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A GENERALIZATION OF MULTIPLIER RULES FOR
INFINITE-DIMENSIONAL OPTIMIZATION PROBLEMS

HASAN YILMAZ

ABSTRACT. We provide a generalization of first-order necessary conditions of
optimality for infinite-dimensional optimization problems with a finite num-
ber of inequality constraints and with a finite number of inequality and equal-
ity constraints. Our assumptions on the differentiability of the functions are
weaker than those of existing results.

Mathematical Subject Classification 2010: 90C30, 49K99
Keywords: Multiplier rule, Fritz John theorem, Karush-Kuhn-Tucker theorem

1. INTRODUCTION

We provide an improvement of first-order necessary conditions of optimality for
infinite-dimensional problems under a finite number of inequality constraints and
under a finite number of inequality and equality constraints in the form of Fritz
John’s theorem and Karush-Kuhn-Tucker’s theorem.

In this paper, we give a proof of multiplier rules by following the same approach as
Michel in [I] p. 510. To prove his result, Michel uses the Brouwer fixed-point the-
orem that is why, at the first slight, his proof seems specific to finite-dimensional
optimisation problems. However, we remark that we can extend this result for
infinite-dimensional optimizaton problems. The proof of Michel is explained in de-
tail in [2], Appendix B. Another proof of the multiplier rules was established by
Halkin in [3] but his proof is completely different. Indeed, Halkin uses an implicit
function theorem with only Fréchet differentiable at a point framework instead
of the continuously Fréchet differentiable framework. The improvement of Michel
and Halkin is to replace the assumption of continuously Fréchet differentiable on
a neighborhood of the optimal solution (see in [4] Chapter 13 section 2) with the
assumptions of the continuity on a neighborhood of the optimal solution and the
Fréchet differentiability at the optimal solution.

Note that there are another way to generalize the assumption of continuous Fréchet
differentiability by using locally Lipschitzian mappings e.g. [5]. The statement of
Halkin and Michel is not similar with the statements of locally Lispchitzian. Indeed,
in general, a mapping which is Fréchet differentiable at a point is not locally Lips-
chitzian arround this point and conversely a mapping which is locally Lipschitzian
arround a point is not Fréchet differentiable at this point.

In [6], Blot gave also a proof of multiplier rules for finite-dimensional optimiza-
tion problems under only inequality constraints and under inequality and equality
constraints. For the problems with inequality constraints, Blot reduced the as-
sumptions of Pourciau in [7] by replacing, at the optimal solution, the Fréchet
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differentiability with the Gateaux differentiability. For the problems with inequal-
ity and equality constraints, Blot deleted the assumptions of local continuity on a
neighborhood for the objective function and for the functions in the constraints of
inequality. Therefore, Blot improved the multilplier rules of Michel and Halkin by
lightening the assumptions on the continuity of the functions.

The main contributions of this paper are as follows.

e Contrary to Blot and Michel, we do not assume the finiteness of the dimen-
sion of the space. Therefore, we extend the main theorems of [6] and [I] in
infinite-dimensional vector spaces.

e Moreover, in comparison with Blot’s multiplier rules, we replaced the as-
sumptions of Fréchet differentiability by the Hadamard differentiability
which is weaker in infinite-dimensional vector. For consequently, our as-
sumptions on the differentiability of the functions are weaker than [6], []
and [3].

We summarize the content of this paper as follows.

In Section 2, we state the main theorems of the paper.

In Section 3, we specify the definition of Gateaux differentiability and Hadamard
differentiability. Besides, we recall a supporting hyperplane theorem and the
Schauder fixed-point theorem.

In Section 4, in order to proof our first-order necessary conditions under inequality
constraints, we delete the inactive inequality constraints. Next, we use a supporting
hyperplane theorem to find the multipliers.

In Section 5, we give a proof of first-order necessary conditions of optimality under
inequality and equality constraints. As in Section 4, we delete the inactive inequal-
ity constraints. In order to use the supporting hyperplane theorem, we use the
Schauder fixed-point theorem.

2. STATEMENTS OF THE MAIN RESULTS

The paper deals with infinite-dimensional optimization problems with a finite list
of inequality constraints and with a finite list of inequality and equality constraints.
Let E be a normed vector space, let 2 be a nonempty open subset of E, let f; : Q0 —
R when i € {0,...,m} be functions, let f: Q@ = R, g; : @ = R when i € {1, ..., p},
hj : € — R when j € {1,...,q} be functions and m, p and ¢ are integer number.
We consider the two following problems

Maximize fo(x)
(Z){ subject to z€Q
Vie{l,...m}, fi(x) >0
and
Maximize f(z)
subject to x € Q
Vie{l,..,p}, gi(x) >0
Vi e{l,..,q}, hi(z) = 0.
The main theorems of the paper are the following ones.

(P)

Theorem 2.1. Let @ be a solution of (). We assume that the following assump-
tions are fulfilled.

(i) For all i € {0,...,m}, f; is Gateauz differentiable at .

(ii) For all i € {1,...,m}, fi is lower semicontinuous at & when f;(&) > 0.
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Then, there exist Ao, ..., \m € Ry which satisfy the following conditions.

(a’) (A()v ) Am) # (07 ) O)

(b) For all i € {1,...,m}, A\;fi(&) = 0.

(©) S MiDerfild) = 0.

In addition, if we assume that the following assumption is verified

(iii) there exists w € E such that for alli € {1,...,m}, Dg fi(Z)w > 0 when f;(£) =0
then we can take

(d) N =1.

Theorem 2.2. Let & be a solution of (P). We assume that the following assump-
tions are fulfilled.

(i) f is Hadamard differentiable at .

(i) For all i € {1,...,p}, g; is Hadamard differentiable at & when g;(Z) = 0.

(iil) For alli € {1,...,p}, g: is lower semicontinuous at & and Gdteauz differentiable
at & when g;(&) > 0.

(iv) For all j € {1,...,q}, hj is continuous on a neighborhood at & and Hadamard
differentiable at .

Then, there exist g, ..., \p € Ry and p1, ..., g € R which satisfy the following con-
ditions.

(@) (A0, ooy Apy o1,y fg) 7 (0,...,0).

(b) For all i € {1,...,p}, \igi(&) = 0.

(©) MoDrf(&) + >0 XiDagi(&) + Y-0_y pjDrhy(&) = 0.

Futhermore, if we assume that the following assertion hold

(v) Dgha(Z), ..., Dahy(%) are linearly independent

we have

(d) (Mo s Ap) # (0, ..., 0).

Moreover, under (v) and the following assertion

(vi) there exists w € N!_; KerDyhj(z) such that for all ¢ € {1, ..., p},

D¢ggi(#)w > 0 when ¢;(2) =0

we can take

(e) AO =1

3. RECALL AND NOTATIONS

We set N the set of positive integer and N* = N\ {0}. R denotes the set of real
numbers and R the set of non negative real numbers.
Let E, F and G be three normed vector spaces, let 2 be a nonempty open subset
of E, let f:Q — F be a mapping, let x € Q, let y € E and r €]0, +o0[. The closed
ball centered at y with a radius equal to r is denoted by B(y, ).
Let AC E and B C F, C°(A, B) denotes the continuous mappings from A into B.
bdA denotes the topological boundary of A.
We denote by L(E, F') the space of the bounded linear mappings from FE into F'.
Let | € L(E, F), we note Iml = I(E). Let l; € L(E,F) and Iy € L(E,G), we note
by (I1,12) the mapping in L(E, F x G) defined by for all x € E, (I1,l2)x = (lhz, l2z).
f is called Gateaux differentiable at x when there exists Dg f(z) € L(X,Y) such
that for all h € E, lim; o {&HM=IE — D £ ()b,
We say that f is Hadamard differentiable at = when there exists Dy f(z) € L(X,Y)
such that for all h € E, for all sequence (hy,)nen converging to h and for all sequence
(tn)nen of positive numbers converging to 0 we have
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limy, - 4 oo %j)_m = Dy f(x)h which is equivalent to (see [§] p. 265) for each

K compact in E, limy o supj,cx w = Dy f(x)h.

When f is Hadamard differentiable at z, f is also Gateaux differentiable at x and
Dy f(z) = Dgf(z). But the converse is false when the dimension of E is greater
than 2.

More information on these notions can be found in []].

If n € N*, we note (-, -) the canonical scalar product on R™, (e, ;)1<i<n the canonical
basis of R and |- |sc the maximum norm on R™. Moreover, we note by Bj.|_ (y,7)
the closed ball centered at y with a radius equal to r in R” with the maximum norm.
We recall a supporting hyperplane theorem.

Theorem 3.1. Letn € N*. Let C' be a nonempty convex subset of R™ and z € bdC.
Then there exist v € R™\ {0} and v € R such that (v,z) =~ and for all x € C,

(v, ) <.

This theorem is a corralary of Hahn-Banach theorem. We can find a proof in [9] p.
37. Note that if z =0 we have v = 0.
Next, we recall the Schauder fixed-point theorem.

Theorem 3.2. (Schauder fixed-point theorem) Let E be a normed vector space, let
C be a nonempty conver and compact subset of E and let f: C — C be a contin-
uous mapping, then f admit a fized point i.e. there exists x € C' such that f(x) = x.

We can find a proof of the Schauder fixed-point theorem in [I0] p. 119.

4. PROOF OF THEOREM [2.]]

We set S := {i € {1,..m} : fi(2) = 0}. If S = () we have for all i €
{1,...,m}, fi(Z) > 0 using the lower semicontinuous of f;, there exists an open
neighborhood Q4 of & in €2 such that for all ¢ € {1,...,m}, for all x € Q, fi(z) > 0.
Since & is a solution of (Z), we have & maximize fo on 3. Therefore by using (i),
we have D¢ fo(Z) = 0. By taking \g = 1 and for all ¢ € {1,...,m}, \; = 0, we
proved (a), (b), (¢) and (d). We assume that S # ) in the rest of the proof.

4.1. To delete all inactive inequality constraints. By doing a change of index,
we can assume that S = {1,..., s} where 1 < s < m. Since for alli € {s+1,...,m},
we have f;(Z) > 0, using (ii) there exists an open neighborhood U of % in © such
that for all i € {s+ 1,...,m}, for all z € U , we have f;(x) > 0. For consequently,
we have Z is a solution of the following problem

Maximize fo(z)
(NT) < subjectto ze€U
Vi e {l,...,s}, fi(x) > 0.

4.2. Proof of (a), (b), (c). We consider the mapping F : U — R*T! defined
by Vo € U, F(z) = (fo(x),..., fs(x)). Since for all i € {0,...,s}, f; is Gateaux
differentiable at Z, we have F' is Gateaux differentiable at Z and

DGF(QA?) - (DGfO(j?)a "'aDGfs('i))'

We set C' := ImDgF(2)+R*™. We note that C is a convex set of R**!. Moreover,
C' is not a neighborhood of 0. To prove this, we proceed by contradiction, by
assuming that C is a neighborhood of 0. Therefore, there exists » > 0 such that
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Bjj.y..(0,7) € C. Since b = (r,...,r) € Bj.j.(0,r) we have b € C then there exists
u € E and z = (29, ..., 2s) € R*™ such that DgF(#)u + z = b. For consequently,
we have

Vi€ {0,....,s}, Dafi(@)u=1r—2z >r. (4.1)

By using ([@I), we remark that u # 0.
Since F' is Gateaux differentiable at Z, we have

36 >0Vt €]0,0] (& +tu € U) |F (& + tu) — F(2) — tDgF(#)ul|oo < rt.  (4.2)

Then, using [@2) with ¢t = §, we have || F(Z+0u)— F(&) —0DcF(Z)u| o < rd which
implies that Vi € {0, ..., s}, fi(Z+0u) — fi(Z) — 0 D¢ fi(Z)u > —rd. For consequently,
by using ([@.1]) we have for all i € {0, ..., s}, fi(Z+du) — fi(Z) > 0 Dg fi(&)u—or > 0.
Therefore, we have fo(Z + du) > fo(2) and for all i € {0,...,s}, fi(Z + du) > 0
which implies that Z is not a solution of (N'T). This is a contradiction. Since 0 € C
and C' is not a neighborhood of 0, we have 0 € bdC'

Since C' is a convex of R*T1 and 0 € bdC, by using Theorem Bl there exists
v = (Ao, .., As) € R*T1\ {0} such that for all z € C, (v,z) < 0. For consequently,
we have

Vu € B, Vz = (20, ..., z5) € R*T S0 0N (D fi(@)u + 2;) < 0. (4.3)

We set for all i € {s +1,..., m} \; = 0.

Since (Mg, ..., As) # 0, we have (Ao, ..., Am) # 0. Let ¢ € {0,..., s}, by using @3]
with u =0 and z = —egy1,i+1, we have —); <0 which implies that A; > 0.

We have also for all ¢ € {1,...,m}, \ifi(2) = 0.

By using (3), with z = 0, we have Yu € E, Y7, A\; D¢ fi(Z)u < 0 which implies
that

Sl NiDe fi(2) =0, (4.4)

therefore Y ;"  A\; D¢ fi(#) = 0.
We proved (a), (b) and (c).

4.3. Proof of (d). In addition, if we assume (iv), we have Ag # 0. We proceed by
contradiction by assuming that Ao = 0. Since (iii) and (A, ..., As) € RS\ {0}, we
have 7, \iDg¢ fi(#)w > 0. By using @), we have > ;_, \;D¢ fi(#)w = 0. This
a contradiction. Since, Ao # 0, by taking for all i € {0,...,m}, X, = i—;, we proved
(d).

5. PROOF OF THEOREM

We set S := {i € {1,...,p} : gi(&) = 0}. Without loss of generality, we can
assume that S # (). If S = () we can delete all inequality constraints. Indeed, we
have for all ¢ € {1, ..., p}, ¢;(&) > 0, by using (iii), there exists a neighborhood €
of & in Q such that for all i € {1, ..., p}, for all z € Qq, g;(z) > 0. For consequently,
Z is a solution of the following problem

Maximize f(x)
(SP){ subjectto x €}
Vie{l,...q}, hj(z) =0.
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5.1. To delete all inactive inequality constraints. In the rest of the proof, we
assume that S # (). By doing a change of index, we can assume that S = {1, ..., s}
where 1 < s <m. Since for all i € {s+1,...,m}, we have g;(Z) > 0, using (iii) and
(iv) there exists an open neighborhood U of Z in Q such that for alli € {s+1,...,m},
for all x € U , we have g;(z) > 0 and for all j € {1,..., ¢}, h; is continuous on U.
For consequently, we have z is a solution of the following problem
Maximize f(x)
subject to x €U

Vie{1,....s}, gi(z) >0

Vie{l,...q}, hj(z) =0.

5.2. Proof of (a), (b), (c). We consider the mappings G : U — R*™! and
H : U — R? defined by Vo € U, G(z) = (f(x),91(x), ..., gs(z)) and

H(z) = (hi(x), ..., hg(x)). Since (i), (ii) and (iv) we have G and H are Hadamard
differentiable at &. Moreover Dy G(%) = (D f(2), D g1(Z)..., Dpgs(2)) and
DyH (&) = (Dgha(2), ..., Dirhy(%)).

We set C := Im(DyG(z), DgH(#)) + R*T x {0}. C is a convex set of R¥T4+!,
C is not a neighborhood of 0. To prove this, we proceed by contradiction, by as-
suming that C is a neighborhood of 0. Therefore, there exists r > 0 such that
B”.HOO(O,T) c C.

We set b = (r,...,r) € R*T!1. Since, for all j € {1,...,q}, (b,7eq;) € C and
(b, —req;) € O, there exists u; € E and zj = (20, ..., 25;) € R*"" such that

DuG(Z)u; + zj = b and Dy H(Z)u; = reg,; (5.1)

(NP)

and there exists @; € F and Z; = (%, ..., Zs,;) € R*"! such that
DHG(.f)’lNLJ + 23‘ = b and DHH(j?)ﬂJ = —T€q,j- (52)
We set K = {>7_, aju; + > 7_, aji; : Vj € {1,..., ¢}, a; > 0,a; > 0 and

>y a;+325_y a; =1} By using (BI), we have 0 ¢ K.
We remark that K is a convex and compact set of E. Since G and H are Hadamard
differentiable at & and K is a compact set of E, we have

381 > 0Vt €]0,01], Vk € K, ||G(& + tk) — G(2) — tDuG(2)k|loo <1t (5.3)
J02 > 0Vt €]0,62], Vk € K, [[H(& + th) — H(2) —tDpH(2)k|oc < £t.  (5.4)

Since U is a neighborhood of #, we have there exists g > 0 such that B(%,70) C U.

we set o := min{dy, da, m} Therefore, by using (.3) and (5.4) with ¢ = «,
€

we have

Vk € K, |f(& + ak) — f(&) — aDu f(2)k] < ra (5.5)
Vk e K, Vie{l,.., s}, |gi(& + ak) — aDpgi(2)k| < ra (5.6)
Vk € K, Vj € {1,.... q}, |y (@ + ak) — aDph;(@)k| < La. (5.7)

We set for all j € {1,..., ¢}, for all k € K, w;(k) = Lh;(2 + ak) — Dyh;(2)k. We
note that for all j € {1, ..., ¢}, w; € C°(K,R) because h; € C°(K,R) and for all
JeA{L .., q}, forall k € K, |w;(k)| < £ (by GD).

We consider the mapping ® : K — E defined by

®(k) == 21, ¢ (k)uj + Y1, é;(k)ii; where for all j € {1,...,¢}, for all k € K,

oi(k) = % — 2w;(k) and bj(k) = % + 5=w; (k). For all k € K, we have for all



MULTIPLIER RULES 7

jE{L .q}, ¢j(k) >0, ¢;(k) > 0 and Y0, ¢;(k) + Y/, ¢;(k) =1 therefore we
have ®(K) C K. Since for all j € {1,...,¢q}, ¢; and g?)j belong to C°(K,R), we have
® € CY(K,K). Therefore, by using Theorem B.2] we obtain there exists k € K

such that ®(k) = k. Since

DuH@)k =DuH@OE) A
=31 (5 = zrwi(R) D H (2)u; + 327, (55 + 5rw; (k) D H ()il

== wi(k)eg,;.

Therefore, for all j € {1, ..., ¢}, Dih;(2)k = —w;(k) = —(Lh;(i+ak)—Dih;(2)k)
which implies that h;(# + k) = 0.
Since k € K there exists (aj,d;)1<j<q € R3 with >od_yaj+>29 ) a; = 1 such that

7. _\¢ - a 5o
k=351 ajuj+ > i, a;i;. For consequently, we have

Dpf(@)k =11 a;Dyf(@)u; + Y0 a;Dp f ()i
= 2i-105(r = 205) + X271 @5(r — Zo,5) (from @B) and B.2)
which implies that
Dy f(&)k > r. (5.8)

By the same reasoning, we have also
Vi e {1,...,s}, Dgi(2)k > r. (5.9)

By using (5.8), (59), (5.5) and (5.8) with ¢ = k, we have f(&+ak) > f(2) and for
alli € {1,..., s}, we have g;(2+ak) > 0. Since 24k € U verify for all i € {1, ..., s},
gi(& +ak) > 0, for all j € {1,...,q}, h;(& +ak) = 0 and f(&+ k) > f(Z), we have
% is not a solution of (MP). This is a contradiction. Since 0 € C' and C' is not a
neighborhood of 0, we have 0 € bdC.

Since C' is a convex of R'**%% and 0 € bdC, by using Theorem [B.1] there exists
V= (A0y ey Asy [l ooy fg) € RSN\ L0} such that for all z € C, (v,z) < 0.
Therefore, we have

Vu € E, Yz = (20, ..., 2s) € RLT*
Ao(Da f(@)u+z0) + 3271 Mi(Drgi(@)u + zi) + 25y piDahy(@)u < 0 }

(5.10)

We set for all i € {s+ 1,..., p} \; = 0. Since (Ao, ..., As, fi1, ..., ftg) 7 0, we have

()\0, ceey )‘p7M17 ...,/Lq) 75 0.

Let ¢ € {0, ..., s}, by using (BI0) with v = 0 and z = —e441 +1, we have —X; <0

which implies that \; > 0. We have also for all i € {1, ...,p}, A\;gi(Z) = 0. By using

EI0), with z = 0, we have

Yu € E, )\QDHf(:%)U + Zle )\iDHgi(;fc)u + 23:1 ujDth(fc)u S 0 which im-

plies that A\oDp f(2) + Y°i_; X\iDugi(2) + 37_; ujDrhj(&) = 0. Since, for all

ie{l,...,s}, Dggi(&) = Dpgi(&), we have

Mo Dp f(&)u+ Zle ANiDagi(2)u + 23:1 i Dirhi(z)u = 0. (5.11)

Therefore oDy f(&)u + 371 XiDagi(#)u + >, ujDuhj(#)u = 0. We proved
(a), (b) and (c).
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5.3. Proof of (d). We assume (i), (ii), (iii) and (iv). We proceed by contradiction
by assuming that (Ao, ..., Ap) = (0, ...,0). Therefore, according to (.11,

> 51 #jDrhj(2)u = 0. Since (iv), we have (p1, ..., ptg) = 0. For consequently, we
have (Ao, ..., Apy o1, -y fig) = (0, ..., 0) this a contradiction with (a). We proved (d).

5.4. Proof of (e). We assume (i), (ii), (iii), (iv) and (v). Thanks to our previous
proof we know that there exist Ao, ..., A\, € Ry and p1, ..., g € R which verify (a),
(b), (c) and (d). We have Ay # 0, we proceed by contradiction by assuming that
Ao = 0. Since (d) and (b), we have (A1, ..., As) # 0. Since (v) and (Aq, ..., As) € R\

{0}, we have Y7, \iDggi(Z)w > 0. By using (G.11), we have > 7 A\, Dggi(#)w =

0. This a contradiction. Since, \g # 0, by taking for all < € {0, ...,p}, X, = i—:’), we

proved (e).
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