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1 EMBEDDINGS OF SL(2,Z) INTO THE CREMONA GROUP

JÉRÉMY BLANC AND JULIE DÉSERTI

November 2, 2018

ABSTRACT. Geometric and dynamic properties of embeddings of SL(2,Z) into the Cre-
mona group are studied. Infinitely many non-conjugate embeddings that preserve the type
(i.e. that send elliptic, parabolic and hyperbolic elements onto elements of the same type)
are provided. The existence of infinitely many non-conjugate elliptic, parabolic and hyper-
bolic embeddings is also shown.

In particular, a groupG of automorphisms of a smooth surfaceSobtained by blowing-
up 10 points of the complex projective plane is given. The group G is isomorphic to
SL(2,Z), preserves an elliptic curve and all its elements of infiniteorder are hyperbolic.
2010 Mathematics Subject Classification. — 14E07 (primary), 14L30, 15B36 (secondary).

1. INTRODUCTION

Our article is motivated by the following result on the embeddings of the groups SL(n,Z)
into the group Bir(P2) of birational maps ofP2(C): the group SL(n,Z) does not embed
into Bir(P2) for n ≥ 4 and SL(3,Z) only embeds linearly (i.e. in Aut(P2) = PGL(3,C))
into Bir(P2) up to conjugacy [Des, Theorem 1.4].

It is thus natural to look at the embeddings of SL(2,Z) into Bir(P2). As SL(2,Z) has
almost a structure of free group, it admits many embeddings of different type into Bir(P2),
and it is not reasonable to look for a classification ofall embeddings. We thus focus on
embeddings having some geometric properties; among them the most natural ones are the
embeddings whichpreserve the typeevoked by Favre in [Fav, Question 4].

The elements of SL(2,Z) are classified into elliptic, parabolic and hyperbolic elements,
with respect to their action on the hyperbolic upper-plane (or similarly to their trace,
see§2.1). The Cremona group Bir(P2) naturally acts on a hyperbolic space of infinite
dimension (see[Man, Can2]), so there is a notion of elliptic, parabolic and hyperbolic ele-
ments in this group; this classification can also be deduced from the growth rate of degrees
of iterates (see[DiFa] and §2.3). Note that some authors prefer the term of loxodromic
elements instead of hyperbolic elements (see for example[And, Proposition 2.16]). A
morphism from SL(2,Z) to Bir(P2) preserves the typeif it sends elliptic, parabolic and
hyperbolic elements of SL(2,Z) on elements of Bir(P2) of the same type. Up to now,
the only known example is the classical embeddingθs: SL(2,Z)→ Bir(P2), which asso-

ciates to a matrixM =

[
a b
c d

]
the birational mapθs(M), given in affine coordinates by

(x,y) 99K (xayb,xcyd) (or written simply(xayb,xcyd)). In this article, we provide infinitely
many non-conjugate embeddings that preserve the type (Theorem1 below):

Both authors supported by the Swiss National Science Foundation grant no PP00P2128422 /1.
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Recall that the group SL(2,Z) is generated by the elementsRandSgiven by

R=

[
1 1
0 1

]
and S=

[
0 1
−1 0

]
.

Theorem 1. (see§3.1) Let ε be a real positive number, and set

θε(S) = (y,−x) , θε(R) =

(
x+ εy
ε+ xy

,εy

)
.

Thenθε is an embedding ofSL(2,Z) into the Cremona group that preserves the type.
Furthermore, ifε andε′ are two real positive numbers such thatεε′ 6= 1, thenθε(SL(2,Z))

andθε′(SL(2,Z)) are not conjugate inBir(P2).
The standard embeddingθs is conjugate toθ1.

This family of embeddings is a first step in the classificationof all embeddings of SL(2,Z)
preserving the type. We do not know if other embeddings exist(except one special em-
beddingθ− described in §3.1which is a ”twist” of the standard embeddingθs defined by:
θ−(S) = θs(S) = (y, 1

x) andθ−(R) = (xy,−y) 6= θs(R) = (xy,y)), in particular if it is possi-
ble to find an embedding where the parabolic elements act by preserving elliptic fibrations.

Question 1.1. Does there exist an embedding of SL(2,Z) into Bir(P2) that preserves the
type and which is not conjugate toθ− or to someθε?

The last two assertions of Theorem1 yield to the following question:

Question 1.2. Is the embeddingθ− rigid? i.e. not extendable to a one parameter family of
non conjugate embeddings ?

Note that some morphisms SL(2,Z)→Bir(P2) preserving the type have been described
([Fav, page 9], [CaLo] and [Gol]), but that these ones are not embedding, the central invo-
lution acting trivially. See §3.1for more details.

One can also consider elliptic, parabolic and hyperbolic embeddings of SL(2,Z) into
Bir(P2). An embeddingθ of SL(2,Z) into the Cremona group is said to beelliptic if
each element of imθ is elliptic; θ is parabolic(respectivelyhyperbolic) if each element of
infinite order of imθ is parabolic (respectively hyperbolic).

In Sections3.2, 3.3 and 3.4, we prove the existence of an infinite number of non-
conjugate elliptic, parabolic and hyperbolic embeddings (seePropositions3.7, 3.8, 3.9
and Corollary3.11). It is possible to find many other such embeddings; we only give a
simple way to construct infinitely many of each family.

One can then ask if it is possible to find an embedding of SL(2,Z) into the Cremona
group which isregularisable, i.e.which comes from an embedding into the group of auto-
morphisms of a projective rational surface. It is easy to construct elliptic embeddings which
are regularisable (see Section3.2). In Section4, we give a way to construct infinitely many
hyperbolic embeddings of SL(2,Z) into the Cremona group which are regularisable, and
each of the groups constructed moreover preserves an elliptic curve (one fixing it point-
wise). The existence of regularisable embeddings which preserve the type is still open
(and should contain parabolic elements with quadratic growth of degree).

Note that the existence of hyperbolic automorphisms preserving an elliptic curve was
not clear. In [Pan, Theorem 1.1], it was proved that a curve preserved by an hyperbolic
element of Bir(P2) has geometric genus 0 or 1; examples of genus 0 (easy to create
by blowing-up) were provided, and the existence of genus 1 curves invariant was raised
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(see[Pan, page 443]). The related question of the existence of curvesof arithmetic genus 1
preserved by hyperbolic automorphisms of rational surfaces was also raised two years af-
ter in [DFS, page 2987]. In [McM], the author constructs hyperbolic automorphisms of
rational surfaces which correspond to Coxeter elements (any hyperbolic automorphism of
a rational surface corresponds to an element of the Weyl group associated to the surface),
that preserve a cuspidal (resp. nodal) curve. However, a general automorphism of a rational
surface corresponding to a Coxeter element is hyperbolic but does not preserve any curve
([BeKi]).

The following statement yields existence of a group of automorphisms preserving a
(smooth) elliptic curve such that every non-periodic element is hyperbolic. This is also
possible with free groups (see[Can1, Remark 3.2] and [Bla1]), but the construction is
harder with more complicated groups like SL(2,Z). The method that we describe in Sec-
tion 4 should be useful to create other groups generated by elements of finite order.

Theorem 2. There exist hyperbolic embeddingsθh,1,θh,2,θh,3 of SL(2,Z) into Bir(P2)
such that:

• for each i, the groupθh,i preserves a smooth cubic curveΓ ⊂ P2;
• the action ofθh,1 onΓ is trivial, the action ofθh,2 onΓ is generated by a translation

of order3 and the action ofθh,3 onΓ is generated by an automorphism of order3
with fixed points;

• for i = 1,2,3, the blow-up Xi → P2 of respectively12,10,10points ofΓ conjugates
θh,i(SL(2,Z)) to a subgroup of automorphisms of Xi . The strict transform̃Γ of Γ
on Xi is the only invariant curve; in particular the orbit of any element of Xi\Γ̃ is
either finite or dense in the Zariski topology.

Moreover, in cases i= 1,2, we can chooseΓ to be any smooth cubic curve, and this
yields infinitely many hyperbolic embeddings ofSL(2,Z) into Bir(P2), up to conjugacy.

Remark 1.3. In θh,1, θh,2, θh,3, the letterh is no parameter but only means ”hyperbolic”,
to distinguish them from the other embeddingsθs, θ− and{θε}ε∈R, defined above.

It could be interesting to study more precisely the orbits ofthe action of the above
groups, in particular to answer the following questions:

Question 1.4. Are the typical orbits ofθh,i dense in the transcendental topology ?

Question 1.5. Are there some finite orbits inXi\Γ̃?

We finish this introduction by mentioning related results.

The statement of [Des, Theorem 1.4] for SL(3,Z) was generalised in [Can2], where it
is proven that any finitely generated group having Kazhdan’sproperty (T) only embeds
linearly into Bir(P2) (up to conjugation).

Let us also mention [CaLa, Theorem A] which says that if a latticeΓ of a simple Lie
groupG embeds into the group Aut(C2), thenG is isomorphic to PSO(1,n) or PSU(1,n)
for somen. If the embedding is not conjugate to a subgroup of the affine group, the
only possibility isG ≃ PSO(1,2) ≃ PSL(2,R), this latter case being intensively studied
in [CaLa].

Note that our techniques heavily use the special structure of SL(2,Z), and one could
ask similar questions for any lattice of GL(2,R) or PGL(2,R); the behaviour and results
could be very different.
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2. SOME REMINDERS ONSL(2,Z) AND Bir(P2)

2.1. About SL(2,Z). Division algorithm implies that the group SL(2,Z) is generated by
the elementsRandSgiven by

R=

[
1 1
0 1

]
and S=

[
0 1
−1 0

]
.

Remark thatR is of infinite order andSof order 4. The square ofSgenerates the center
of SL(2,Z). Moreover

RS=

[
−1 1
−1 0

]
and SR=

[
0 1
−1 −1

]

are conjugate bySand both have order 3.
A presentation of SL(2,Z) is given by

〈R, S|S4 = (RS)3 = 1, S2(RS) = (RS)S2〉

(see for example[New, Chapter 8]). This implies that the quotient of SL(2,Z) by its center
is a free product ofZ/2Z andZ/3Z generated by the classes[S] of Sand[RS] of RS

PSL(2,Z) = 〈[S], [RS] | [S]2 = [RS]3 = 1〉.

2.2. Dynamic of elements ofSL(2,Z). Recall that the group SL(2,R) acts on the upper
half plane

H= {x+ iy∈ C | x,y∈ R,y> 0}

by Möbius transformations:

SL(2,R)×H→H,

([
a b
c d

]
,z

)
7→

az+b
cz+d

.

The hyperbolic structure ofH being preserved, this yields to a natural notion ofelliptic,
parabolic, andhyperbolicelements of SL(2,R), and thus to elements of SL(2,Z) (as in
[Ive, II.8]).

If M is an element of SL(2,Z), we can be more precise and check the following easy
observations:

• M is elliptic if and only if M has finite order;
• M is parabolic(respectivelyhyperbolic) if and only if M has infinite order and its

trace is±2 (respectively6=±2).

Up to conjugacy the elliptic elements of SL(2,Z) are
[

−1 0
0 −1

]
,

[
0 1
−1 −1

]
,

[
0 1
−1 0

]
,

[
0 −1
1 0

]
,

[
0 −1
1 1

]
;

in particular an element of finite order is of order 2, 3, 4 or 6.

A parabolic element of SL(2,Z) is up to conjugacy one of the following
[

1 a
0 1

]
,

[
−1 a
0 −1

]
, a∈ Z.
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2.3. Cremona group and dynamic of its elements.Let us recall the following classical
definitions.

Definitions 2.1. A rational mapof the projective plane into itself is a map of the following
type

f : P2(C) 99K P2(C), (x : y : z) 99K ( f0(x,y,z) : f1(x,y,z) : f2(x,y,z)),

where thefi ’s are homogeneous polynomials of the same degree without common factor.
The degreeof f is by definition: degf = degfi . A birational map f is a rational map
that admits a rational inverse. We denote by Bir(P2) the group of birational maps of the
projective plane into itself; Bir(P2) is also called theCremona group.

The degree is not a birational invariant; iff and g are in Bir(P2), then in general
deg(g f g−1) 6= degf . Nevertheless there exist two strictly positive constantsa,b∈R such
that for alln the following holds

adegf n ≤ deg(g fng−1)≤ bdegf n.

In other words the degree growth is a birational invariant; so we introduce the following
notion ([Fri, RuSh]).

Definition 2.2. Let f be a birational map. Thefirst dynamical degreeof f is defined by

λ( f ) = lim(degf n)1/n.

There is a classification of birational maps ofP2 up to birational conjugation.

Theorem 2.3([Giz, DiFa]). Let f be an element ofBir(P2). Up to birational conjugation,
exactly one of the following holds.

• The sequence(degf n)n∈N is bounded, f is an automorphism on some projective
rational surface and an iterate of f is an automorphism isotopic to the identity;

• the sequence(degf n)n∈N grows linearly, and f preserves a rational fibration. In
this case f cannot be conjugate to an automorphism of a projective surface;

• the sequence(degf n)n∈N grows quadratically, and f is conjugate to an automor-
phism preserving an elliptic fibration;

• the sequence(degf n)n∈N grows exponentially.

In the second and third case, the invariant fibration is unique. In the first three casesλ( f )
is equal to1, in the last caseλ( f ) is strictly greater than1.

Definitions 2.4. Let f be a birational map ofP2.
If the sequence(degf n)n∈N is bounded,f is said to beelliptic.
When(degf n)n∈N grows linearly or quadratically, we say thatf is parabolic.
If λ( f )> 1, thenf is an hyperbolic map.

As we said the Cremona group acts naturally on a hyperbolic space of infinite dimension
([Man, Can2]); we can say that a birational map is elliptic, resp. parabolic, resp. hyper-
bolic, if the corresponding isometry is elliptic, resp. parabolic, resp. hyperbolic ([GhHa,
Chapter 8,§2]). This definition coincides with the previous one ([Can2]).

Examples 2.5.Any automorphism ofP2 or of an Hirzebruch surfaceFn and any birational
map of finite order is elliptic.

The map(x : y : z) 99K (xy : yz: z2) is parabolic.
A Hénon map (automorphism ofC2)

(x,y) 7→ (y,P(y)− δx), δ ∈ C
∗, P∈ C[y], degP≥ 2
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extends to a hyperbolic birational map ofP2, of dynamical degree degP.

Definitions 2.6. Let θ : SL(2,Z) → Bir(P2) be an embedding of SL(2,Z) into the Cre-
mona group.

We say thatθ preserves the typeif θ sends elliptic (respectively parabolic, respectively
hyperbolic) element onto elliptic (respectively parabolic, respectively hyperbolic) map.

We say thatθ is elliptic if each element of imθ is elliptic.
The morphismθ is parabolic(respectivelyhyperbolic) if each element of infinite order

of imθ is parabolic (respectively hyperbolic).

2.4. The central involution of SL(2,Z) and its image into Bir(P2). The elementS2 ∈
SL(2,Z) is an involution; therefore its image by any embeddingθ : SL(2,Z)→ Bir(P2) is
a birational involution. As it was proved by Bertini, we havethe following classification:

Theorem 2.7([Ber]). An element of order2 of the Cremona group is up to conjugacy one
of the following

• an automorphism ofP2;
• a de Jonquìeres involutionιdJ of degreeν ≥ 2;
• a Bertini involutionιB;
• a Geiser involutionιG.

Bayle and Beauville showed that the conjugacy classes of involutions in Bir(P2) are deter-
mined by the birational type of the curves of fixed points of positive genus ([BaBe]). More
precisely the set of conjugacy classes is parametrised by a disconnected algebraic variety
whose connected components are respectively

• the moduli spaces of hyperelliptic curves of genusg (de Jonquières involutions);
• the moduli space of canonical curves of genus 3 (Geiser involutions);
• the moduli space of canonical curves of genus 4 with vanishing theta character-

istic, isomorphic to a non singular intersection of a cubic surface and a quadratic
cone inP3(C) (Bertini involutions).

The image ofS2 can neither be a Geiser involution, nor a Bertini involution; more
precisely, we have the following:

Lemma 2.8. Letθ be an embedding ofSL(2,Z) into the Cremona group. Up to birational
conjugation, one of the following holds.

• The involutionθ(S2) is an automorphism ofP2;
• the mapθ(S2) is a de Jonquìeres involution of degree3 fixing (pointwise) an el-

liptic curve.

Remark 2.9. The first case is satisfied by the examples of§3.1, §3.2, and§3.3. The second
case is also possible, for any elliptic curve (see§4).

Proof. SinceS2 commutes with SL(2,Z) the group G= θ(SL(2,Z)) is contained in the
centraliser of the involutionS2. If θ(S2) is a Bertini or Geiser involution, the centraliser
of θ(S2) is finite ([BPV2], Corollary 2.3.6); as a consequenceθ(S2) is a de Jonquières
involution.

Assume thatθ(S2) is not linearisable; thenθ(S2) fixes (pointwise) a unique irreducible
curveΓ of genus≥ 1. The group G preservesΓ and the action of G onΓ gives the exact
sequence

1→ G′ → G→ H → 1
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where H is a subgroup of Aut(Γ), G′ containsθ(S2) and fixesΓ. Since the genus ofΓ is
positive H cannot be equal to G/〈θ(S2)〉, free product ofZ/2Z andZ/3Z. This implies
that the normal subgroup G′ of G strictly contains〈θ(S2)〉 and thus that it is infinite and
not abelian. In particular the group of birational maps fixing (pointwise)Γ is infinite, and
not abelian, thusΓ is of genus 1 (see[BPV1], Theorem 1.5). � �

3. EMBEDDINGS PRESERVING THE TYPE AND ELLIPTIC, PARABOLIC EMBEDDINGS

3.1. Embeddings preserving the type.Henceforth we will often denote by( f1(x,y,z) :
f2(x,y,z) : f3(x,y,z)) the map

(x : y : z) 99K ( f1(x,y,z) : f2(x,y,z) : f3(x,y,z))

and by(p(x,y),q(x,y)) the birational map

(x,y) 99K (p(x,y),q(x,y))

of C2.

Let us begin this section by a property satisfied by all embeddings of SL(2,Z)→ Bir(P2)
that preserve the type.

Lemma 3.1. Let θ : SL(2,Z) → Bir(P2) be an embedding that preserves the type. Ei-
ther for all parabolic matrices M,θ(M) preserves a unique rational fibration, or for all
parabolic matrices M,θ(M) preserves a unique elliptic fibration.

Proof. Let us recall that a parabolic element of SL(2,Z) is up to conjugacy one of the
following

T+
a =

[
1 a
0 1

]
, T−

a =

[
−1 a
0 −1

]
, a∈ Z.

For anya 6= 0, the imageθ(T+
a ) of T+

a preserves a unique fibration onP2. Denote byF
the fibration preserved byT+

1 , given byF : P2
99KP1. For anya 6= 0,T+

a andT−
a commute

with T+
1 so theθ(T+

a )’s and theθ(T−
a )’s preserve the fibrationF andF is the only fibration

invariant by these elements.
Let M be a parabolic matrix. On the one handM is conjugate toT+

a or T−
a for somea via

a matrixNM and on the other hand parabolic maps preserve a unique fibration; thusθ(M)
preserves the fibration given byFθ(NM)−1. In particular ifF defines a rational (respec-
tively elliptic) fibration, thenFθ(NM)−1 defines a rational (respectively elliptic) one.�

�

The standard embeddingθs. The classical embedding

θs: SL(2,Z)→ Bir(P2),

[
a b
c d

]
7→ (xayb,xcyd)

preserves the type (seefor example [Lin, Theorem 7.1]).
For anyM ∈ SL(2,Z), if M is elliptic, θs(M) is, up to conjugacy, one of the following

birational maps of finite order
(

1
x
,
1
y

)
,

(
y,

1
xy

)
,

(
y,

1
x

)
,

(
1
y
,x

)
,

(
1
x
,xy

)
.

If M is parabolic,θs(Mn) is, up to conjugacy,(xyna,y), or (yna/x,1/y) with a in Z so
θs(M) is parabolic. IfM is hyperbolic,M has two real eigenvaluesµ andµ−1 such that
|µ|−1 < 1< |µ| andλ(θs(M)) = |µ|> 1 andθs(M) is hyperbolic.
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In [Fav, page 9], a construction of a morphism SL(2,Z)→ Bir(P2) preserving the type
was given, inspired from [CaLo] and [Gol]: the quotient ofP1 × P1 by the involution

(x,y) 7→
(

1
x ,

1
y

)
is a rational (singular) cubic surfaceC⊂ P3, calledCayley cubic surface.

Explicitly, we can assume (by a good choice of coordinates) that

C= {(W : X : Y : Z) ∈ P
3 | XYZ+WYZ+WXZ+WXY= 0}

and that the quotient is given by

P
1×P

1 →C,

(x,y) 7→
(
(x−1)(x− y)(1+ y) : (y−1)(y− x)(1+ x) : (xy+1)(x+1)(y+1) : (x−1)(y−1)(xy+1)

)
.

The involution(x,y) 7→
(

1
x ,

1
y

)
being the center ofθs(SL(2,Z)), the quotient provides

a morphismθ′s: SL(2,Z)→ Bir(C)≃ Bir(P2) whose kernel is generated byS2. The mor-
phism preserves the type, but is not an embedding. It is also possible to deform the con-
struction in order to have similar actions on other cubic surfaces (see[CaLo]).

One first twisting ofθs. We can ”twist” the standard embeddingθs in the following way.
Let θ−(S) = θs(S) = (y, 1

x) andθ−(R) = (xy,−y) 6= θs(R) = (xy,y). The mapθ−(RS) =
θ−(R)θ−(S) = ( y

x,−
1
x) has order 3. Sinceθ−(R) commutes withθ−(S2), the relations

of SL(2,Z) are satisfied andθ− is a morphism from SL(2,Z) into Bir(P2).

Proposition 3.2. The mapθ− : SL(2,Z) → Bir(P2) is an embedding that preserves the
type.

The groupsθs(SL(2,Z)) andθ−(SL(2,Z)) are not conjugate in the Cremona group.

Proof. For eachM ∈ SL(2,Z), one hasθ−(M) = αM ◦θs(M) whereαM = (±x,±y), and
in particularθ−(M) andθs(M) have the same degree. This observation implies thatθ− is
an embedding, and that it preserves the type, sinceθs does.

We now prove the second assertion. Suppose, for contradiction, thatθs(SL(2,Z)) is
conjugate toθ−(SL(2,Z)); thenθs(R) = (xy,y) is conjugate to some parabolic element
of θ−(SL(2,Z)), which has no root in the group. This implies thatθs(R) = (xy,y) or its

inverse is conjugate toθ−(R) = (xy,−y) or θ−(RS2) =
(

1
xy,−

1
y

)
in Bir(P2).

All these elements are parabolic elements of the Cremona group, each of them preserves
a unique rational fibration, which is(x,y) 7→ y. Sinceθs(R) preserves any fibre and both
θ−(R), θ−(RS2) permute the fibres, neitherθs(R) nor θs(R−1) is conjugate toθ−(R) or
θ−(RS2) in Bir(P2). � �

The mapθ− yields a ”new” embedding of SL(2,Z) preserving the type. However, this
map is not very far from the first one, and remains in(C∗,C∗)⋊SL(2,Z). We construct
now new ones, more interesting. Conjugating the elementsθs(S) = (y, 1

x) andθs(R) =

(xy,y) by the birational map
(

x−1
x+1,

y−1
y+1

)
, we get respectively(y,−x) and

(
x+y
xy+1,y

)
.

More generally, we choose anyε ∈ C∗, and set

θε(S) = (y,−x) , θε(R) =

(
x+ εy
ε+ xy

,εy

)
.

The mapθε(R) commutes withθε(S2) = (−x,−y), and

θε(RS) =

(
y− εx
ε− xy

,−εx

)
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is of order 3, soθε gives an homomorphism from SL(2,Z) to Bir(P2). The mapθ1 being
conjugate to the standard embedding, we can view this familyas a deformation of the
standard embedding. We prove now some technical results to show that the family consists
of embedding preserving the type whenε is a positive real number.

Lemma 3.3. We view these maps onP1×P1, via the embedding(x,y) 7→ ((x : 1),(y : 1)).

(i) Writing R1 =

[
1 1
0 1

]
, R2 =

[
1 0
1 1

]
, both maps

θε(R1) =

(
x+ εy
ε+ xy

,εy

)
and θε(R2) =

(
x
ε
,

ε(x+ εy)
ε+ xy

)

have exactly two base-points both belonging toP1 × P1 (no infinitely near point), and
being p1 = (ε,−1) and p2 = (−ε,1) (or ((ε : 1),(−1 : 1)) and((−ε : 1),(1 : 1))).

(ii) Both maps

θε(R1)
−1 =

(
ε(εx− y)

ε− xy
,
y
ε

)
and θε(R2)

−1 =

(
εx,

y− εx
ε− xy

)

have exactly two base-points, being q1 = (1,ε) and q2 = (−1,−ε).
(iii ) If ε is a positive real number and M=Rik . . .Ri1, for i1, . . . , ik ∈ {1,2}, the following

hold:

• the points q1 and q2 are not base-points ofθε(M), andθε(M)({q1,q2})∩{p1, p2}= /0.
• the points p1 and p2 are not base-points ofθε(M−1), andθε(M−1)({p1, p2})∩
{q1,q2}= /0.

Proof. Parts(i) and(ii) follow from an easy calculation, it remains to prove(iii ).
Let U+ ⊂ R2 ⊂ P1 × P1 (resp. U− ⊂ R2 ⊂ P1 × P1) be the subset of points(x,y)

with x, y ∈ R, xy> 0 (resp. xy< 0). Whenε is a positive real number,{p1, p2} ⊂ U−

and{q1,q2} ⊂U+, which implies thatθε(Ri) (resp.θε(R
−1
i )) is defined at any point ofU+

(resp. ofU−), sinceU+∩U− = /0.
Moreover, the explicit form of the four maps given in(i), (ii) shows thatθε(Ri)(U+)⊂ U+

andθε(R
−1
i )(U−)⊂ U− for i = 1,2. This yields the result. � �

Recall that Pic(P1×P
1) = Z f1 ⊕Z f2, where fi is the fibre of the projection on thei-

th factor. In particular, any curve onP1 × P1 has a bidegree(d1,d2) and any element
of Bir(P1×P1) has a quadridegree, which is given by the two bidegrees of thepull-backs
of f1 and f2, or equivalently by the two bidegrees of the polynomials which define the map.

Remark that the dynamical degree of a birational mapϕ of P1×P1 is uniquely deter-
mined by the sequence of quadridegrees ofϕn.

Proposition 3.4. If ε is a positive real number, the following hold:

(i) For any M=

[
a b
c d

]
∈ SL(2,Z), the mapsθε(M) and θs(M) have the same

quadridegree as birational maps ofP1×P1, which is(|a|, |b|, |c|, |d|).
(ii) The homomorphismθε is an embedding ofSL(2,Z) into the Cremona group that

preserves the type.

Proof. Observe first that(i) implies that the kernel ofθε is trivial (sinceθε(S2) = (−x,−y)
is not trivial) so thatθε is an embedding, and also implies that the dynamical degree
of θε(M) andθs(M) are the same for anyM. This shows that(i) implies(ii).

We now prove assertion(i). Sinceθs(S) =
(
y, 1

x

)
and θε(S) = (y,−x) are automor-

phisms ofP1 × P
1 having the same action on Pic(P1 × P

1), θε(M) andθs(M) have the
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same quadridegree if and only ifθε(MS) andθs(MS) have the same quadridegree. The
same holds when we multiply on the left:θε(M) andθs(M) have the same quadridegree if
and only ifθε(SM) andθs(SM) have the same quadridegree.

Recall that SL(2,Z) has the presentation〈R, RS|S4 = (RS)3 = 1, S2(RS) = (RS)S2〉.
It suffices thus to prove thatθε(M) and θs(M) have the same quadridegree whenM =
(RS)ik . . .S(RS)i2S(RS)i1S, for somei1, . . . , ik ∈ {±1}. For any indexi j equal to 1, we
replace theS immediately after byS−1 (sinceS2 commutes with all matrices), and obtain
now a product of non-negative powers of(RS)S−1 = R and(RS)2S. We will write R1 = R
andR2 = (RS)2S, and have

R1 =

[
1 1
0 1

]
, R2 =

[
1 0
1 1

]
.

It is thus sufficient to prove the following assertion:

(⋆) if M =

[
a b
c d

]
= RikRik−1 . . .Ri1, for some i1, . . . , ik ∈ {1,2},

then a,b,c,d ≥ 0, andθs(M), θε(M) have both quadridegree(a,b,c,d).

We proceed now by induction onk. Fork= 1, Assertion(⋆) can be directly checked:

Both θs(R1) = (xy,y) and θε(R1) =
(

x+εy
ε+xy,εy

)
have quadridegree(1,1,0,1). Both

θs(R2) = (x,xy) andθε(R2) =
(

x
ε ,

ε(x+εy)
ε+xy

)
have quadridegree(1,0,1,1).

Now, assume that(⋆) is true forM =

[
a b
c d

]
, and let us prove it forR1M =

[
a+ c b+d

c d

]

andR2M =

[
a b

a+ c b+d

]
. By induction hypothesis one has

θε(M) = ((x1 : x2),(y1 : y2)) 99K ((P1 : P2),(P3 : P4)),

whereP1, P2, P3, P4 ∈ C[x1,x2,y1,y2] are bihomogeneous polynomials, of bidegree(a,b),
(a,b), (c,d), (c,d).

We have thus

θε(R1)θε(M) = θε(R1M) =
((x1 : x2),(y1 : y2)) 99K ((P1P4+ εP2P3 : εP2P4+P1P3),(εP3 : P4)),

θε(R2)θε(M) = θε(R2M) =
((x1 : x2),(y1 : y2)) 99K ((P1 : εP2),(ε(P1P4+ εP2P3) : εP2P4+P1P3)).

To prove(⋆) for R1M andR2M, it suffices to show that the polynomialsP1P4+ εP2P3

andεP2P4+P1P3 have no common component. Suppose the converse for contradiction,
and denote byh∈ C[x1,x2,y1,y2] the common component. The polynomialh corresponds
to a curve ofP1×P1 that is contracted byθε(M) onto a base-point ofθε(R1) or θε(R2), i.e.
onto p1 = (ε,−1) or p2 = (−ε,1) (Lemma3.3). But this condition means that(θε(M))−1

has a base-point atp1 or p2. We proved in Lemma3.3 that this is impossible whenε is a
positive real number. � �

We now show that this construction yields infinitely many conjugacy classes of embed-
dings of SL(2,Z) into the Cremona group that preserve the type.

Proposition 3.5. If ε and ε′ are two real positive numbers withεε′ 6= 1, the two groups
θε(SL(2,Z)) andθε′(SL(2,Z)) are not conjugate in the Cremona group.

The standard embeddingθs is conjugate toθ1, but θ−(SL(2,Z)) is not conjugate to
θε(SL(2,Z)) for any positiveε ∈R.
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Proof. The proof is similar to the one of Proposition3.2. Assume, for contradiction,

that θε(SL(2,Z)) is conjugate toθε′(SL(2,Z)); thenθε(R) =
(

x+εy
ε+xy,εy

)
is conjugate to

some parabolic element ofθε′(SL(2,Z)), which has no root in the group. This implies

thatθε(R) =
(

x+εy
ε+xy,εy

)
or its inverse is conjugate toθε′(R) =

(
x+ε′y
ε′+xy,ε

′y
)

or toθε′(RS2) =
(
−x−ε′y
ε′+xy ,−ε′y

)
in Bir(P2).

These elements are parabolic elements of the Cremona group,each of them preserves a
unique rational fibration, which is(x,y) 7→ y. The action on the basis being different up to
conjugacy (sinceεε′ 6=±1), neitherθε(R) nor its inverse is conjugate toθε′(R) or θε′(RS2)
in Bir(P2).

It remains to show thatθ−(SL(2,Z)) is not conjugate toθε(SL(2,Z)) for any positive
ε ∈ R. Every parabolic element ofθ−(SL(2,Z)) without root is conjugate toθ−(R) =
(xy,−y), θ−(RS2) = ( 1

xy,−
1
y) or their inverses, and acts thus non-trivially on the basis of

the unique fibration preserved, with an action of order 2. We get the result by observing

thatθε(SL(2,Z)) containsθε(R) =
(

x+εy
ε+xy,εy

)
, which is parabolic, without root and acting

on the basis with an action which has not order 2. � �

Note that in all our examples of embeddings preserving the type, the parabolic elements
have a linear degree growth. One can then ask the following question (which could yield a
positive answer to Question1.1).

Question 3.6. Does there exist an embedding of SL(2,Z) into Bir(P2) that preserves the
type and such that the degree growth of parabolic elements isquadratic?

3.2. Elliptic embeddings. The simplest elliptic embedding is given by

θe: SL(2,Z)→ Bir(P2),

[
a b
c d

]
7→ (ax+by: cx+dy: z).

We now generalise this embedding. Choosen∈ N and letχ : SL(2,Z)→C∗ be a char-

acter such thatχ
([

−1 0
0 −1

])
6=(−1)n. For simplicity, we chooseχ such thatχ(RS)= 1,

and such thatχ(S) is equal to 1 ifn is odd and toi if n is even. Then we defineθn : SL(2,Z)→
Bir(P2) by

M =

[
a b
c d

]
7→

(
ax+b
cx+d

,
χ(M)y

(cx+d)n

)
.

The action on the first component and the fact thatθn(S2) 6= 1 imply that θn is an
embedding. The degree of all elements being bounded, the embeddings are elliptic.

Proposition 3.7. For any n∈N, the groupθn(SL(2,Z)) is conjugate to a subgroup ofAut(Fn),
whereFn is the n-th Hirzebruch surface.

The groupsθm(SL(2,Z)) andθn(SL(2,Z)) are conjugate in the Cremona group if and
only if m= n.

Proof. If n= 0, the embedding(x,y) 7→ ((x : 1),(y : 1)) of C2 into P1×P1 = F0 conjuga-
tesθ0(SL(2,Z)) to a subgroup of Aut(F0).

Forn≥ 1, recall that the weighted projective spaceP(1,1,n) is equal to

P(1,1,n) =
{
(x1,x2,z) ∈C

3\{0}
∣∣∣ (x1,x2,z)∼ (µx1,µx2,µ

nz), µ∈ C
∗
}
.
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The surfaceP(1,1,1) is equal toP2, and the surfacesP(1,1,n) for n ≥ 2 have one
singular point, which is(0 : 0 : 1).

For anyn≥ 1, the embedding(x,y) 7→ (x : y : 1) ofC2 intoP(1,1,n) conjugatesθn(SL(2,Z))
to a subgroup of Aut(P(1,1,n)) that fixes the point(0 : 0 : 1). The blow-up of this fixed
point gives the Hirzebruch surfaceFn, and conjugates thusθn(SL(2,Z)) to a subgroup
of Aut(Fn).

In all casesn≥ 0, the group preserves the fibrationFn →P1 corresponding to(x,y) 7→ x.
The action on the basis of the fibration corresponds to the standard homomorphismSL(2,Z)→
PSL(2,Z) ⊂ PGL(2,C) = Aut(P1). This action has no orbit of finite size onP1. In par-
ticular, there is no orbit of finite size onFn. This shows that the subgroup of Aut(Fn)
corresponding toθn(SL(2,Z)) is birationally rigid for n 6= 1, i.e. that it is not conju-
gate to any group of automorphisms of any other smooth projective surface. This shows
thatθm(SL(2,Z)) andθn(SL(2,Z)) are conjugate in the Cremona group only whenm= n.

� �

3.3. Parabolic embeddings.Recall that the morphismθ0 defined in§3.2 can also be

viewed as follow:M =

[
a b
c d

]
7→
(

ax+b
cx+d ,χ(M)y

)
; it preserves the fibration(x,y) 7→ x.

Remembering thatχ(S) = i andχ(RS) = 1 we have

θ0(S) =

(
−

1
x
, iy
)

and θ0(RS) =

(
x−1

x
,y

)
.

We will “twist” θ0 in order to construct parabolic embeddings. Recall that SL(2,Z)

acts viaθ0 on the projective line; the element

[
a b
c d

]
acts asx 99K ax+b

cx+d . The group is

countable so a very general point of the line has no isotropy.Let P ∈ C(x) be a rational
function with m simple poles andm simple zeroes, wherem> 0, and such that the 2m
corresponding points ofC are all on different orbits under the action of SL(2,Z) and have
no isotropy. We denote byϕP = (x,y ·P(x)) the associated birational map; it preserves the
fibration and commutes withθ0(S2) = (x,−y).

We choose

θP(S) = θ0(S) =

(
−

1
x
, iy
)

and θP(RS) = ϕP◦θ0(RS)◦ϕ−1
P ,

therefore

θP(S) =

(
−

1
x
, iy
)

and θP(RS) =

(
x−1

x
,y ·

P( x−1
x )

P(x)

)
.

The mapsϕP and θP(S2) commute soθP(RS) and θP(S2) commute too. Then, by
definition ofθP(S) andθP(RS) there is a unique morphismθP : SL(2,Z)→ Bir(C2).

Proposition 3.8. The morphismθP is a parabolic embedding for any P∈C(x).

Proof. The action on the basis of the fibration and the fact thatθP(S2) 6= id imply thatθP is
an embedding. It remains to show that any element of infinite order is sent onto a parabolic
element.

Writing α = θP(RS) andβ = θP(S), it suffices to show thath or hβ2 is parabolic, where

h= βαinβ . . .αi2βαi1, n≥ 1 and i1, . . . , in ∈ {−1,1}.
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We view our maps acting onP1 ×P1. The fibration given by the projection on the first
factor is preserved byh, which is thus either parabolic or elliptic. The first possibility
occurs if the sequence of number of base-points ofhk grows linearly and the second if the
sequence is bounded.

Let p∈ C be a pole or a zero ofP. Let F0 ⊂ P
1×P

1 be the fibre of(p : 1) and letΣ ⊂
P1×P1 be the(countable) union of fibres of points that belong to the orbit of(p : 1) under
the action of SL(2,Z).

Recall thatθ0(RS) is an automorphism ofP1 × P1. SetF1 = θ0(RS)(F0) and F2 =
θ0(RS)(F1); remark thatF0 = θ0(RS)(F2). ThenϕP and its inverse contractF0 on a point
of F0 but send isomorphicallyF1 andF2 onto themselves. The mapα is the conjugate
of θ0(RS) by ϕP, so it contractsF0 and F2 on points lying respectively onF1 and F0,
but sends isomorphicallyF1 ontoF2 and doesn’t contract any other fibre contained inΣ.
Similarly α−1 contractsF0 andF1 on points lying onF2 andF0 and neither contractsF2 nor
any other fibre ofΣ.

Each fibre is preserved byβ2, but β and β3 sendF0, F1, F2 onto three other fibres
contained inΣ. Thenα±1β andα±1β3 send isomorphicallyF0 onto a fibre contained inΣ\
{Fi}. By induction onn, we obtain that for anyk< 0,hk and(hβ2)k send isomorphicallyF0

onto a curve inΣ\ {Fi}.
Then we note thatα andα−1 contractF0 on a point contained in one of theFi , point

sent byβ onto an other point not contained in theFi ’s. So, by induction onn, for anyk> 0
bothhk and(hβ2)k contractF0 on a point not contained in theFi ’s and for which the fibre
belongs toΣ.

For each integerk > 0, the fibreF0 is contracted byhk and by(hβ2)k = hk(β2k) on a
point of Σ. Moreover, for each integerk < 0, F0 is sent isomorphically byhk onto a fibre
contained inΣ. SetF ′

i = h−i(F0) for all i > 0; we obtain thathk and(hβ2)k contractF0

andF ′
1, . . . ,F

′
k for each integerk > 0. This means that the number of base-points ofhk

and(hβ2)k is at least equal tok. As h andhβ2 preserve the fibration, they are parabolic.
� �

Proposition 3.9. When P varies, we obtain infinitely many parabolic embeddings.

Proof. Let P,Q ∈ C(x), and suppose thatθP(SL(2,Z)) is conjugate toθQ(SL(2,Z)) by
some birational mapϕ of P1×P1. Thenϕ preserves the fibration(x,y) 7→ x, which is the
unique fibration preserved by the two groups. Its action on the basis of the fibration is an
elementψ ∈ PGL(2,C) that normalises PSL(2,Z)⊂ PSL(2,C) = PGL(2,C). This means
thatψ ∈ PSL(2,Z). Replacingϕ by its product with an element ofθQ(SL(2,Z)), we can
thus assume thatϕ acts trivially on the basis.

This means thatϕ is equal to
(

x, a(x)y+b(x)
c(x)y+d(x)

)
for somea,b,c,d ∈ C(x), ad− bc 6= 0.

Sinceϕ conjugatesθP(S) = θQ(S) = (− 1
x , iy) to itself or its inverse, the mapϕ is equal

to (x,a(x)y±1) wherea∈C(x), a(− 1
x) =±a(x).

The mapϕ conjugatesθP(RS) =

(
x−1

x ,y ·
P( x−1

x )

P(x)

)
to θQ(RS) =

(
x−1

x ,y ·
Q( x−1

x )

Q(x)

)
or

to θQ(RS3) =

(
x−1

x ,−y ·
Q( x−1

x )

Q(x)

)
in Bir(P1×P1). Assume that

ϕ = (x,a(x)y) wherea∈ C(x), a(−
1
x
) = a(x);
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thenϕθP(RS)ϕ−1 =

(
x−1

x ,y ·
a( x−1

x )P( x−1
x )

a(x)P(x)

)
. ThusϕθP(RS)ϕ−1 = θQ(RS), resp.θQ(RS3)

if and only if

a
(

x−1
x

)

a(x)
=

P(x)Q( x−1
x )

Q(x)P
(

x−1
x

) , resp.
a
(

x−1
x

)

a(x)
=−

P(x)Q( x−1
x )

Q(x)P
(

x−1
x

)

sincea(x) is invariant under the homographyx 7→ − 1
x , the same holds for

P(x)Q( x−1
x )

Q(x)P( x−1
x )

. This

implies, in both cases, the following condition onP andQ

P(x)P(1+ x)

P
(
− 1

x

)
P
(

x−1
x

) = Q(x)Q(1+ x)

Q
(
− 1

x

)
Q
(

x−1
x

) .

We get the same formula whenϕ is equal to(x,a(x)y−1) wherea∈C(x), a(− 1
x) =−a(x).

WhenP varies, we thus obtain infinitely many parabolic embeddings. � �

3.4. Hyperbolic embeddings. In this section, we ”twist” the standard elliptic embedding
θe defined in §3.2 to get many hyperbolic embeddings of SL(2,Z) into Bir(P2). Recall
thatθe is given by

θe: SL(2,Z)→ Bir(P2),

[
a b
c d

]
7→ (ax+by: cx+dy: z).

The groupθe(SL(2,Z)) preserves the lineLz of equationz= 0, and acts on it via the natural
maps SL(2,Z)→ PSL(2,Z)⊂ PSL(2,C) = Aut(Lz).

We chooseµ∈ C∗ such that the pointp = (µ : 1 : 0) ∈ Lz has a trivial isotropy group
under the action of PSL(2,Z), fix an even integerk > 0, and then define a morphism
θk : SL(2,Z)→ Bir(P2) by the following way:

θk(S) = θe(S) = (y : −x : z)
θk(RS) = ψθe(RS)ψ−1

whereψ is the conjugation ofψ′ = (xk : yxk−1+ zk : zxk−1) by (x+µy: y : z).
Note thatψ′ restricts to an automorphism of the affine plane wherex 6= 0, commutes

with θe(S2) = (x : y :−z) and acts trivially onLz. Sinceψ commutes withθe(S2) = θk(S2),
the elementθk(RS) commutes withθk(S2), andθk is thus a well-defined morphism. The
fact thatψ preservesLz and acts trivially on it implies that the action ofθe andθk onLz are
the same, soθk is an embedding.

Lemma 3.10. Let m be a positive integer, and let a1, . . . ,am,b1, . . . ,bm ∈ {±1}. The bira-
tional map

θk(S
bm(RS)am · · ·Sb1(RS)a1)

has degree k2m and exactly2m proper base-points, all lying on Lz, which are

p,((RS)a1)−1(p),(Sb1(RS)a1)−1(p),((RS)a2Sb1(RS)a1)−1(p),
. . . ,((RS)am · · ·Sb1(RS)a1)−1(p),(Sbm(RS)am · · ·Sb1(RS)a1)−1(p),

where the action of R,RS∈ SL(2,Z) on Lz is here the action viaθe or θk.

Proof. The birational mapψ has degreek and has an unique proper base-point which is
p= (µ : 1 : 0) ∈ Lz; the same is true forψ−1. Moreover both maps fix any other point of
Lz.
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Sinceθe(RS)a1 is an automorphism ofP2 that moves the pointp onto an other point
of Lz, the mapθk((RS)a1) = ψθe(RS)a1ψ−1 has degreek2 and exactly two proper base-
points, which arep andψθe(RS)−a1(p) = ((RS)a1)−1(p). The mapθk(S) being an auto-
morphism ofP2, θk(Sb1(RS)a1) has also degreek2 and two proper base-points, which are
p and((RS)a1)−1(p). This gives the result form= 1.

Proceeding by induction form> 1, we assume thatθk(Sbm(RS)am · · ·Sb2(RS)a2) has
degreek2m−2 and exactly 2m−2 proper base-points, all lying onLz, which are

p,((RS)a2)−1(p),(Sb2(RS)a2)−1(p), . . . ,(Sbm(RS)am · · ·Sb2(RS)a2)−1(p).

The mapθk(Sb1(RS)a1)−1 = θk((RS)−a1)θk(S−b1) has degreek2 and two proper base-
points, which areSb1(p) and Sb1(RS)a1(p). These two points being distinct from the
2m− 2 points above, the mapθk(Sbm(RS)am · · ·Sb1(RS)a1) has degreek2 · k2m−2 = k2m,
and its proper base-points are the 2 proper base-points ofθk(Sb1(RS)a1) and the image
by (Sb1(RS)a1)−1 of the base-points ofθk(Sbm(RS)am · · ·Sb2(RS)a2). This gives the re-
sult. � �

As a corollary, we get infinitely many hyperbolic embeddingsof SL(2,Z) into the Cre-
mona group.

Corollary 3.11. Let m be a positive integer, and let a1, . . . ,am,b1, . . . ,bm ∈ {±1}. The
birational map

θk(S
bm(RS)am · · ·Sb1(RS)a1)

has dynamical degree k2m.
In particular, the mapθk is an hyperbolic embedding and the set of all dynamical de-

grees ofθk(SL(2,Z)) is {1,k2,k4,k6, . . .}.

Proof. Any element of infinite order of SL(2,Z) is conjugate tog=Sbm(RS)am · · ·Sb1(RS)a1

for somea1, . . . ,am,b1, . . . ,bm ∈ {±1}. Lemma3.10implies that the degree ofθk(gr) is
equal tok2mr. The dynamical degree ofθk(g) is therefore equal tok2m. � �

4. DESCRIPTION OF HYPERBOLIC EMBEDDINGS FOR WHICH THE CENTRAL ELEMENT

FIXES (POINTWISE) AN ELLIPTIC CURVE

4.1. Outline of the construction and notation. In this section, we give a general way of
constructing embeddings of SL(2,Z) into the Cremona group where the central involution
fixes pointwise an elliptic curve. Recall that all conjugacyclasses of elements of order 4 or
6 in Bir(P2) have been classified (see[Bla3]). Many of them can act on del Pezzo surfaces
of degree 1, 2, 3 or 4.

In order to create our embedding, we will define del Pezzo surfacesX, Y of degree≤ 4,
and automorphismsα ∈ Aut(X), β ∈ Aut(Y) of order respectively 6 and 4, so thatα3

andβ2 fix pointwise an elliptic curve, and that Pic(X)α, Pic(Y)β have both rank 1. Note
that we say that a curve isfixedby a birational map if it is pointwise fixed, and say that
it is invariant or preservedif the map induces a birational action (trivial or not) on the
curve. Contracting(−1)-curves invariant by these involutions (but not byα, β, which act
minimally onX andY), we obtain birational morphismsX → X4 andY →Y4, whereX4, Y4

are del Pezzo surfaces on whichα3 andβ2 act minimally. Lemma4.1below shows thatX4

andY4 are del Pezzo surfaces of degree 4 and both Pic(X4)
α3

and Pic(Y4)
β2

have rank 2
and are generated by the fibres of two conic bundles onX4 andY4. Choosing a birational
mapX4 99K Y4 conjugatingα3 to β2 (which exists if and only if the elliptic curves are
isomorphic), which is general enough, we should obtain an embedding of SL(2,Z) such
that any element of infinite order is hyperbolic.
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In order to prove that there is no more relation in the group generated byα and β
and that all elements of infinite order are hyperbolic, we describe the morphismsX → X4

andY →Y4 and the action ofα andβ on Pic(X)α3
and Pic(Y)β2

(which are generated by
the fibres of the two conic bundles onX4, andY4 and by the exceptional curves obtained
by blowing-up points on the elliptic curves fixed), and then observe that the composition
of the elements does what is expected.

4.2. Technical results on automorphisms of del Pezzo surfaces ofdegree4. Recall
some classical facts about del Pezzo surfaces, that the reader can find in [Dem] (see also
[Man]). A del Pezzo surface is a smooth projective surfaceZ such that the anti-canonical
divisor−KZ is ample. These areP1×P1, P2 orP2 blown-up at 1≤ r ≤ 8 points in general
position (no 3 collinear, no 6 on the same conic, no 8 on the same cubic singular at one of
the 8 points). The degree of a del Pezzo surfaceZ is (KZ)

2, which is 8 forP1×P1, 9 for
P2 and 9− r for the blow-up ofP2 at r points.

Any del Pezzo surfaceZ contains a finite number of(−1)-curves (smooth curves iso-
morphic toP1 and of self-intersection−1), each of these can be contracted to obtain an-
other del Pezzo surface of degree(KZ)

2+1. These are moreover the only irreducible curves
of Z of negative self-intersection. IfZ is notP2, there is a finite number of conic bundles
Z→P1 (up to automorphism ofP1), and each of them has exactly 8−(KZ)

2 singular fibres.
This latter fact can be find by contracting one component in each singular fibre, which is
the union of two(−1)-curves, obtaining a line bundle on a del Pezzo surface, isomorphic
to P1×P1 or F1 and having degree 8.

Lemma 4.1. Let Z be a del Pezzo surface, and letσ ∈ Aut(Z) be an involution that fixes
(pointwise) an elliptic curve. Denote byη : Z → Z4 any< σ >-invariant birational mor-
phism such that the action on Z4 is minimal.

Then, Z4 is a del Pezzo surface of degree4, andPic(Z4)
σ =Z f1⊕Z f2, where f1, f2 cor-

respond to the fibres of the two conic bundlesπ1, π2 : Z4 →P1 (defined up to automorphism
of P1) that are invariant byσ. Moreover

f1+ f2 =−KZ4, f1 · f2 = 2 and Pic(Z)σ = Zη∗( f1)⊕Zη∗( f2)⊕ZE1⊕·· ·⊕ZEr

where E1, . . . ,Er are the r irreducible curves contracted byη (in particular, η only con-
tracts invariant(−1)-curves).

Proof. SinceZ is a del Pezzo surface,Z4 is also a del Pezzo surface. Asσ acts minimally on
Z4 and fixes an elliptic curve, we have the following situation ([BaBe, Theorem 1.4]): there
exists a conic bundleπ1 : Z4 →P1 such thatπ1σ = π1, σ induces a non-trivial involution on
each smooth fibre ofπ1, and exchanges the two components of each singular fibre, which
meet at one point. The restriction ofπ1 to the elliptic curve is a double covering ramified
over 4 points, which implies that there are four singular fibres. The surfaceZ4 is thus the
blow-up of four points onF1 orP1×P1, and has therefore degree 4. The fact that there are
exactly two conic bundlesπ1, π2 : Z4 →P2 invariant byσ, that Pic(Z4)

σ is generated by the
two fibres, thatf1+ f2 =−KZ4 and thatf1 · f2 = 2 can be checked in [Bla2, Lemma 9.11].

It remains to observe that all points blown-up byη are fixed byσ. If η blows-up an
orbit of at least two points ofZ4 invariant byσ, the points would be on the same fibre
of π1. The transform of this fibre onZ would then contain a curve isomorphic toP1 and
having self-intersection≤−2; this is impossible on a del Pezzo surface. � �

Lemma 4.2. For i = 1,2, let Xi be a projective smooth surface, with K2
Xi
= 4, and letσi ∈

Aut(Xi) be an involution which fixes an elliptic curveΓi ⊂ Xi . Letπi : Xi → P
1 be a conic
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bundle such thatπiσi = πi and let Fi ,Gi ⊂ Xi be two sections ofπi of self-intersection−1,
intersecting transversally into one point.

Then, X1, X2 are del Pezzo surfaces of degree4 and the following assertions are equi-
valent:

(1) There exists an isomorphismϕ : X1 → X2 which conjugatesσ1 to σ2, which sends
F1,G1 onto F2 and G2 respectively and such thatπ2ϕ = π1;

(2) The points ofP1 whose fibres byπi are singular are the same for i= 1,2, and
π1(F1∩G1) = π2(F2∩G2).

Proof. For i = 1,2, we denote byηi : Xi → F1 the birational morphism that contracts, in
each singular fibre ofπi , the(−1)-curve that does not intersectFi . The curveηi(Fi) is equal
to the exceptional sectionE of the line bundleπ : F1 → P1, with π = πiη−1

i . Sinceηi(Gi)
intersectsE into exactly one point, it is a section of self-intersection3. In particular, the
four points blown-up byηi lie onηi(Gi). ContractingE onto a point ofP2, ηi(Gi) becomes
a conic ofP2 passing through the five points blown-up by the birational morphismXi →P2;
this implies that no 3 are collinear and thus thatXi is a del Pezzo surface of degree 4.

It is clear that the first assertion implies the second one. Itremains to prove the converse.
The second assertion implies thatη1(G1)∩E = η2(G2)∩E, and this yields the existence
of an automorphism ofF1 that sendsη1(G1) ontoη2(G2) and that preserves any fibre of
π. We can thus assume thatη1(G1) = η2(G2), which implies that the four points blown-up
by η1 andη2 are the same. The isomorphismϕ can be chosen asϕ = η−1

2 ◦η1. The mapϕ
conjugatesσ1 to σ2 because, for eachi, σi is the unique involution that preserves any fibre
of πi and exchanges the two components of each singular fibre (seefor example [Bla2,
Lemma 9.11]). � �

4.3. Actions on the Picard groups ofα and β. We now describe the actions ofα andβ
on Pic(X) and Pic(Y).

Proposition 4.3. Let X be a del Pezzo surface of degree(KX)
2 < 4, and letα ∈ Aut(X) be

an automorphism of order6 such thatPic(X)α = ZKX and such thatα3 fixes pointwise an
elliptic curve. LetηX : X → X4 be a birational morphism, so thatα3 acts minimally on X4,
and let f1, f2 ∈ Pic(X) be the divisors corresponding to the two conic bundles on X4 which
are invariant byα3 (seeLemma4.1). Then, one of the following occurs:

(i) (KX)
2 = 3, ηX contracts a curve E1, andα, α2 act onPic(X)α3

as



1 1 1
1 0 0

−2 0 −1


 and




0 1 0
1 1 1
0 −2 −1




relatively to the basis( f1, f2,E1) (up to an exchange of f1, f2).

(ii) (KX)
2 = 1, ηX contracts E1,E2,E3, andα, α2 act onPic(X)α3

as



1 3 1 1 1
3 4 2 2 2

−2 −4 −2 −2 −1
−2 −4 −1 −2 −2
−2 −4 −2 −1 −2




and




4 3 2 2 2
3 1 1 1 1

−4 −2 −2 −1 −2
−4 −2 −2 −2 −1
−4 −2 −1 −2 −2




relatively to the basis( f1, f2,E1,E2,E3) (up to a good choice of E1,E2,E3 and an exchange
of f1, f2).

Proof. Let E ⊂ X be any(−1)-curve invariant byα3. The divisorE+α(E)+α2(E) is
invariant byα and thus equivalent tosKX for some integers. Computing the intersection
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with KX and the self-intersection, we obtain−3= s(KX)
2 and−3+6(E ·α(E))= s2(KX)

2.
This gives two possibilities:

(i) (KX)
2 = 3, s=−1, E ·α(E) = 1

(ii) (KX)
2 = 1, s=−3, E ·α(E) = 2

In case(i), ηX is given by the choice of one(−1)-curveE1 invariant byα3. Since
E1 ·α(E1) = 1, the divisorE1 +α(E1) corresponds to a conic bundle onX andX4. Up
to renumbering, we can say thatf1 = E1+α(E1) and f2 = E1+α2(E1). This means that
α(E1) = f1−E1, α2(E1) = f2−E1, α( f1) = f1+ f2−2E1 andα( f2) = f1.

In case(ii), there are three curvesE1, E2, E3 contracted byηX . We first chooseE1, and
then chooseE′

2 = ιB(α(E1)) = −2KX −α(E1) (whereιB is the Bertini involution of the
surface). SinceE′

2 does not intersectE1, we can contractE1, E′
2, and another curveE3 to

obtain anα3-equivariant birational morphismX → X′
4, whereX′

4 is a del Pezzo surface of
degree 4. This choice gives us two conic bundlesf ′1, f ′2 on X′

4, which we also see onX4,
invariant byα3. We now computeα(E3). We haveα(E3) ·E3 = 2,

α(E3) ·E1 = E3 ·α2(E1) = E3 · (−3KX −E1−α(E1)) = E3 · (−KX −E1+E′
2) = 1,

α(E3) ·E
′
2 = E3 ·α2(E′

2) = E3 · (−2KX −E1) = 2.

This implies thatα(E3) = a f ′1+b f ′2−E1−2E′
2−2E3, for some integersa,b. Computing

the intersection with−KX we find 1= 2a+2b−1−2−2= 2(a+b)−5, which means that
a+b= 3. Computing the self-intersection, we obtain that−1= 2ab−1−4−4= 4ab−9,
soab= 2. Up to an exchange off ′1, f ′2, we can assume thata= 1,b= 2, and obtain that
α(E3) = f ′1+2 f ′2−E1−2E′

2−2E3 =−2KX − ( f ′1−E1).
We now callE2 the (−1)-curve f ′1 −E′

2, which does not intersectE1 or E3. We take
f1 = f ′1 and f2 = f ′1 + f ′2−2E′

2, so that f1, f2 are conic bundles, with intersection 2, and
−KX = f1+ f2−E1−E2−E3. The contraction ofE1,E2,E3 is aα3-equivariant birational
morphismX → X4 and f1, f2 correspond to the two conic bundles ofX4 invariant byα3.
With this choice, we can compute

α(E1) = ιB(E
′
2) = ιB( f1−E2) =−2KX − ( f1−E2),

α2(E1) =−3KX −α(E1)−E1 =−KX − ( f1−E2)−E1 =−2KX − ( f2−E3),

α(E3) =−2KX − ( f ′1−E1) =−2KX − ( f1−E1),

α2(E3) =−3KX −α(E3)−E3 =−KX − ( f1−E1)−E3 =−2KX − ( f1−E2).

This yields the equalitiesf1 = −2KX +E1−α(E3) and f2 = −2KX +E3−α2(E1), E2 =
α2(E3)+2KX− f1, and a straightforward computation gives, with the four equations above,
αi( f j ) andαi(E2) for i, j = 1,2. � �

Proposition 4.4. Let Y be a del Pezzo surface of degree(KY)
2 < 4, and letβ ∈ Aut(Y)

be an automorphism of order4 such thatPic(Y)β = ZKY and thatβ2 fixes pointwise an
elliptic curve. LetηY : Y →Y4 be a birational morphism, so thatβ2 acts minimally on Y4,
and let f1, f2 ∈ Pic(Y) be the divisors corresponding to the two conic bundles on Y4 that
are invariant byβ2 (seeLemma4.1). Then, one of the following occurs:

(i) (KY)
2 = 2, ηY contracts two curves E1, E2 andβ acts onPic(Y)β2

as



1 2 1 1
2 1 1 1

−2 −2 −2 −1
−2 −2 −1 −2



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relatively to the basis( f1, f2,E1,E2).

(ii) (KY)
2 = 1, ηY contracts E1, E2, E3, andβ acts onPic(Y)β2

as



3 4 2 2 2
4 3 2 2 2

−3 −3 −3 −2 −2
−3 −3 −2 −3 −2
−3 −3 −2 −2 −3




relatively to the basis( f1, f2,E1,E2,E3).

Remark 4.5. The second case, numerically possible, does not exist (see[DoIs] or [Bla3]).

Proof. Let E ⊂Y be any(−1)-curve invariant byβ2. The divisorE+β(E) is invariant by
β and thus equivalent tosKY for some integers. Computing the intersection withKY and
the self-intersection, we obtain−2= s(KY)

2 and−2+2(E ·β(E)) = s2(KY)
2. This gives

two possibilities:

(i) (KY)
2 = 2, s=−1, E ·β(E) = 2

(ii) (KY)
2 = 1, s=−2, E ·β(E) = 3

In case(i), there are two curvesE1, E2 contracted byηY, andβ(Ei) = −KY −Ei for
i = 1,2. Moreoverfi −E1 is also a(−1)-curve fori = 1,2, soβ( fi) = β(E1)+β( fi −E1) =
−KY −E1−KY − ( fi −E1) =−2KY − fi .

In case(ii), there are three curvesE1,E2,E3 contracted byηY, andβ(Ei) = −2KY −Ei

for i = 1,2,3. As before, we findβ( fi) =−4KY − fi . � �

4.4. Automorphisms of del Pezzo surfaces of order6, resp. 4 – description of α and
β.

Automorphisms of del Pezzo surfaces of order6. We now give explicit possibilities for
the automorphismα ∈ Aut(X) of order 6.
Case I

X =
{
(w : x : y : z) ∈ P(3,1,1,2)

∣∣∣ w2 = z3+µxz4+ x6+ y6
}

α((w : x : y : z)) = (w : x : −ωy : z)

for some generalµ∈ C so that the surface is smooth and whereω = e2iπ/3. The surface
is a del Pezzo surface of degree 1, andα fixes pointwise the elliptic curve given byy= 0.
Whenµ varies, all possible elliptic curves are obtained. The rankof Pic(X)α is 1 (see
[DoIs, Corollary 6.11]).

Case II
X =

{
(w : x : y : z) ∈ P

3
∣∣∣ wx2+w3+ y3+ z3+µwyz= 0

}
,

α((w : x : y : z)) = (w : −x : ωy : ω2z),

whereµ∈ C is such that the cubic surface is smooth. The surface is a del Pezzo surface
of degree 3,α3 fixes pointwise the elliptic curve given byx= 0, andα acts on this via a
translation of order 3. Whenµ varies, all possible elliptic curves are obtained. The rankof
Pic(X)α is 1 (see[DoIs, Page 79]).

Case III
X =

{
(w : x : y : z) ∈ P

3
∣∣∣ w3+ x3+ y3+(x+µy)z2 = 0

}
,

α((w : x : y : z)) = (ωw : x : y : −z),
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whereµ∈C is such that the cubic surface is smooth. The surface is a del Pezzo surface
of degree 3,α3 fixes pointwise the elliptic curve given byz= 0, andα acts on it via
an automorphism of order 3 with 3 fixed points. Whenµ varies the birational class of
α changes (because the isomorphism class of the curve fixed byα2 changes) but not the
isomorphism class of the elliptic curve fixed byα3. The rank of Pic(X)α is 1 (see[DoIs,
Page 79]).

Automorphisms of del Pezzo surfaces of order4. We now give explicit possibilities for
the automorphismβ ∈ Aut(Y) of order 4.

Y =

{
(w : x : y : z) ∈ P(2,1,1,1)

∣∣∣∣∣ w2− x4 =
4

∏
i=1

yz(y+ z)(y+µz) = 0

}

β((w : x : y : z)) = (w : ix : y : z),

whereµ∈C\{0,1}. The surface is a del Pezzo surface of degree 2 andβ fixes pointwise
the elliptic curve given byx= 0. Whenµ varies, all possible elliptic curves are obtained.
The rank of Pic(Y)β is 1 (see[DoIs, last line of page 67] or [Bla3]).

There are other possibilities of automorphismsβ of order 4 of rational surfacesY such
thatβ2 fixes an elliptic curve, but none for which the rank of Pic(Y)β is 1 (see[Bla3]).

4.5. The mapX4 99KY4 that conjugatesα3 to β2. We now fixα ∈ Aut(X), β ∈ Aut(Y),
automorphisms of order 6 and 4 respectively, which act minimally on del Pezzo surfaces
X andY, so thatα3 andβ2 fix (pointwise) elliptic curvesΓX ⊂ X andΓY ⊂Y, which are
isomorphic (as abstract curves).

We denote byηX : X → X4 andηY : Y → Y4 two birational morphisms to del Pezzo
surfaces of degree 4, so thatα3 andβ2 act minimally onX4 andY4 respectively. We denote
by f1, f2 ∈ Pic(X4) ⊂ Pic(X), respectively byf ′1, f ′2 ∈ Pic(Y4) ⊂ Pic(Y), the two divisors
corresponding to the two conic bundles invariant byα3, respectively byβ2.

We will choose two pointsq1, q2 ∈ ηX(ΓX)⊂X4, and denote byτ : Z4 →X4 the blow-up
of these two points.

Lemma 4.6. For some good choice of q1, q2, there exists a birational morphismτ′ : Z4→ Y4

satisfying the following properties:

(1) the morphismτ′ is the contraction of the strict transforms of the two irreducible
curves equivalent to f1 passing through q1 and q2 onto two points q′1,q

′
2 ∈ηY(ΓY);

(2) the mapϕ = τ′τ−1 conjugatesα3 to β2 (i.e. ϕα3 = β2ϕ);
(3) neither q1 nor q2 is blown-up byηX , and neither q′1 nor q′2 is blown-up byηY;
(4) identifying f1, f2 with τ∗( f1),τ∗( f2) ∈ Pic(Z4) and f′1, f ′2 with τ′∗( f ′1),τ′∗( f ′2) ∈

Pic(Z4), we have the following relations inPic(Z4):

f1 = f ′1, f ′1 = f1,

f2 = f ′2+2 f ′1−2Eτ′, f ′2 = f2+2 f1−2Eτ,

Eτ = 2 f ′1−Eτ′ , Eτ′ = 2 f1−Eτ,

where Eτ, Eτ′ ∈ Pic(Z4) correspond to the exceptional divisors ofτ andτ′ respec-
tively, which are the sum of two exceptional curves.

Proof. Denote byπ : X4 → P1 andπ′ : Y4 → P1 the morphisms whose fibres aref1 and f ′1
respectively. As it was already observed in the proof of Lemma 4.1, bothπ, π′ are conic
bundles, with four singular fibres, and the four singular fibres correspond to the four branch
points of the double coveringsπ : ηX(ΓX)→ P

1 andπ′ : ηY(ΓY)→ P
1. SinceΓX andΓY
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are isomorphic elliptic curves, we can assume that the four points are the same for both
morphisms. Denote by∆ ⊂ P1 the union of the image byπ of the points blown-up byηX ,
the image byπ′ of the points blown-up byηY, and the points corresponding to singular
fibres ofπ (or π′).

We define a closed subsetV ⊂ ΓX × ΓX consisting of pairs(q1,q2) that we ”do not
want”, and denote byU its complement. The closed subsetV is the union of the pairs
(q1,q2) such thatπ(q1) or π(q2) belongs to∆. Observe thatV is a finite union of curves of
ΓX ×ΓX (of bidegree(0,1) or (1,0)).

Choosing(q1,q2) ∈U , such thatq1,q2 are on distinct fibres ofπ, we can define a bira-
tional morphismτ′ : Z4 →W which contracts the strict transforms of the fibres ofπ which
pass throughq1 andq2. The mapϕ = τ′τ−1 conjugatesα3 to a biregular automorphism
of W, which preserves any fibre of the conic bundleπW = πϕ−1. In fact,ϕ is a sequence
of two elementary links of conic bundles. It remains to show that for a good choice of
(q1,q2) ∈U , the triplet(W,πW,ϕα3ϕ−1) is isomorphic to(Y,π′,β2), using Lemma4.2.

Let E1 ⊂ X4 be a(−1)-curve which is a section ofπ; we fix a birational morphism
µX : X4 → P2 which contractsE1 and all(−1)-curves lying on fibres ofπ that do not in-
tersectE1, which we callE2, . . . ,E5. The fibres ofπ correspond to lines ofP2 passing
through the pointp1 = µX(E1), the curves equivalent tof2 correspond to conics passing
throughp2 = µX(E2), . . . , p5 = µX(E5). For any pair(q1,q2), we denote byC ⊂ X4 (re-
spectivelyD ⊂ X4) the strict transform of the conic ofP2 passing throughp1, p2, p3,q1,q2

(respectivelyp1, p4, p5,q1,q2), and denote byC′,D′ ⊂W their strict transforms byϕ. The
curvesC, D are sections ofπ and intersect into three points:q1, q2, r ∈ X4. The cur-
vesC′, D′ are sections ofπW of self-intersection−1, and intersect into one point, which
is ϕ(r)∈W. The isomorphism class of the triplet(W,πW,ϕα3ϕ−1) is given byπW(ϕ(r))∈ P

1

(Lemma4.2), equal toπ(r) ∈ P1. Fixing q1, and choosing one of the two possibilities
for r, on the fibre given by the isomorphism class of(Y,πY,β2), the curvesC, D can be
chosen as the conics passing respectively throughp1, p2, p3, q1, r and p1, p4, p5, q1, r,
soq2 is uniquely defined. This gives us two irreducible curvesV1,V2 of bidegree(1,1) in
ΓX ×ΓX , which are thus not contained inV. Choosing a general point ofV1∩U , the triplet
(W,πW,ϕα3ϕ−1) is isomorphic to(Y,πY,β2).

The fact thatηX does not blow-upq1 or q2 and thatηY does not blow-upq′1 or q′2 is
given by the fact thatπ(qi) = π′(q′i) /∈ ∆ for i = 1,2.

It remains to show the relations in Pic(Z4). The equalitiesf1 = f ′1 andEτ +Eτ′ = 2 f1
are given by the construction ofτ, τ′. The adjunction formula, and the fact that−KX4 =
f1 + f2, −KY4 = f ′1 + f ′2 yields−KZ4 = f1 + f2 −Eτ = f ′1 + f ′2 −Eτ′ and the remaining
equalities. � �

4.6. The hyperbolic embeddings.Now we have the mapϕ : X4 99K Y4 constructed in
§4.5above, which conjugatesα3 to β2, the group generated byα andβ is a subgroup of the
Cremona group, which is isomorphic to SL(2,Z) if and only if there is no other relation
than the obvious 1= α6 = β4 = α3β2 which arise by construction. We compute the action
of α, β on Pic(X), Pic(Y), and on a surfaceZ which dominatesX, Y, where bothα, β act.
This surface exists if the group generated by the action of both maps on the elliptic curve
fixed by α3 andβ2 is a finite subgroup of automorphisms of the curve (which is true for
example when eitherα or β fixes the curve), and if it does not exist, we can also compute
the action on the limit of the Picard groups obtained.
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Proposition 4.7. For j = 1,2,3, chooseα ∈ Aut(X) as an automorphism of order6 of a
del Pezzo surface X, which is respectively given in case I, IIor III of §4.4, such thatα3

fixes pointwise an elliptic curveΓX, and chooseβ as an automorphism of order4 of a del
Pezzo surface Y of degree2, which fixes pointwise an elliptic curveΓY isomorphic toΓX ,
(which implies thatα3 and β2 are conjugate). This yields, with the above construction,
a hyperbolic embeddingθh, j : SL(2,Z)⊂ Aut(Z) ⊂ Bir(Z) ≃ Bir(P2) which preserves an
elliptic curveΓ isomorphic toΓX andΓY.

The surface Z is obtained by blowing-up respectively12, 10and10points on a smooth
cubic curve ofP2 isomorphic toΓ, and the action ofθh,i(SL(2,Z)) onΓ is respectively the
identity, a translation of order3 and an automorphism of order3 with fixed point. There
is no curve of Z distinct fromΓ which is invariant byθh,i(SL(2,Z)). The curveΓ can be
chosen to be any elliptic curve for j= 1,2.

Proof. In casej = 1, we take( f1, f2,E1,E2,E3) as a basis of Pic(X)α3
, whereE1,E2,E3

are the three curves contracted byηX , and f1, f2 correspond to the fibres of the two conic
bundles invariant byα3 on X4. Applying Proposition4.3, α preserves the submodule gen-
erated byf1, f2, E, whereE = E1+E2+E3 is the divisor contracted byηX , and its action
relatively to this basis is




1 3 3
3 4 6

−2 −4 −5


 .

In casesj = 2,3, we take( f1, f2,E) as a basis of Pic(X)α3
, whereE = E1 is the (ir-

reducible) divisor contracted byηX , and f1, f2 correspond to the fibres of the two conic
bundles invariant byα3 on X4. Applying Proposition4.3, the action ofα on Pic(X)α3

relatively to this basis is 


0 1 0
1 1 1
0 −2 −1




(for a good choice off1, f2,E).
In each of the three cases, we take( f ′1, f ′2,E

′
1,E

′
2) as a basis of Pic(Y)β2

, whereE′
1,E

′
2 are

the divisors contracted byηY, and f ′1, f ′2 correspond to the fibres of the two conic bundles
invariant byβ2 onY4. Applying Proposition4.4, β preserves the submodule generated by
f ′1, f ′2,E

′, whereE′ = E′
1 +E′

2 is the divisor contracted byηY and its action relatively to
this basis is 


1 2 2
2 1 2

−2 −2 −3



 .
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We denote byπX : Z → X the blow-up of the points corresponding to the points blown-
up byτ andηY (seeDiagram (1)), and denote again their exceptional divisors byEτ andE′.
Similarly, we denote byπY : Z → Y the blow-up of the points corresponding to the two
points blown-up byτ′ andηX, and denote again their exceptional divisors byEτ′ andE.
SinceX4 andY4 are del Pezzo surfaces of degree 4, they are obtained by blowing-up 5
points ofP2, all lying on the smooth cubic being the image ofΓX or ΓY. This implies
thatZ is the blow-up of 12 points ofP2 if i = 1 and of 10 points ofP2 if i = 2,3, all points
belonging to the smooth cubic curve. Moreover, bothα andβ lift to automorphisms ofZ.

We denote by the same name the pull-backs of the divisorsf1, f2, E, E′, Eτ onZ. Recall
thatEτ is the sum of two(−1)-curves. The action ofα in casej = 1, α in casej ∈ {2,3}
andβ in each case on the subvectorspaceW of Pic(Z)⊗R generated by( f1, f2,E,E′,Eτ)
are respectively




1 3 3 0 0
3 4 6 0 0

−2 −4 −5 0 0
0 0 0 1 0
0 0 0 0 1



,




0 1 0 0 0
1 1 1 0 0
0 −2 −1 0 0
0 0 0 1 0
0 0 0 0 1




and




5 10 0 6 8
2 5 0 2 4
0 0 1 0 0

−2 −6 0 −3 −4
−4 −8 0 −4 −7




relatively to this basis. The first two matrices are obtainedbecauseα fixes the curveΓX , and
becauseE′, Eτ correspond to points ofΓX which are not blown-up byηX (Lemma4.6). The
second matrix is obtained applying again Lemma4.6, which yields the equationsf1 = f ′1,
f2 = f ′2 + 2 f ′1 − 2Eτ′ , Eτ = 2 f ′1 − Eτ′ . One easily checks that the only elements ofW
which are fixed byα andβ are the multiples of the canonical divisor, corresponding to
[1,1,−1,−1,−1]. This implies that any curveC ⊂ Z invariant by the group is a multiple
of the elliptic curveΓZ ⊂ Z (strict transform ofΓX andΓY). This curve having negative
self-intersection,C has to be equal toΓZ.

By construction, we haveα6 = β4 = 1 andβ2 = α3. We have to prove that no other
relation holds, and that any element of infinite order corresponds to a hyperbolic element
of Aut(Z). Writing ρ1 = αβ andρ2 = α2β, this corresponds to show that for any sequence
(i1, . . . , in) with ik ∈ {1,2}, the elementρin · · · · ·ρi1 is a hyperbolic element of Aut(Z).

To show this, we look at the action ofα,β on the orthogonalW0 = K⊥ of the canonical
divisorK ∈W ⊂ Pic(Z) in W. We choose a basis ofW0, made of orthogonal eigenvectors
of β.

If j = 1, the basis is< [1,0,0,−1,0], [2,1,0,−1,−2], [3,1,−2,−1,−2], [4,2,−2,−2,−3]>,
which has signature<−2,−2,−2,2> and the actions ofα,α2,β relatively to it are respec-
tively




0 −1 −2 −2
−2 −2 −3 −4
−1 0 −2 −2

2 2 4 5


 ,




0 −2 −1 −2
−1 −2 0 −2
−2 −3 −2 −4

2 4 2 5


 ,




−1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1


 .

We denote byH the fourth basis vector, which is the only one with positive square, and
compute by induction onn the vectorHn = ρin · · · · · ρi1(H) for n ≥ 0 (with H0 = H).



24 J́ERÉMY BLANC AND JULIE DÉSERTI

Writing Hn =




−an

−bn

−cn

ℓn


, we prove by induction onn the following inequalities:

(2)

an, bn, cn, ℓn ≥ 0
ℓn > 6

5cn

ℓn > 2an

ℓn ≥ (5
3)

n,

where the last one will yield the result, implying thatρik · · · · ·ρi1 is a hyperbolic element
of Aut(Z) of dynamical degree≥ (5

3)
k.

Note that(2) is easily checked forn= 0, sinceℓ0 = 1, a0 = b0 = c0 = 0. We assume
the result true forn and prove it forn+1. We haveHn+1 = ρin+1(Hn) = αin+1β(Hn), which
is equal to




−bn+2cn−2ℓn

−2an−2bn+3cn−4ℓn

−an+2cn−2ℓn

2an+2bn−4cn+5ℓn


 or




−2bn+ cn−2ℓn

−an−2bn−2ℓn

−2an−3bn+2cn−4ℓn

2an+4bn−2cn+5ℓn


 .

We deduce the inequalitiesan+1, bn+1, cn+1, ℓn+1 ≥ 0 directly froman, bn ≥ 0 and
ℓn ≥ cn ≥ 0. Computingℓn+1−2an+1 = ℓn+2a2n, we obtainℓn+1 > 2an+1. We compute
then 5ℓn+1−6cn+1 to see that it is positive, and obtain either 13ℓn−8cn+4an+10bn >
(13−8 · 5

6)ℓn+4an+10bn > 0 or ℓn+2cn+2bn−2an > 0. To get (2), it remains to see
thatℓn+1 ≥ 5ℓn−4cn =

5
3ℓn+4(5

6ℓn− cn)>
5
3ℓn ≥ (5

3)
n+1.

For j = 2,3, the situation is similar, with other data. The basis is now< [1,0,0,−1,0],
[2,1,0,−1,−2], [8,2,−2,−2,−5], [9,3,−2,−3,−6]>, which has signature<−2,−2,−6,6>
and the actions ofα,α2,β relatively to it are respectively



−2 −9 −18 −24
−6 −20 −36 −51
−6 −18 −35 −48

7 22 42 58


 ,




−2 −6 −18 −21
−9 −20 −54 −66
−6 −12 −35 −42

8 17 48 58


 ,




−1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1


 .

We again denote byH the fourth basis vector, which is the only one with positive square,
and compute by induction onn the vectorHn = ρin · · · · ·ρi1(H) for n≥ 0 (with H0 = H).

Writing Hn =




−an

−bn

−cn

ℓn


, we prove by induction onn the following inequalities:

(3)
an,bn,cn, ℓn ≥ 0

ℓn > cn

ℓn ≥ 10n,

where the last one will yield the result, implying thatρik · · · · ·ρi1 is a hyperbolic element
of Aut(Z) of dynamical degree≥ 10k.

Again,(3) is easily checked forn= 0, sinceℓ0 = 1, a0 = b0 = c0 = 0. We assume the
result true forn and prove it forn+1. We haveHn+1 = ρin+1(Hn) = αin+1β(Hn), which is
equal to
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


−2an−9bn+18cn−24ℓn

−6an−20bn+36cn−51ℓn

−6an−18bn+35cn−48ℓn

7an+22bn−42cn+58ℓn


 or




−2an−6bn+18cn−21ℓn

−9an−20bn+54cn−66ℓn

−6an−12bn+35cn−42ℓn

8an+17bn−48cn+58ℓn


 .

We deduce the inequalitiesan+1, bn+1, cn+1, ℓn+1 ≥ 0 directly froman, bn ≥ 0 and
ℓn ≥ cn ≥ 0. Sinceℓn+1− cn+1 is either equal toan+4bn−7bn+10ℓn or to 2an+5bn−
13cn+16ℓn, it is positive. To get (3), it remains to see that

ℓn+1 ≥ 58ℓn−48cn = 10ℓn+48(ℓn− cn)≥ 10ℓn ≥ (10)n+1.

� �
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equation. Ann. Inst. Fourier (Grenoble), 59(7):2927–2978, 2009.
[Dem] M. Demazure.Surfaces de del Pezzo i,ii,iii,iv,v, Séminaire sur les singularités des surfaces, Palaiseau,
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