceo.
Denoting by:

1 1 - S
I(z') = sym((Vyo) V') + i(VUh)thh, L(z") = 3 sym((Vyo)'Vdp) + (Vbo) Vb,

we have:
Qs (A7 (I (&) + sym(ele!. (o)) © €3) + 2315 (a') + a3 sym(ele’, To(a')) © ex)) A7)
= Q3 <A_1 ((I1(2') + 23 12(2"))* + sym(c(a’, I (2') + 2312(2)) & 63))A_1)

_ QM((Il(x’) n x§I2(x’)),

where we have used the definition and linearity of the minimizing map c. Recalling the
definitions of the curvature forms I(x’), IT1(z") and I1I(2') in (3.31), observe that I(z) =
2I1(z') and that 317 converges to I in L? by (4.4). Hence:
lim sup iEh(uh) < 1 / Qo A(I(z’) + x%[](:ﬂ)) dz + 1/ Qo A(ﬂ?g[]](ﬂi/)> dz + Ceg
h—0 h4 2 Ol ’ 2 Ol ’
= I4(V, S) + CEQ.

Since €g > 0 was arbitrary, the proof is achieved by a diagonal argument. |

5. DISCUSSION OF THE VON KARMAN-LIKE FUNCTIONAL (3.5)

Theorems 3.1 and 4.1 imply, as usual in the setting of I'-convergence, convergence of
almost-minimizers:

Corollary 5.1. If u" € WH2(Q" R3) is a minimizing sequence to h™*E", that is:
y

(L hny e o
illlg%)(h‘lE (u)—lnfh4E>:0,



24 MARTA LEWICKA, ANNIE RAOULT, AND DIEGO RICCIOTTI

then the appropriate renormalizations y® = (RM)tul (2, has)—c? € WH2(QL, R3) obey the con-
vergence statements of Theorem 3.1 (i), (ii), (iii). The convergence of hilsym((Vyo)tVVh)
to S in (iii) is strong in L*(Q)). Moreover, any limit (V,S) minimizes the functional .

Proof. The proof is standard. The only possibly nontrivial part is the strong convergence of
the scaled tangential strains in (iii), which can be deduced as in Theorem 2.5 in [41]. [ |

Let us now compare the functional (3.5) with the von-Kérman theory of thin shells that
has been derived in [41]. Recall that when S is a smooth 2d surface in R3, the I'-limit of the
scaled elastic energies h™* ( J gh W(Vu" ) on thin shells $” with mid-surface 9, is:

(5.1) Zus(V,S / Qs S— - A2 Jtan)dy + / Qo ((V(AN) — All)ap)dy.

Above, IT stands for the shape operator of S and N is the unit normal vector to S. The
subscript tan means taking the restriction of a quadratic form (or an operator) to the tangent
space Ty,S. The arguments of f475 are:

(i) First order infinitesimal isometries V on S. These are vector fields V € W22(S,R?)
with skew symmetric covariant derivative, so that one may define:

(5.2) AeWh?(S,50(3)) with A(y)r =0.V(y) VyeS VreT,sS;
(i) Finite strains S on S. These are tensor fields S € L?(S, ]ngx,%) such that:
(5.3) S=1%- }lbin% sym(Vp)an  for some 1y, € WH2(S,R3).
%

_ In the present setting, denote S = yo(€2) and observe that the 1-1 correspondence between
V'in (5.2) and V' in (3.3) is given by the change of variables V' = Voyg. The skew-symmetric
tensor field A on T},S is then uniquely given by:

(5.4) Ayo(2'))0eyo = 8.V (') and Aby=F Ve e R?
and the finite strains in (5.3) are related to (4.1) by:
(S(yo(")) ey, ero) = (S(a')e,e) Ve € R%

Recall that the first of the two terms in the functional (5.1) measures the difference of
order h?, between the (Euclidean) metric on S and the metric of the deformed surface.
Indeed, the amount of stretching of S in the direction 7 € T}S, induced by the deformation
wp, = id + hV + h%w, has the expansion:

- 1 -
19run|? — | 7|2 = B2 (2<afuv, )+ |8TV|2> L OR®) = 282 (((symvw)r, r)— 5 (A%, T>) +OR?).
The leading order quantity in the right hand side above coincides with:

1
((symVw)e,e) + 5(86V, 0. V) = <(syme + - (VV) 'VV)e, e>,

where we write 7 = 0,1, for any e € R?. This is precisely the argument of the first term in
Z4(V,S), modulo the correction (Vbg)!Vby (equal to the third fundamental form on S in case
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50 =N ), due to the incompatibility of the ambient Euclidean metric of S* with the given
prestrain G on Q".

The second term in (5.1) measures the difference of order h, between the shape operator
II on S and the shape operator II" on the deformed surface (id + hV)(S) whose unit normal
we denote by N". The amount of bending of S, in the direction 7 € T3S, induced by the
deformation uy, = id + hV can be estimated by [41]:

(Id + hA) I (1d + hA)T — Tt = (Id + hA) "1 (8- N" + O(h?)) 7 — IIr
= (Id + hA)~ ((Id + RA)IT + h(0- AN + 0(h2)) Iy
= (Id — hA)h(9,A)N + O(h?)
= W A)N + O(h?) = h(V(Az\?) - AH) +O(R).

The leading order term in this expansion coincides with the term (Vo) Vi+(VV)!Vby when
bp = N, because in view of (5.4):

(07 A)bo, 7) = ((De(Abp), Deyo) — ((Adebo, Deyo) = ((DeP, Detio) + ((Debo, Adeyo)
= ((Vyo)' Vi e,e) — ((VV)'Vby e, e),

where we again wrote 7 = Oeyo € Ty, (.S, for any e € R?. This is precisely the argument in
the second term in Z,(V,S).
In the next section we identify the geometric significance of the last term in (3.5).

6. THE SCALING OPTIMALITY

In this section, we prove the following crucial result:
Theorem 6.1. Assume (1.5), together with:
(6.1) sym ((Vyo)'Vdo) + (Vo) Vb = 0,

where o, by and dy are defined in (1.7), (1.8), (1.10). Then the metric G is flat, i.c.
Riem(G) = 0 in Q". Equivalently: min E" = 0 for all h.

Observe that when by = N, then by (1.10) there must be dy = 0, and hence condition (6.1)
becomes: N = const. This is consistent with our previous observation that when Geg = eg,
then already condition (1.7) is enough to conclude immersability of G in R3. Equivalently,
Gaxo is immersible in R2, so that indeed yo(Q2) must be planar in this case.

Towards a proof of Theorem 6.1, recall that Riem(G) is the covariant Riemann curvature
tensor, whose components R and their relation to the contravariant curvatures in R:  are:

1
Rigim = 3 (Ok1Gim + OimGri — Oem Gt — 0uGrm) + Grp (TR Ih — T7, T5)
Riklm = Gistlma
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where we used the Einstein summation convention and the Christoffel symbols:
1

(6.2) Zl = QGns (8stl + 0,Ggp, — 85le).

In view of the symmetries in Riem(G) of a 3-dimensional metric G, its flatness is equivalent
to the vanishing of the following curvatures:

Ri912, R1213, Ri223, R1313, R1323, [R2323.

The proof of Theorem 6.1 is a consequence of the following observation.

Theorem 6.2. Assume (1.5) and let yo, by and dy be defined as in (1.7), (1.10). Then:

. Lo [ Rims R
6.3 Vo) Vdo) + (Vo) Vhy = | w1318 111823
(6.3) sym ((Vyo)'Vdo) + (Vbo)' Vg [ Ri323  Rasos

Proof. 1. We have:
1
Riz13 = —5311G33 + Gy (T15T3 — T11TE,),
1
Rases = —53226?33 + Gp (T53T55 — T55T%55),
1
Ry393 = —53126?33 + Gy (T35 — Do),
On the other hand, in view of (1.10):
. 1 7 7 1 7 7 7
Vi =12 ({00 03d0) + D0, 0do) ) = 5 (050w, do) + (050, do) ) — (Digyo, do)
1 -
= _iaijGS?; — (040, do)

because: 0; (&-yo,c%) + 8¢(5'jy0,cZE)> = —8ij|50]2 = —0;;G33. Consequently, the formula (6.3)
will follow, if we establish:

(64)  Vi,j=1,2  (9yy0,do) = GnpI'iT8; and  (dibo, 9;bo) = GrplisI'%s.

2. Before proving (6.4) we gather some useful formulas. Note that 9;G = 2sym ((9;Q)'Q)
for ¢ = 1,2. Therefore, by direct inspection:

. 1
(6.5) Vi,j k=12 {9y, Iyo) = 5(0iGrj + 9;Gri — OGiy)-
Also, recall that condition (1.7) is equivalent to (see [6], proof of Theorem 5.3, formula (5.8)):
. - 1
(6.6) Vi, g =1,2 <8¢jy0, bo> = 5(81633 + 8JGZ3)
Therefore, for all 7,7 =1, 2:

, a Lo
(9590 5 Oibo) = 0;(0jy0 , bo) — (Dij¥0 , bo) = §<8iGj3 — 0;Gi3),
(6.7) o
(0ibo, bo) = 531033-
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We now express 0;%o, 9iby and dp in the basis {D1y0, D2yo, 50}, writing:
ijyo = o010 + o D20 + oo,
(6.8) 8:bo = BLdvyo + B2day0 + B2bo,
do = v 01y + 7220 + 7°bo.
By (6.5), (6.6), (6.7) and (1.10), it follows that:
t
G(%l]w ajj, Oé?j) = GQq ' 0ijy0 = Q40:5v0
1
=5 (aiGlj + 0;G1i — 01Gij, 0iGaj + 0;Go; — 02Gij, 0;G3j + BjG?,z‘),
t - - —
G(81,82,8) = GQy dibo = Qb = Qhdiby
1 ¢
=5 (31013 — 01Gi3,0;G2s — 0aGi3, 3z‘G33) :

7 > 1 t
G(71772773)t = GQqy'do = Qbdo = —5(31G33,32G33,0) :
In view of (6.2) we then obtain, for all 7,5 = 1,2:
(az'lya?jaa?j) = (F}j7rgjaF?j)a ( 11 1'27513) = <F1'137Fi237r?3)7 (717’72773)t = (Fég,Fég,Fig),
so that (6.8) becomes:
Bijy0 = T;0uy0 + T%9ay0 + b0,
(6.9) ibo = Tls01y0 + Ti0210 + Tibo,
do = T301y0 + T330290 + Tso.
3. We now prove (6.4). Keeping in mind that Qng = (G, the scalar products of expressions
in (6.9) are:
(@590, do) = (L7500 + T5;b0, ThsOpvio + Tizbo) = Grpl 5155,
(930 , ;b0) = (Tnyo + Tsbo, T30py0 + T3bo) = GrplsIls.
exactly as claimed in (6.4). This ends the proof of Theorem 6.2 and also of Theorem 6.1. W

7. TWO EXAMPLES
In this section we compute the energy Z,(V,S) in the two particular cases of interest:
G(2',z3) = diag(1, 1, \(z)) and G(2',23) = \(2/)Id3.
Let p be as in the definition (3.6). Writing: 7= a'd1yo + a?0ayo + a3bg, we obtain:
G(at,0?,0®) = —((0V, by), (B2, by),0)".
Consequently:
(7.1) §=—G"0;V, b)dryo — G*(D,V, bo)Dayo — G (V" bo)bo.
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Lemma 7.1. Let A : Q — R be smooth and strictly positive. Consider the metric of the form:
G(a',x3) = diag(1,1, \(z")). Then:

(i) G is immersible in R® if and only if:

MA_VQ)\—ﬁV)u@V)\—O in €,

while the condition My # 0 is equivalent to: cht < inf EM < ChY.
(ii) The I'-limit energy functional Zy in (3.5) becomes:

vw € W2 (Q,R?) Vo € W32(Q, R)

1
w):/QQ symVuw + Vv®Vv+96—)\V)\®V)\) da’

/92 (VAV?v) +5760/Q2 M,) do,
where Qg is independent of ©' and it is defined by Qs 14 in (3.4).

Proof. Part (i) of the assertion has been shown in [6]. For (ii), note first that:
yo(2') =2’ and Q= A = diag(1,1,VA).

Consequently, directly from (3.4) we see that Qs 4 = Q2 14, which we denote simply by Q.

Further, in view of (4.1), every admissible limiting strain S € S has the form S = symVw
for some w € W12(Q,R?). Also, without loss of generality, every admissible limiting dis-
placement V is of the form: V = (0,0,v) for some v € W?2(Q2,R). We now compute, using
(1.9), (6.9) and (7.1):

- B 1
by = Ves, do = —5(31)\, 02, 0), 7= —VA(01v,920,0).
Therefore:

b b > 1
(Vbo)'Vbo = 1ore VA (Vy)'Vdy = _§v2)\’

ZD)
- 1
Vio)'Vi = —— Vo @ VA— VA2, (VV)'Viy = ——Vue VA
(Vo) V=~ 7 (VV)'Vbo = - 7
This ends the proof of Lemma 7.1 in view of (3.5). |

Lemma 7.2. Let A : Q — R be smooth and strictly positive. Consider the metric G(z',xz3) =
AMa")Id3. Denote f = $logA. Then:
(i) Condition (1.7) is equivalent to Af = 0, which is also equivalent to the immersability
of the metric Gy in R2.
(ii) Under condition (1.7), condition (6.1) can be directly seen as equivalent to Ric(G) =0
and therefore to the immersability of G.
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(iii) The T'-limit energy functional in (3.5) has the following form:

T4(V,S) = ;/Qe_QfQQ(S+;(VV) Voo 2fo®Vf)
+1/ Q2 (2VV3 @ Vf — V?Vs — (VV3, V£)Ids) da’

1440/ QQ leC(G)QXQ) dx

where Qg is as in Lemma 7.1, and where Ric(G)axo denotes the tangential part of the
Ricci curvature tensor of G, i.e.:

. Ri1 R
RIC(G>2><2 = I: 1 12 ] .

Riz R

Proof. The part (i) has been deduced in [6], together with the expression:

(7.2) Ric(G) = —(V2f = Vf @ V)" = (Af +|Vf*)lds.

We now consider the case when (1.7) holds. By (i) the metric Gax2 is immersible in R? and

in particular N = e3. Writing V = (Vi, Va, V3), from (1.9), (6.9) and (7.1) we obtain:

- - . 1
by = ﬁeg,, do = —(31f31y0 + 82f82y0), p= _ﬁ (81V381y0 + 82‘/'3821/0).

(Vbo)'Vby = Vi@V, — (VV)Vby=e/VV® V]
Further, observe that: GZ-dB = — (015 fO1yo + 02 fO2yo + 01 fO1iy0 + Dof Daiyo), and so:

1 - 1 1 1
X<aly0, Ordo) = —X()\anf + 581)\31f + 532)\82]0) = —(onf + V).

In the same manner, we arrive at:
1 g 1 - 1 —
30290, Oado) = — (O f + V%), 1 (2y0, Ordo) = =Oraf,  (Oryo, Dado) = —Onn f.

Consequently, (Vyo)tv% is already a symmetric matrix, and:
(Vyo)' Ve = —e*/ (V2 + |V P1d).
In particular, under condition Af = 0, the formula (7.2) yields:
sym (Vyo)thiE) + (on)tvz?O = eszic(G)gxg,

which we directly see to be equivalent with Vf = 0 and hence with Ric(G) = 0. This
establishes (7).
We now compute the remaining quantities appearing in the expression of Zy. Firstly:

1
——=Vyo(VV- V)\——V V2V — —(01V5(0 0 Do V3(0 3] )
2)\3/2 Yo(VV3 ® VA) 75 VuoVVs ﬁ< 1V3(011y0, r2y0) + 92V3(d12y0, 22y0))
Using the relations between (05530 , Okyo) and ;G in (6.5), we obtain:

1 [ (VVs, V) | (VVs, VA }

Vp'=

1
—=Glgxa V2 V3 —

———=G2x2VV3 @V —
2x2 3 \/X

t —
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and therefore:
sym(Vyo) Vi = VA sym(VVs @ Vf) — VAV2V; — VAV, VA)ds.

In a similar manner, it follows that:
sym(Vyo)!Vdy = —A<V2f + nyPIdQ).
Since Qs a(z') = A71Q;, the formula in (3.5) becomes:

1 1 1
Z4(V,S) :2/ e 21 Qy(S + 5(VV)tvv + ﬂ&fw ® Vf) da’
Q

1
(7.3) + o5 / e Qy(2e'VV3 @ Vf — e/ V2V — e/ (VV3, V)Ids) da’
Q
1 .
+ 1440 e 210, (GZfRIC(G)QXQ) da’,
Q
which implies the result. |

8. APPENDIX: A PROOF OF COROLLARY 2.3
1. For every 2’ € Q denote Dy 5 = B(2',6) N Q and By 55 = Dy 5 x (—h/2,h/2). For
ShOI“t, we write Bx’,Qh = Bx’,2h,h and Bm’,h = Bx’,h,h- Apply Lemma 2.2 to the set Vh = Bm’,Qh
to get a rotation R, op, € SO(3) such that, with a universal constant C:

L Vuh(z) — Ry on (Qo(z') + ngo(z’)) ‘2 dz

(81) "B
<cC (Eh(uh, By on) + h? \szzhl) :

Consider a family of mollifiers n,, € C*°(, R), parametrized by x’ € Q:
1 C C
/an/ =5 Il < 550 IV llpee @) < 75 and (suppre) NQ C Dy

Define R" € W12(Q, R3*3) as:

(8.2) Ri(2) = /Q ()Tt (2) (Qol) + 2 Bol(#)) e
We then have:
i VB (Qul) + b)) Pz
Bz’,h
g h o / / 2
< n s ’Vu (2) — Ry 2n, (Qo(z ) + 23Bo(z ))‘ dz
(8.3) c «2h ]
5 ) |R"(2') = R 21 [*|Q0(2) + 23Bo (%) dz

C ~
<C (Eh(uh7 BJ:’,Qh) + h? ‘Ba:’,2h’) + h/ |Rh(z/) - R$’72h|2 dz,
By
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where we have used (8.1) and [|Qo(2") + 23Bo(2’)|| .« < C. Now, for every 2’ € B,/ j, we have:

2
’Rh(zl) - Ra:’,2h’2 =

/Q . 12 () V" (y) (Qo(y') + y3Bo(y)) ™ dy — Ryr o

2

[ ) (Ve ) = Roran (Quls)+ 38 50(w) ) (Qu(=") + s Bo(") ™

84) < (/ n(y')? dy) </ ‘Vuh(y) — Ry on (Qo(y) +y3Bo(y)) }2 dy)
Bz’,h Bz’,h
C

ﬁ Bz/,2h
C

< (Eh(uh,Bx,,gh) +hs \Bx,,%\) .

In a similar way, in view of [, V.m./(y) dy = 0, it follows that:

)Vuh(y) — Raon (Qo(y') +y3Bo(y)) ‘2 dy

2
VRGP = ([ Voo )70 0) (@) + sBu(s) )

:</B |

<0 [ Ven)Pay [ [90) = R Q)+ mBal)|

! ,2h

z!/ 2h

2
Vo (y) (Vuh () (Qo(y) + ysBo(y')) ' — Rx’,2h> dy)

c
< ﬁ (Eh(uh7Bx’,2h) + h3 ‘Bm’,QhD .

From (8.4) we obtain:

_ C
/ |Rh(2’/) — Rz’,2h|2 dz S ﬁ <Eh(uh, Br’,Zh) + h4’B$/’2h’> dz
Bac’,h

Bac’,h
< Ch (Eh(uh, nglygh) + h3|B:(;’,2h|) ’

and therefore by (8.3) we further see that:

1 / \Vuh(z)—Rh(z’) (Qo(z') + ngo(z’)) |2 dz
B

z! h

(8.5)
< O (B (", Byron) + 1| Bar )

2. Covering Q" by a finite family of sets { B, 1}, such that the intersection number of the
doubled covering { B, 25} is independent of h, applying (8.5) and summing over the covering,
it follows that:

1

. /ﬂ V() ~ RA) (Qol) + 25Bo(2) [Pz < © (BM() + 1Y)
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In a similar fashion we obtain:

_ c
[ wREPa < [ (B B + 1Bl 0z
Da:’,h h Dz’,h

C
S (Eh(“h,Bx',Zh) + h?’\Bm/,zh\) ’

and by the same covering argument:

. C
/m VRN )P dz < (Eh(uh) n h4) .

3. Note that, in the above two estimates, we can replace R" by R" = Pso(3) R ¢
Wh2(Q,SO(3)). Firstly, the projection in question is well defined in view of (8.4), since:

dist? (Rh, 50(3)) < |RM — Ryron| < % (Eh(uh) + h4) :

which is small because of the hypothesis o < 2. Moreover:

1 / IVl (2) — RM) (Qol2) + 23Bo(")) 2 d
B

h ’
z’ h
- 2
< % ‘Vuh(z) — R (Qo(2) + z3Bo(z'))‘ dz
Bz/,h
+ % |R"(') = R*(2')]?|Qu(2') + z3Bo(2")* dz
B:c’,h

<C <Eh(uhan’,2h) + h3|Ba:’:2h|)

because of (8.5) and (8.4). Finally, the previous covering argument clearly implies (2.9), and
[oIVR"?dz < C [, [VR"*dz yields (2.10).
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