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Abstract

We model spatially expanding populations by means of two spatial A-Fleming Viot processes
(or SLFVs) with selection: the k-parent SLFV and the oo-parent SLFV. In order to do so, we
fill empty areas with type 0 "ghost" individuals with a strong selective disadvantage against "real"
type 1 individuals, quantified by a parameter k. The reproduction of ghost individuals is interpreted
as local extinction events due to stochasticity in reproduction. When & — 400, the limiting
process, corresponding to the oo-parent SLFV, is reminiscent of stochastic growth models from
percolation theory, but is associated to tools making it possible to investigate the genetic diversity
in a population sample. In this article, we provide a rigorous construction of the co-parent SLFV,
and show that it corresponds to the limit of the k-parent SLFV when k — +oc0. In order to do so,
we introduce an alternative construction of the k-parent SLFV which allows us to couple SLFVs
with different selection strengths and is of interest in its own right. We exhibit three different
characterizations of the co-parent SLFV, which are valid under different settings and link together

population genetics models and stochastic growth models.

Running headline: Spatial Lambda-Fleming-Viot processes for expanding populations
Keywords: spatial Lambda-Fleming-Viot process, range expansion, duality, genealogies, popula-
tion genetics, limiting process
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1 Introduction

Population expansions are common events occurring at all biological scales. The growth of a population
in a new environment generates interfaces with distinctive features [35, 38] and specific patterns of

genetic variation [31, 32, 34], both being a consequence of the stochasticity of reproduction at the front,



where local population sizes are small. The models which are used to study expanding populations can
be divided in two main categories: growth models, mostly used to investigate the front features, and
models coming from population genetics, which are more suited to study genetic diversity patterns.

Experimental approaches suggest that the dynamics of fronts of real expanding populations be-
longs to the universality class of the Kardar-Parisi-Zhang (KPZ) equation introduced in [38] (see e.g
[35]). It has been conjectured (and demonstrated in the case of the solid-on-solid (SOS) growth model
[8]) that many growth models generate similar interfaces. Among all stochastic growth models, the
most well-known one is probably the Eden model, initially introduced on a lattice in [20] (see also
[36] for alternative update rules or [50] for off-lattice variants). This model belongs to a wider family
of discrete stochastic growth models known as first-passage percolation processes. More generally,
percolation theory is very suited to the modeling of population expansions: see e.g last-passage per-
colation processes (such as the corner growth model, see [48]), or continuous first-passage percolation
processes, such as the space-continuous equivalent of the Richardson model introduced in [15, 18].
However, these models are generally harder to use to study genetic diversity patterns in expanding
populations analytically (but see e.g [1, 12, 16, 17]).

Conversely, models used in population genetics are generally associated with tools allowing one to
investigate these patterns. The analysis of the genetic diversity of a population often goes through
modeling the ancestral lineages of a subset of individuals, and studying how these lineages coalesce
into common ancestors [23]. In order to do so, most classical population genetics models assume that
populations have constant sizes and that individuals are uniformly distributed over the area of interest.
Therefore, they usually focus on the spread of a genetic type favored by natural selection in an already
established population. Such a question was already studied by means of different models including a
stochastic component, mostly in one dimension (see e.g [5, 26, 41]). The most classical one is based on
the Fisher-KPP equation [29, 40], in which stochasticity is introduced through a Wright-Fisher noise
term. If 0 < p(t,z) < 1 represents the proportion of individuals of the favoured type at location x € R

at time ¢t > 0, then p(t, z) solves the stochastic Fisher-KPP equation if for 2 € R and ¢ > 0,

Op

a(t, x) = %Ap(t, x)dt + sop(t,z)(1 — p(t,x)) + \/16]7(75, x)(1 —p(t,x))W(dt,dz) (1.1)

where W is a space-time white noise and p, an effective population density. In one dimension, the
stochastic Fisher-KPP equation exhibits traveling wave solutions [43], which describe how the advan-
tageous type spreads through space. However, Eq. (1.1) has no solution in higher dimensions. Many
variants of the deterministic version of the Fisher-KPP equation have been studied, including versions

with individuals having different motilities [10, 11], different growth rates (see e.g [14]), other diffusion



kernels, or other choices for the non-linearity [7].

Other stochastic population genetics models with selection and a spatial structure can broadly be
divided into two categories: "individual-based " models and "reproduction event-based" models. The
first category comprises adaptations of classical population genetics models, such as the Moran model
[19, 26, 33] or the stepping-stone model [4, 5, 45]. They generally require to divide the space into
subunits called demes, to which reproduction events are limited and which are connected by migration.

On the other hand, "reproduction event-based" models, which are based on the spatial A-Fleming
Viot process (or SLFV, see [6, 22]), allow us to keep the spatial continuum. Their main feature
is that they model reproduction events affecting whole areas rather than reproduction individual by
individual, by means of a Poisson point process of reproduction events. Whenever reproduction occurs,
a parent is chosen in the area affected by the event, all or part of the other individuals die, while the
descendants of the chosen parent refill the now empty area. The Poisson point process encodes both
the affected area and the fraction of individuals dying during the reproduction event. The original
version of the SLF'V does not account for the presence of a selectively favored genetic type, and the
parent is chosen uniformly at random in the affected area. However, it is possible to incorporate
selection, for instance by sampling several potential parents uniformly at random, and then choosing
the actual parent among them. See [30] for different forms of fixed selection mechanisms, [9, 13, 39]
for ways to introduce fluctuating selection, and [27] for a rigorous construction of the SLFV with
selection. Most of the work on the SLFV with selection involved investigating scaling limits under
different forms of weak selection: in addition to the references mentioned above, see also [24, 25] for
selection against a specific type, and [21] for selection against hybrids in a diploid population.

As one of the underlying assumptions of the SLFV is that each spatial location contains a very
large number of individuals, this model can seem ill-suited at first to the study of expansion events. In
order to overcome this issue, we adapt an approach originating from interacting particle systems and
first applied to population genetics models in [19, 33]: fill empty areas with "ghost" individuals, which
can reproduce but have a very strong selective disadvantage against "real" individuals. In other words,
we model a population expansion as the spread of the selectively advantageous "real individual" genetic
type in a resident population of individuals with the "ghost individual" genetic type. As a result, and
contrary to other works on variants of the SLFV, we will focus on introducing strong selection in the
SLFV. In particular, we will consider a different limit, when selection goes stronger and stronger, and
neither time nor space are rescaled.

In order to modify the SLFV and incorporate strong selection, we consider that the population

contains individuals with a "ghost" type, and individuals with potentially different "real " types. The



"real" type is selectively advantaged against ghost individuals, but does not give a selective advantage
against another real type. In order to incorporate strong selection against ghost individuals, we will

consider the two following modifications to the original SLFV:

o (k-parent SLFV) Whenever reproduction occurs, k potential parents are chosen uniformly at
random in the affected area. If at least one of them is real, then the actual parent is the first
real potential parent chosen. Otherwise, the actual parent is the last (ghost) potential parent

chosen.

o (oo-parent SLFV) Whenever reproduction occurs, if the affected area contains a non-zero frac-
tion of real individuals, then the parent is chosen uniformly at random among real individuals.

Otherwise, the parent is chosen uniformly at random among ghost individuals.

In both case, if the parent is real, then it was sampled uniformly at random among all real individuals
in the affected area. However, in the k-parent SLF'V, if the area in which reproduction occurs is partly
empty, then the actual parent is not guaranteed to be a real individual. In other words, the k-parent
SLFV features local extinction events at the front due to stochasticity in reproduction, which become
less frequent for increasing values of k. Such extinction events no longer occur in the co-parent SLFV,
and this process can be seen as the limit of the k-parent SLFV when & — +4o00.

The k-parent SLF'V corresponds to a special case of the SLFV with selection introduced in [30].

In this article, we consider two different ways of constructing it:

1. As the unique solution to a martingale problem (see Section 2.1.1). The corresponding result is a
direct generalization to the case k > 2 of the construction of the SLFV with selection considered

in [27).

2. Adapting the concept of parental skeleton from [49], and sampling parental locations along with
reproduction events (see Section 3.1). One of the main contributions of this paper is to show
that this construction is equivalent to the one based on the martingale problem, and that it can

be used to couple k-parent SLFVs for different values of k.

While this alternative construction of the k-parent SLFV is interesting in its own right, most of
the paper focuses on the construction of the co-parent SLFV. Indeed, the growth dynamics of the area
occupied by real individuals in the co-parent SLFV is reminiscent of a space-continuous version of the
Eden model, and bears resemblance with the space-continuous equivalent of the Richardson model
introduced by Deijfen in [15, 18]. However, in the co-parent SLFV, compared to [15], the area initially

occupied can have infinite Lebesgue measure, and the growth rate at the front is higher. In particular,



the oco-parent SLFV is not guaranteed to be well-defined. Moreover, in the model introduced in
[18], reproduction no longer occurs in occupied areas, which can potentially lead to different genetic
diversity patterns.

Therefore, regarding the co-parent SLFV, our goals are twofold:

1. Provide a rigorous construction of the oo-parent SLFV. We actually provide three different
characterizations of the co-parent SLFV, which are valid under different conditions on the area

initially occupied and the distribution of reproduction events parameters.

2. Show to what extend the co-parent SLE'V can be considered as the limit of the k-parent SLFV
when k£ — +o00. This convergence results sheds light on the strong selection limit of SLFVs with

selection, and links together population genetics models and stochastic growth models.

In order to do so, we will focus on the area occupied by the population, but future works will include
genetic diversity inside the expanding population, using for instance tracer dynamics [19, 33].

The article is structured as follows. In Section 2, we define the k-parent SLFV and its associated
dual process, the k-parent ancestral process. We also give an informal construction of the oco-parent
SLFV and state our main results. In Section 3, we provide a first construction of the co-parent SLFV
and its dual, based on a coupling between k-parent SLF'V processes with the same initial conditions.
This construction is valid for any initial condition and for all distributions of reproduction event
parameters which satisfy a classical condition for SLF'Vs (see Condition (2.3) in Section 2). In order
to do so, we introduce an alternative construction of the k-parent SLFV based on the concept of
parental skeleton from [49]. In Section 4, we first demonstrate that the oo-parent ancestral process is
well defined, and the unique solution to a specific martingale problem. We use this characterization
of the dual process to provide an alternative construction of the oco-parent SLFV, which is valid
under a stricter condition on the distribution of reproduction event parameters (see Condition (2.4)
in Section 2) and if the area initially occupied has finite Lebesgue measure (conditionally on the
martingale problem-based construction being valid). We also show a convergence result regarding the
dual processes associated to the k-parent SLFV and the co-parent SLFV. Section 5 is devoted to the
proof of the duality relation between the co-parent SLFV and its dual, which is then used to provide
yet another characterization of the oco-parent SLFV, this time as the unique solution to a martingale

problem. Section 6 contains technical lemmas used throughout the paper.

2 Definitions and main results

2.1 The k-parent SLFV and its dual



2.1.1 The k-parent SLFV

All the random objects introduced in this section will be defined over some probability space (€2, F,P).

Before introducing the k-parent SLFV, we need to set some notation.

Notation Let d > 1. Let C.(R%) be the space of all continuous and compactly supported functions
R? — R, let C1(R) be the space of all continuously differentiable functions on R, let C}(R) be the
space of all bounded functions R — R that are C' and whose first derivative is also bounded, and let
B(R?) be the space of all measurable functions R? — R.

We start by introducing the state space over which the variant of the SLFV with selection we

consider is defined. Let M be the space of all measures M on R? x {0, 1} such that for all f € Co(R%),

[ @M = [ f@a
R4x{0,1} R4

In other words, M y is the space of all measures on R? x {0,1} whose marginal over R? is Lebesgue
measure. By a standard decomposition theorem (see e.g [37], p.561), for all M € M A, there exists

w : R? — [0, 1] measurable such that
M(dz,dr) = ((w(z)do(dr) + (1 — w(x))d1 (drK))dz. (2.1)

Such a w is not unique, but defined up to a Lebesgue null set. The state space we consider is the set
My, of all measures M € M such that there exists a measurable function w : RY — {0,1} (instead of
w: R? — [0,1]) satisfying (2.1).

We endow M A and M, with the topology of vague convergence. Moreover, let Dy, [0, +00) (resp.
D/T/t} [0,4+00)) denote the space of all cadlag M y-valued paths (resp. M -valued paths), endowed with
the standard Skorokhod topology.

Let M € M, and let w : R? — {0,1} be a measurable function satisfying Eq. (2.1). The function
w can be interpreted as the indicator function of a measurable set E C R? corresponding to the area
occupied by what will be called "type 0" individuals, while R%\ E corresponds to the area occupied by
"type 1" individuals. We will consider that type 0 individuals correspond to the "ghost" individuals
mentionned in the introduction, and type 1 individuals to the "real" individuals. Therefore, type 0
individuals have a strong selective disadvantage against type 1 individuals, and E corresponds to the
area not yet invaded by the real population (up to a Lebesgue null set). In all that follows, any

w : R? — {0, 1} such that (2.1) is true will be called a density of M, and the notation wy; will be used

to denote an arbitrarily chosen density of M.



For all f € C.(RY), F € C*(R) and w : R — {0, 1} measurable, we set :

w )= [ Stz
Rd
and we define the function ¥p; € Cy(M)) as :

VM € M)\,\I/FJ(M) =F (/
Rdx{0,1}

F </]Rd f(a:)wM(:c)d:E>
= F ((wm, ) -

f(@)1g—oy M (dz, d/ﬁl)) (2.2)

For all f € C.(RY), we denote the support of f by Supp(f), and for all R € R, we set :

Supp™(f) = {y € R?: 3z € Supp(f),|ly — =|| < R}

and Vr = Vol(B(0,R)).

In other words, V is the volume of a ball of radius R, and Supp™(f) is the set of all points which
are at a distance of at most R of a point in the support of f.
For all w : R? — {0,1}, R € R} and x € R%, we define the functions @;R(w) :RY — {0,1} and

O, rw): R? — {0,1} by :

@;R(W) = 1pur)w+ Lp@eRr),

@;R(w) = ]lB(l’,R)C w.

O, » (w) corresponds to filling the ball B(z,R) with type 0 individuals (or equivalently, emptying the
ball B(z,R) of all real individuals), while ©, % (w) can be interpreted as filling the ball B(z, R) with

type 1 individuals. Notice that if M € M, then @;R(wM) € M) and O, p(wn) € M.

Martingale problem We now introduce the operator which will be used to define the specific SLEV
with selection we will consider as the solution to a well-posed martingale problem. Let k € N\{0, 1},

and let p be a o-finite measure on R’ such that

/Ooo RAU(dR) < +o0. (2.3)



Let Eﬁ be the operator acting on functions of the form ¥y ; with f € C.(RY) and F' € C*(R), defined

in the following way. Let f € C.(R?) and F € C'(R). Then, for all M € My,

o0 1
Ly p (M :=/ / / o
wlrs (M) rdJo JB@R)k VE

In Section 6, it is shown that this operator is well-defined, and that it can be rewritten as

k

1T wn(y)) FUO »(wnr), f))

j=1

k
+ (1= [Twm(y)) FUO, z(wn), f))
j=1

o 1
00 [ o
" f 0 Supp™(f) J B(xz,R)k V7]€

- F(<WM,f>)] dy1...dyrdzp(dR).

Intuitively, an interpretation of this operator in terms of reproduction events is the following.
Whenever a reproduction event affects the ball B(z, R), k positions yi, ..., yx are sampled inside the
ball, and we take k£ individuals occupying each one of these positions. Since the density of type 0
individuals wps is {0, 1}-valued, we can consider that all the individuals occupying the position y;
(resp. Y2, ..., yx) are of type 1 —wps(y1) (resp. 1 —war(y2), ooy 1 —war(yr)). If H§:1 war(yj) = 1, then
all the individuals are of type 0, and we fill the ball B(z,R) with type 0 individuals. Conversely, if
1-— H§:1 wa(y;) = 1, then at least one individual is of type 1, and this time we fill the ball B(z,R)
with type 1 individuals. Since type 0 individuals model "ghost" individuals, they are supposed to
have a selective disadvantage against "real" type 1 individuals, hence the formal exclusion of the case
k = 1 which would not give any advantage to type 1 individuals. Moreover, k£ can be interpreted as
measuring the strength of the selective advantage of "real" individuals against "ghost" individuals, or
in other words, the capacity of "real" individuals to invade an empty environment.

If k =2, Ei is the operator introduced in [27] to define and characterize the "selection part" of the
SLFV with selection, in the special case for which there are no neutral events and all reproduction
events have an impact of v = 1. Their proof of the existence and uniqueness of the D/\7A [0, +00)-
valued solution to the martingale problem associated to £/’j can easily be extended to the case k > 2,

by restricting the martingale problem to an increasing sequence of compact subsets of R? converging



to R%. In Section 3, we will show that this unique solution is in fact D4, [0, +-00)-valued if the initial

value belongs to M.

Theorem 2.1. Let k > 2, and let p be a o-finite measure on (0,+00) satisfying condition (2.3). For
all M® € M., there exists a unique Dy, [0, +00)-valued process (Mf);>o such that My = M° and,
for all F € CY(R) and f € C.(RY),

t
(WF,f(Mf)WF,f(Mé) —/0 ﬁﬁ‘l’p,f(Mf)ds)t>0

18 a martingale. Moreover, the process (Mtk)tzo is Markovian, and the corresponding semigroup is

Feller.

The proof of Theorem 2.1 is a straightforward adaptation of the proof of Theorem 1.2 from [27],
combined with Lemma 3.5. Indeed, by Theorem 1.2 from [27], the martingale problem (EZ,(SMo)
admits a unique D/’\/TA [0, +00)-valued solution, and Lemma 3.5 from Section 3 gives a Dy, [0, +00)-

valued solution.

Definition of the k-parent SLFV  We can now define the k-parent SLFV using the characterization

provided by Theorem 2.1.

Definition 2.2 (Definition of the k-SLFV). Let k > 2, let u be a o-finite measure on (0, 00) satisfying
(2.8), and let M° € M. Then, the k-parent spatial A-Fleming-Viot process (or k-parent SLFV) with
initial condition MO associated to u is the unique solution to the martingale problem (5/137 dpro) stated
in Theorem 2.1. In particular, the k-parent SLFV is a strong Markov process with cadlag paths a.s.
By extension, if w : R* — {0,1} is measurable, we will define the k-parent SLFV with initial
density w associated to ju to be the k-parent SLEV process with initial condition M°® € My of density

w and assoctated to

Intuitively, the k-parent SLFV can be constructed in the following way. Let M° € My, and let
p be a o-finite measure on (0,00) satisfying (2.3). Moreover, let II be a Poisson point process on
R x RY x (0, +00) with intensity dt ® dr ® pu(dr). Initially, the k-parent SLFV is equal to M°. The
dynamics of the k-parent SLFV (M})s>ois then as follows. If (¢t,2,R) € II, a reproduction event
happens at time ¢ in the ball B(z,R). We sample k types according to the type distribution in the
ball B(xz,R) at the time t—. We interpret these types as the types of k potential "parents". With

probability
1 k
vk )| dyr...d
V’Ilé /B(I,R)k H wMtk— (yj) Yi.--QYk,

J=1

10



the k types sampled are 0, so the k& potential parents are of type 0. In this case, all the individuals in
the ball B(z,R) die, the k-th potential parent (of type 0) fills the ball B(z,R) with its descendants,
which means that we set :

Vz € B(x,R),wMtk(z) = 1.
Conversely, with probability

1 k
11— — / wir ()| dyr..dy.
VE JB(zR)* Ll;[l M (y])] Y1.-- Yk

at least one of the k types sampled is 1. As in the other case, all the individuals in the ball B(z, R)
die, but this time the first potential parent to be of type 1 fills the ball B(x, R) with its descendants,
which amounts to setting

Vz € B(.’IJ,R),WMtk(Z) = 0.

Note that the position of the parent which actually reproduces is then uniformly distributed over the

closure of the region {y € B(z,R) : Wah (y) = 0}. The value taken by the density out of the ball

B(z,R) at time ¢ is not affected by this reproduction event. We repeat this for each (¢,x, R) € II.
This construction can be made rigorous using arguments adapted from [49], and will be used in

Section 3 to complete the proof of Theorem 2.1.

Remark 2.3. The k-parent SLFV process is a special case of the SLFV with selection from [30], with
impact parameter u = 1, selection parameter s = 1, and selection function F' : x — x—x*. It is possible
to modify the definition of the k-parent SLFV in order to include an impact parameter. However,
while this is straightforward for the construction based on the martingale problem, this is not the
case for the alternative construction introduced in Section 3, which is the one we use to construct the
limiting process. Indeed, this alternative construction relies on the observation that when u =1 a.s.,
for appropriate initial conditions, sampling a parent is more or less equivalent to sampling a location.
This is no longer true when w # 1 with positive probability. Moreover, in this case, the limiting
process obtained when k — +oo is expected to exhibit significantly different properties. Therefore,

the introduction of an impact parameter is deferred to future works.

Remark 2.4. The condition (2.3) on p matches the standard condition for the existence of the SLFV

[6]. Tt comes from the fact that a point € R? is affected by a reproduction event at rate :

—+00

+00 +oo
/R ) /O Lyep@r)MdR)dy = ; Vru(dR) o ; RYu(dR).

Remark 2.5. Since the density wys is only defined up to a Lebesgue null set, the type of individuals

11



present in a given position y € R% cannot be uniquely defined. Therefore, even though intuitively we
can first sample parental positions, and deduce parental types from wjs, we cannot formally sample

positions in order to sample parental types.

A particularly interesting feature of this model is that there exists a dual process of potential
ancestors associated to it, which follows the locations of the potential ancestors of a set of individuals.
In other words, the genetic diversity in a sample of the population can be determined by going
backwards in time, and reconstructing the genealogical tree of the sample. For k = 2, the dual process
is analogous to the Ancestral Selection Graph (ASG) [42, 44], but with a spatial structure. We now

introduce this dual process, called the k-parent ancestral process.

2.1.2 The k-parent ancestral process

All the new objects introduced in relation with the dual process will be defined on a new probability
space (2, F,P). Let E denote the expectation with respect to P. As before, we let u be a o-
finite measure on (0,4o00) satisfying condition (2.3), and we let 1T be a Poisson point process on

R x R? x (0, +-00) with intensity dt ® dz @ u(dR).

Definition Let Mp(]Rd) denote the set of all finite point measures on R?, equipped of the topology

of weak convergence. For all £ = Y!_, b¢, € Mp(R?), for all x € RY and R > 0, we define

LrE) ={ie[,]]:]|lz—&|l <R}

and SR(E) ={zeR?: i e[1,1]: ||z —&| <R}

In other words, I, z(Z) is the set of all the indices of the points in = which are at distance at most R

—_
—

of x, while S®(Z) is the set of all the points in R? which are at distance at most R of a point of =.

Definition 2.6. (k-parent ancestral process) Let Z° € M,(R?). The k-parent ancestral process (ZF)¢>o
associated to p (or equivalently to ﬁ) and with initial condition Z° is the M, (R%)-valued Markov jump

process defined as follows.
EO

o First, we set =f =

o Then, for all (t,x,R) € ﬁ, if I R(ZF_) # 0 and if we write

NE

=k _

== b,
i=1

t—

12



we sample k points y1, ..., yr independently and uniformly at random in B(z,R), and we set
k
*‘t = Z(sdm — Z 5€f’j +Z5yj.
i€l R(EF) J=1

In other words, we remove all the atoms of Zf_ sitting in B(z,R), and we add k atoms at

locations that are i.i.d and uniformly distributed over the ball B(xz,R).

This process is well-defined, since V; is stochastically bounded by the number (Ytk)tzo of particles
in a Yule process with k children and with individual branching rate [;° Vru(dR) < +oo (see [27] for

a proof in the case k = 2, which can be generalized to the case k > 2).

Martingale problem The k-parent ancestral process solves a martingale problem that we now

introduce. For all F € C}(R) and f € B(R?), we define the function ® 1. : M,(R?) — R by :

VE € My(RY), o5 s(E) = F (/f de>: F(E, ).

We now define the operator g}j on the set of functions of the form ®fg;, which will be at the
basis of the martingale problem satisfied by (Z;);>0. Let F' € CLH(R) and f € B(R?), then for all
==t 0, € My(RY), we set :

o0 —_
k (E) xESR LzeSR(E)
<I> (B) =

k
F(<E,f> > f(xi)+2f(yj))
j=1

’L'EI%R(E)

—F((g, f>)] dys...dypp(dR)dx

This operator is well defined. Indeed, for all = € M,,(R%), by Fubini’s theorem,

+oo
Gk Eg// / Flloody ...dypdzu(dR
GuPrsi IS | forg) B(x,nkv7’§|’ lloody1---dygdap(dR)
+o00o _
<2 Fll [ VOUSTE)u(aR)
0
— rmpd too
<Pl E®Y) [ Vou(dR)
< 400
by Condition (2.3).

Proposition 2.7. Let Z° € M,(R?), and let (Z;)i>0 be the k-parent ancestral process of initial

13



condition Z° associated to p. Then, for all F € CH(R) and for all f € B(R?), the process

t
(q)FJ(Et) — @5 ¢(Z0) —/0 Q,’f‘I’F,f(Es)dS)

>0
is a martingale.

The proof of Proposition 2.7 is a direct adaptation of the proof of Proposition 1.5 from [27].

Duality relation Intuitively, the k-parent ancestral process records the locations of the potential
ancestors of a given sample of individuals. However, because densities are only defined up to a Lebesgue
null set, it is not possible to assign uniquely a type to an individual located at 2 € R looking at the
value of the density at this point. Therefore, as in [27], in order to give a duality relation between the
k-parent SLFV and the k-parent ancestral process, we will need to consider a distribution of sampling
locations, rather than fixed locations.

More specifically, for all 1 > 1 and 21, ..., 2; € (R?)!, we define :

l
E[(l)l, ...,(l)l] = Z(le S Mp(Rd).

i=1

If ¥ is a density function on (R%)!, let uy be the law of the random point measure 3°_, dx,, where

(X1, ..., X;) is sampled according to W. If M € My and Z = Yt 6,, € M,(RY), we set :

Notice that for all | € N* and for all density functions ¥ on (R%)!,

l
D(M,= dE:/ (21, ..., z;) $ dor...dx
S ey PO B pa) = [ e a:o{jl:Ile( »} 1y

l
= \Il(acl,...,xl) H]l(](/ﬁ:j) M(dxl,d/ﬂ)...M(d:El,d/ﬂ)
(RIx{0,1})! e

does not depend on the choice of a density wys of M.
A straightforward adaptation of the proof of Proposition 1.7 in [27] to the case k > 2 leads to the

following proposition.

Proposition 2.8. Let k > 2. Let M° € My, letl € N*, and let ¥ be a density function on (R?)!. Let

p be a o-finite measure on (0,400) satisfying (2.3). Let (M[);>o be the k-SLEFV with initial condition
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MO associated to p and (ZF )t>0 be the k-parent ancestral process associated to . Then, for allt >0,

| BIDOMEEIME = MO)ue (d€) = EIDOI, ) ~ o).
My (RY)

Equivalently, for allt >0,

EMO [/(Rd) xlv-.-7 {HWMIC $] }dmldl’l] :/('Rd)l \I}($17-..,ZL‘ xh LT [H WMO ] dml dml

2.2 The oo-parent SLFV

When k£ — 400, the k-parent SLFV is expected to converge to the oo-parent SLFV. Before defining

this process rigorously in Theorem 2.9, we first introduce it somewhat informally..

Definition Let p be a o-finite measure on (0, +00) satisfying Condition (2.3), and let IT be a Poisson
point process on R x R? x (0, +o0c) with intensity dt ® dr ® u(dR). Let also M® € M,. We start
the co-parent spatial A-Fleming Viot process (M;®);>0, or oo- parent SLFV, at M§® = M°. Then,
if (t,z,R) € II, as before, we consider that a reproduction event occurs in the ball B(xz,R) at time
t. However, this time we do not sample a finite number of potential parents. Instead, we look at the

value of the integral
1 —wpye(2))dz,
/(I’ | ( Mtf( ))

which amounts to sampling an infinite number of potential parents over the ball B(x, R) and looking
at the proportion of them which are of the "existing" type (i.e, type 1).

If [ B(z,R) (1 — wprpe (z)) dz = 0, we consider that the parent which reproduces is of type 0, and we
set :

Vz € B(z,R),wm=(z) = 1.

Note that in this case, the "parent" which reproduces was "sampled" at a location which is uniformly
distributed over the ball B(z, R).

Conversely, if [ B(xR) (1 — wpe (z)) dz # 0, there is a non negligible number of individuals of type
1in B(z,R). We impose that it is one of them which reproduces, and in such a way that its offspring

invades the whole region. That is, we set :
Vz € B(z,R),wpmee(2) = 0.

Again, note that in our interpretation, the location of the parent which actually reproduces is uniformly
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distributed over the closure of the region {y € B(z,R) : wy= (y) = 1}
Formally, the co-parent SLFV is constructed in Section 3 using coupled k-parent SLFVs, leading

to the following characterization.

Theorem 2.9. Let w: RY — {0,1}, and for all k > 2, let (MF)i>0 be the k-parent SLEV with initial
density w associated to yu. Then, it is possible to couple the random variables (M*)y>o in such a way

that each admits a density (wF)i>o such that
Yt >0,z € R, (wF(2))i0 is nonincreasing.
For allt > 0 and x € R%, we then set

. k
wpo(@) = lim_wf(z),

and we define the co-parent SLFV (M7°)i>0 as the unique Mx-valued process with density (wg®)i>0-

Theorem 2.9 will be a direct consequence of Definition 3.7 and Lemma 3.8 from Section 3.

This first construction of the co-parent SLFV shows that this process can be considered to some
extent as the limit of the k-parent SLFV when & — +o0o, in the sense that the finite dimensional
distributions of the sequence of coupled k-parent SLF'Vs converge almost surely to the ones of (M{°)¢>0
(see Lemma 3.9). In Section 3.3, we establish the following convergence result, which states that the

k-parent SLFV converges in distribution towards the oo-parent SLFV in D4, [0, 00).

Theorem 2.10. Let M° € My, and let pu be a o-finite measure on (0, +00) satisfying Condition (2.3).
Let (M°)i>0 be the co-parent SLFV with initial condition M associated to u, and for all k > 2, let
(M[)i>0 be the k-parent SLFV with initial condition M° associated to . Then, (M¥);>o converges

in distribution towards M in Dy, [0, 00).

The proof of this result can be found at the end of Section 3.3.

Remark 2.11. While this article focuses on the link between the k-parent SLFV and the oco-parent
SLFYV, this process is also conjectured to appear as the limit of SFLVs featuring different forms of
strong selection against ghost individuals, for instance if real individuals only reproduce when at least
k1 < k potential parents sampled are real (with k; constant when k& — 400). Other forms of selection
are expected to yield different limiting processes. For instance, if real individuals only reproduce when
at least ak, a € (0,1) potential parents sampled are real, then we expect local extinctions to be still
visible in the limit, when the density of real individuals in the affected area is too low. The approach

used can possibly be applied to the study of these other limiting regimes.
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Remark 2.12. Since the density in type 0 individuals is {0, 1}-valued, the co-parent SLFV can also
be seen as taking its values in the equivalence class of all the measurable subsets of R?, where two
measurable sets Sp,S2 C R? are equivalent if, and only if S1ASy has null Lebesgue measure. In
this case, it will actually be easier to consider that the subset represents the area occupied by real
individuals. This corresponds to the characterization of the co-parent SLFV which will be introduced

in Section 4 and Proposition 2.18.

Martingale problem Like the k-parent SLFV, the oo-parent SLF'V (as constructed in Theorem 2.9)
is solution to a martingale problem. However, and in contrast with the case of the k-parent SLFV,
the condition (2.3) on p will not be sufficient to ensure that this solution is unique. Instead, we will

need the following stronger condition.

Definition 2.13. Let ag > 0 be such that the minimal number of d-dimensional balls of radius 1
needed to cover the boundary of an hypersphere of radius n in d dimensions is bounded from above by
ag x n%1 for every n > 1. A o-finite measure i on R* s said to satisfy Condition (2.4) if it satisfies
Condition (2.3), and if there exists R > 0 such that

io (/(nR (R + T)du(dr)> (ad n®! 4 1) < fo0. (2.4)

n=1 n—1)R

This stronger condition is obtained in Section 4.1, and is needed to ensure that the dual of the
oo-parent SLFV is well-defined.

Examples of o-finite measures p on R* satisfying Condition (2.4) are the following :
1. Measures p on R’ having a bounded support.
2. Measures p on R* of the form o x (1 +7) 734~ 1dr, with a > 0.

We define the operator £;” on functions of the form Vp ¢ where F' € CY(R) and f € C.(R?) in the

following way. For all M € M, we set :

0 (/B(m) (1- L<fJ\4(z))dZ> F((0;r(wn), f))

+ (1 —do (/B(m’m (1 —wnm(2)) d2>> F((0; r(wm), f))

_F(<wM7 f>)

+oo
Lo 5 (M) = / /
. d 0 Supp™(f)

dxp(dR).

Note that if d (fB(m,R) (1 —wn(2)) dz) = 1, then for all y € B(z,R) except possibly on a Lebesgue
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null set,

O r(war)(y) = wu(y).

In other words, the ball B(z, R) is already completely void of "existing" individuals, and filling it with

"ghost" individuals does not change anything. Therefore, we also have

+oo
LrVE (M) = /0 /SuppR(f) (1 — 0o (/B(I’R) (1 —wnm(2)) dz))

x [F((O5 g (wn), 1) = F((wnr, )| dzp(dR).

In Section 6, we show that this operator is well-defined, even if p satisfies Condition (2.3) rather than
Condition (2.4). If u satisfies Condition (2.4), then the associated martingale problem can be used
to define and fully characterize the co-parent SLFV. If 1 satisfies only Condition (2.3), then the oo-
parent SLFV is still solution to the martingale problem, but we no longer know whether this solution

is unique, as stated below.

Theorem 2.14. Let w : R? — {0,1}, let M° € My, and let i be a o-finite measure on (0, 400)
satisfying Condition (2.8). Then, the co-parent SLEV with initial condition M° associated to u is a
solution to the martingale problem for (L7°,dp0).

Moreover, if u satisfies Condition (2.4), the martingale problem associated to (L7, 6yp0) is well-
posed, and the oo-parent SLFV with initial condition M° associated to u is the unique solution to it

in D, [0, +00).

The proof of Theorem 2.14 can be found at the end of Section 5.4, and comprises three steps. First,
in Section 5.1, we show that the martingale problem (EZO, dp0) admits at least one solution: the oo-
parent SLFV constructed in Theorem 2.9. Then, in Section 4, we construct what we conjecture to be
the dual process associated to the co-parent SLFV, and in Section 5.4, we establish the corresponding
duality relation (which is stated at the end of Section 2.3).

Theorems 2.14 and 2.9 give us two distinct characterizations of the oo-parent SLFV. If y satisfies
Condition (2.4) and if the area occupied by real individuals has finite Lebesgue measure, then we can
provide a third construction of the co-parent SLE'V, which is closer to stochastic growth models, and

which can be considered as self-dual. This third construction is introduced in Proposition 2.18.

2.3 Dual of the co-parent SLFV

As for the k-parent SLFV, the co-parent SLFV also has a dual process of potential ancestors, that we

now introduce.
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Definition Let £° be the set of Lebesgue measurable and connected subsets of R? whose Lebesgue
measure is finite and strictly positive. Let £/ be the set of all finite unions of elements of £¢. If
E € &£ can be written as E = Ul_, E¥ where for all 1 <1i <1, E* € £°, we let m(E) = m(E", ..., E!)

be the measure on R? defined by m(E)(dx) := 1,epdz, and we set :
M = {m(E): E e &Y.

Definition 2.15 (co-parent ancestral process). Let u be a o-finite measure on (0,400) satisfying
Condition (2.4). Let 1T be a Poisson point process on Ry x R x (0, +00) with intensity dt@dr@u(dR),
defined on the probability space (2, F, P).

Let =0 = m(E}, ..., EY) € M°T. Then, the M -valued co-parent ancestral process (25°)¢>o with initial
condition Z° associated to u (or equivalently to ﬁ) is defined in the following way.

First, we set 28 = Z°. Then, if for all t > 0, we write Z° as
=0 = m(EX),
then for all (t,z,R) € ﬁ, if E2° N B(x,R) has a non zero Lebesgue measure,
= =m(E UB(z,R)).

Moreover, this process is Markovian.

We will show that this process is well-defined in Section 4.

Remark 2.16. Note that the case Ef° N B(z, R) = B(x,R) is equivalent to Ef° U B(z, R) = E;°, and

hence does not correspond to a visible jump of (2°)¢>o.

In Section 4.2 (see Proposition 4.4), we will explain to what extent this process can be considered
as the limit of the k-parent ancestral process when k — 400, even though both ancestral processes

are defined on different state spaces.

Remark 2.17. Like the oo-parent SLEFV, the co-parent ancestral process can also be seen as taking its
values in the equivalence class of measurable subsets of RY. However, in order to keep the analogy

with the k-parent ancestral process, we consider it as a measure-valued process.

A third characterization of the oco-parent SLFV The definition of the oo-parent ancestral
process is very close to the informal definition of the oco-parent SLFV, the main difference (apart

from the state space) being the initial condition. And indeed, if the area initially occupied by real
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individuals in the oco-parent SLF'V has finite Lebesgue measure, then the co-parent SLFV follows the

same dynamics as the co-parent ancestral process, in the following sense.

Proposition 2.18. Let E € £, let p be a o-finite measure on (0,400) satisfying Condition (2.4),
and let (Z3°)i>0 = (m(Ef°))i>0 be the oo-parent ancestral process with initial condition m(E) asso-
citated to p. For allt > 0, we set

O =1 - 1,

and let (Mp®);>q be the My-valued process with density (@9°)y>0. Then, (Mp®);>q is solution to the

martingale problem (L3°, 0, )-

By Theorem 2.14, this means that (M\too)tzo is then the oo-parent SLFV with initial condition
1 — 1 5o and associated to u. This provides a third characterization of the co-parent SLFV, which
corresponds to its original informal definition and is close to models of continuous first-passage per-
colation.

The proof of Proposition 2.18 can be found at the end of Section 4, and uses the characterizations

of the co-parent SLFV and its dual as the unique solutions to martingale problems.

Duality relation For all M € M, with density w and for all = = m(E) € M we set :

D(M,E) := 6, <[E (1- w(m))dm) .

If we know the value of D(M,ZE) for all 2 € M/ since w is {0,1}-valued, we know the value of w
everywhere up to a Lebesgue null set, and so we have completely characterized M. Therefore, the

following duality result shows that the solution to the martingale problem associated to L7 is unique.

Proposition 2.19. Let i be a o-finite measure on (0, +00) satisfying Condition (2.4). Let M° € M,
and let (M{°)i>0 be a solution to the martingale problem associated to (L5°,dp0). Then, for allt >0

and for all E® € M¢T,
Eno [DOMZ m(E%)] = Epuo) [D(M°, %)

where (Z5°) is the co-parent ancestral process of initial condition m(E) associated to . Equivalently,

for every t >0, if w® and wi® are {0,1}-valued densities of M® and MP°,
E [50 (/ (1 - w(2)) dxﬂ — By, [50 (/ (1 - w®(@)) d:r)] .
EO E
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In particular, this result implies that if the area initially occupied by real individuals in the oo-
parent SLFV has finite Lebesgue measure, then the process can be considered as self-dual. The proof

of Proposition 2.19 can be found in Section 5.4.

3 First characterization of the co-parent SLFV

In this section, we provide the rigorous construction of the process introduced in Section 2.2.

3.1 Alternative construction of the k-parent SLFV

In order to construct the co-parent SLFV rigorously, we start by introducing an alternative construc-
tion of the k-parent SLFV, based on a variant of its dual. It relies on the sampling of parental locations
along with reproduction events, and is an adaptation of the concept of parental skeleton presented in
Section 2.3.1 of [49]. This construction allows to couple k-parent SLFVs for different values of k, and
is therefore also of interest in its own right.

In all that follows, let i be a o-finite measure on (0, +-00) satisfying Condition (2.3). Let U = B(0, 1)V,
and let @ be the law of a sequence of i.i.d random variables (P,,),>1 uniformly distributed over B(0, 1).
We will call an element of U a sequence of potential parents. Let us now extend the Poisson point
process II considered earlier by adding to each event a countable sequence of locations of potential

parents. Indeed, let II¢ be a Poisson point process on R x R x (0, 4+00) x U with intensity
dt ® dx ® M(dR) ® ﬂ(d(pn)n21)'

Then for all (t,z,R, (pn)n>1) € 11,

e as before, t can be interpreted as the time at which the reproduction event occurs, and we can

see B(x,R) as being the area affected by the reproduction event.

e Foralln>1, z+ R X p, is uniformly distributed over the ball B(z,R), and can be interpreted
as the location of the n-th potential parent sampled, if at least n potential parents have to be

sampled.

We start by defining the variant of the k-parent ancestral process, on which the alternative con-

struction of the k-parent SLFV is based.

Definition 3.1 (Quenched k-parent ancestral process). Let k > 2, let 20 € M,(R?), and let t > 0.
c £=0 ~
The k-parent ancestral process (Egt’t’“ )t>0 associated to I1¢, started at time t and with initial condition

=0 s the Mp(Rd)—valued Markov jump process defined as follows.
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. =20
o First, we set Z; ;" = =0,

o Then, for all (t,z,R, (pn)n>1) € ¢ such that t < t, recalling that for = = Zi‘:l d¢, € M, (RY),

Lr(E) ={ic[Ll:|lz =&l <R}, if

then for all 1 <1 <k, we set

—I1¢,£,20 II¢,£,=0
and Ski-t T Sk(E-t)— Z Ogr + Z Oy -

It is straightforward to check that this process has the same distribution as the k-parent ancestral

process associated to p and with initial condition Z°. Its interest is twofold. First, conditionally on
c f=0

I1¢, (Egt’t’“ )i>0 is completely deterministic. Moreover, if for all = = Y>!_, d,, € M,(R?), we denote

the set of atoms of = by

AE) :={x; 11 € [1,1]},
then the process satisfies the following property, which will be useful in the coupling that we will
introduce later.

Lemma 3.2. Let 2 < k < k', let Z2° € M,(R?), let £ > 0, and let TI° be a Poisson point process on
R x R? x (0, 4+00) x U with intensity dt @ dz @ u(dR) @ @(d(pn)n>1)-
Then, for allt > 0,

—I1¢,£,20 —I1¢,£,=0
AELT)CAEL ;).

In particular, for allt >0 and x € R?,

Remark 3.3. Since A(E) is a set, if there exists ¢ # j such that z; = z;, then x; appears only once in
A(E).

Intuitively, the idea behind this lemma is the following. Since the coupled k-parent and k’-parent
ancestral processes are based on the same extended Poisson point process of reproduction events, their

evolutions are determined by the same reproduction events. Moreover, since k' > k, all the potential

22



parents which are involved in the dynamics of the k-parent ancestral process are also potential parents
for the k’-ancestral process. Therefore, we can consider that the k-parent ancestral process is embedded
in the k’-parent ancestral process.

We now introduce an alternative way of constructing the k-parent SLFV, by associating it to the

extended Poisson point process I1°.

Definition 3.4 (Quenched k-parent SLFV). Let k > 2, and let w : RY — {0,1} be a measurable
function. The k-parent SLF'V (M,?:’w)tzo associated to I1¢ and of initial density w is the My -valued

Markov process defined as follows.
c
o First, we set w,l;lo’w =w.

e Then, for allt >0 and for all x € R?, we set

w,?;w(x) = w(y). (3.1)

o We conclude by setting for allt > 0,

My = (wyy ()00 (dr) + (1 — wy ()01 (dk))da.

)

(wgz’w)tzo will be called the density of the k-parent SLFV associated to 11° and of initial condi-

tion w.

Note that w,gi’w () in Eq. 3.1 is thus equal to 1 if and only if all potential ancestors at time 0 of
the individuals at x at time ¢ are of type 0, i.e are all ghosts.

We show below that this process corresponds to another way of constructing the k-parent SLFV
using the parental skeleton, and in particular, that (M,i_I ; “Ne=o € D, [0,+00). This alternative
construction will allow us to couple SLFV processes with different numbers of potential parents, using
the same Poisson process. However, even though it is possible to define the k-parent SLFV for an
initial condition M € M) instead of an initial density w of M, this coupling can only be used if all

processes are constructed using the same initial density.

Proof. In order for the process to have a chance to correspond to the k-parent SLFV, we first need to
check that

(Mg;’w)tzo € Dy, [0, +00).

Let t > 0. Since w is {0,1}-valued, by definition wg’w is {0, 1}-valued. Moreover, the values
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taken by w are changed over balls of the form B(z,R) in order to compute w,?z’w. Therefore, as w is
measurable, w,?;’w is measurable as well, and we obtain that for all ¢ > 0, M ,? ; “ e M.

We now show that the process is cadlag. That is, we want to show that
1. lim M,?:w exists,
sTt )

. I1¢ . . 11¢
2. lim M, *“ exists and is equal to M, .
sit k,s k.t

In order to do so, let (fn)nen € Ce(RY) be a convergence determining class. Then, it is sufficient to

show that
1. For all n € N, 1ig1(w£i,’w, fn) exists a.s.,
S k)
. I1¢,w . . I1¢,w
2. For all n € N, h?tl@k <5 [n) exists and is equal to (w, ™, fn) a.s.
S k) )

Therefore, let n € N. We set

). sup {t’ <t:dIR>0,3r e SuppR(f), A(pn)n>1 €U, (', 2, R, (pn)n>1) € HC}

and t(i) := inf {t' >t:3IR > 0,3z € Supp(f), I(pn)n>1 €U, (t' 2, R, (pn)n>1) € HC} )
As there exists C(™ > ( such that for all R > 0,
Vol(Supp®(f)) < C(R? v 1),
the support of f is affected by reproduction events at rate

| vol(supp®() < ¢ [T Ry Du(ar)
0 0

< 400

(n) n)

since y satisfies Condition (2.3). Therefore, ¢;° <t and t;+ >t a.s., and we obtain

. ]_[C7 . I—IC7
181%1<wk,sw, fa) = <wk7t;‘;§,fn> a.s.

e, e,
and  (wp Y fu) = (w5 fa)  as,

allowing us to conclude. O

Lemma 3.5. Under the notation of Definition 3.4, (M;E:’w)tzo has the same distribution as the k-

parent SLFV associated to u and with initial density w.
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Proof. We set M° = M ,? S’w, and we use the characterization of the k-parent SLFV by the duality
relation in Proposition 2.8.

Let I € N*, let ¥ be a density function on (R%)!, and let ¢t > 0. Then,

/ U(zy, .. H Wy, dry...dx;
(RE)!

l
:/ o \I/(l‘l,...,l‘l)]EMo ngt’w(l‘j) dxy...dx;
(R9) j=1

E 0

—

:/(Rd)l\ll(l‘h...,xl)]EMo H w(y)| dzi...dz

=yeaE,, ")
=/ . U(xq,...,x)Eppo H w(y)| dry...dx;
RS Iic,¢ Z L ;
_yGA(_k . J=
= () \I/(xl, "'7xl)EE[:c1,...,xl] H w(y) dxl...dxl,

yeA(EF)

with (2F)¢>0 the k-parent ancestral process associated to p with initial condition Z[z1, ..., 2;]. We
used the definition of the quenched k-parent SLFV to pass from line 2 to line 3, and the fact that w
is {0, 1}-valued to pass from line 3 to line 4.

s —k NF kg .
Writing = = ijl &, we obtain

l
I1¢w
Epzo |:/(Rd)l V(1 ..., 2) (1:[ W ¢ (ac])> dml...d:):l]
:‘/(Rd)l \Il(l‘lv-.-,x xl, I |:HW ] dl‘l dl'l

This concludes the proof. ]

This lemma has two direct consequences. First, (]\4}5I : “Yi>0 is Markovian. Moreover, since this
process is M y-valued, we have proved the second part of Theorem 2.1, that is, that the unique solution
to the martingale problem characterizing the k-parent SLFV is M -valued.

The interest of the coupling lies in the fact that given a sequence of coupled k-parent SLFV
constructed using the same extended Poisson point process II¢, their corresponding densities, as con-

structed in Definition 3.4, satisfy the following property.

Lemma 3.6. Let 2 < k < k', and let w : R — {0,1} be a measurable function. Let TI¢ be a Poisson

point process on R x R x (0, +00) x U with intensity dt ® dz @ p(dR) @ @((pn)n>1)-
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Then, for allt >0 and z € RY,

e, e,
wy (@) < wp ().
In particular, for allt >0 and x € RY, (wg’w(x))kzg converges to some wi®(x) € {0,1} as k — +o0.

Proof. Let t > 0 and x € R. By Lemma 3.2,

I £,6, T1%,t,5,
AELT) CAEL ™).

Therefore, as w is {0, 1}-valued,

The second part of the lemma is a consequence of the fact that (w,?;w(x)) k>2 1s a non-increasing
{0, 1}-valued sequence. O
3.2 Definition of the co-parent SLFV
We can now construct the co-parent SLFV as in Theorem 2.9.

Definition 3.7. Let M° € My with density w : R? — {0,1}. The oo-parent spatial A-Fleming Viot
process, or co-parent SLFV, with initial density w associated to the extended Poisson point process 11¢
is the Mx-valued process (M;°)i>0 defined the following way.

First, we set M§° = M°. Then, for allt >0 and x € R?, we set

. e,
wi(@) = lim )l *(@)

and we set
M (dz,dk) == (wi°(z)do(dk) + (1 — wi®(x))d1(drK))dx.

I1¢ will be called the associated extended Poisson point process, and (wi®)i>o will be called the density
of the co-parent SLFV associated to I11¢ and of initial density w.

In its more general form, the co-parent SLFV is defined for an initial condition MY € My and a
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o-finite measure ;. However, we construct it using a density w of M?, and an extended Poisson point
process 11¢, and in the following, we will need both the initial density and the extended Poisson process
used in order to prove some properties satisfied by the co-parent SLFV. Therefore, we considered two
complementary definitions of the process, one based on the initial condition and the measure u, and
the other one based on the initial density and the extended Poisson point process, both definitions
corresponding to the same process. In the following, we will use one or the other of the two definitions,
depending on whether the initial density and extended Poisson point process used to construct the
process are needed or not.

As in the proof of Definition 3.4, we can show that (M®);>0 € D, [0, +00).
Lemma 3.8. Under the notation of Definition 3.7, (Mf®)i>o is Markovian.

Proof. First, notice that the definition of (Mg°);>¢ implies that we only need to demonstrate that
(w®)e>0 is Markovian.

Let 0 < s <t and let z € R%. Our goal is to show that

wi®(x) = _lim H w(x).
k——+o0 .
I’EA(':I:[ Jﬁx)

Hk,t—s

—=I1¢,t,0,

Indeed, if this result is true, since A (_% L

) depends on events occuring during the interval [s, ¢], it
is independent from (wS®)o<s<s and we can conclude.

By definition of the co-parent SLFV,

()= lim w,“(x).
wy*(x) k_lgloo Wkt (x)
Using Lemma 6.10 from Section 6, we obtain
w¥(z) = lim [T w@)
—+oo —TIC,t,6
I'EA(:k,t’_’sx)

Let k > 2. By Lemma 3.6 and since for all k > 2, wi{:’w is {0, 1}-valued,

. IIe,
PR | G
x'€A (Egiffz)
< 11 lim wy < (z)
- kostoo kS

€A (El:[c’t‘éz )
k

,t—s
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Here we used Lemma 6.11 to pass from the first to the second line, and the definition of the co-parent
SLFV to pass from the second to the third line.

Since this is true for all k& > 2,

w®(z) < _lim 11 w ().
k——+o0

Then, starting back from the equation

w®(r) = lim 11 w,l;{;’w(x'),
k—+o00 e ts
:c’eA(Ek’t:Sz)

as for all x € RY, (w,l;[:jw(x’ ))k>2 is decreasing, we obtain that

o0 > 1 o0 /
SRCE TR | B
m’GA(:k}tL’s )
and we can conclude. O

3.3 Convergence of the k-parent SLFV towards the oo-parent SLFV

We now show Theorem 2.10, that is, that the oo-parent SLFV can be considered as the limit in
distribution of the k-parent SLFV in D4, [0, 00) when k — 4o00.
In all that follows, let (M{°):>0 be the oco-parent SLFV with initial density w associated to II¢. By

definition, for all t > 0, (M ,? tc “Yk>2 converges almost surely to My°, as stated below.

Lemma 3.9. Conditionally on 11¢, for allt > 0 and k > 2, ME:’W is completely deterministic, and
(M,?tc’w)kZQ converges vaguely to M as k — +o00. Moreover, as a sequence of random variables,

(M,?:’w)kzg converges almost surely to M° as k — +00.

Proof. Let t > 0, and let wy® be the density of the oo -parent SLFV with initial density w associated

to TI¢, considered at time t. Let f € C.(R?). Then f is integrable and

Vo € RY, ()l () —— f()o™(@)

Vz € RY,

f@)wpy @) < 1f@)].
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Therefore, by the dominated convergence theorem,

Jim [ @l @de = [ @)

d i oy (y)da = / > (y)dy.
and i f o T W= [ S )y

We now consider f € C,(R? x {0,1}). Then, there exists fo, fi € C.(R%) such that

(2, k) € R x {0, 1}, f(z, &) = fo(2) Loy (k) + f1(2)Liry(%).

Therefore, for all k£ > 2,

Lo oy T M ) = [ o)l @i+ [ ) (1=t @) do

—— [ h@F@da+ [ i) (1= o @) do
R R

k—4o00

= f(xa '%)Mfo(d$a d’{)
R4 x{0,1}

and we conclude that (M, ,? tc “Yk>2 converges (almost surely) vaguely to M® when k — +oc. O

Combined with Lemma 3.5, a direct generalization of Lemma 3.9 gives that the finite dimensional
distributions of the k-parent SLFV converge (weakly) towards the ones of the co-parent SLFV.

We now focus on the convergence of the k-parent SLFV as a cadlag process towards the oo-parent
SLEV. In order to do so, let (M k)kzg be a sequence of independent k-parent SLFVs with initial density

11w

w and associated to u, which are also independent from (M, ,™);>0. Moreover, let (M{®);>o be the

oo-parent SLFV with initial density w associated to II¢.
Lemma 3.10. The sequence (M¥)y>o is tight in D, [0, 00).

Proof. We adapt the proof of Theorem 1.2 (step (i), item (c)) from [27]. Since M equipped with the
topology of vague convergence is compact and since the set of functions of the form ¥r ¢, F' € Cl(R),
f €S (R?) is dense in C(M,) (see e.g Lemma 1.1 from [27]), by Theorem 3.9.1 from [28], the relative
compactness of (M*);>o is equivalent to the sequence (Vg ;(M¥));>o being relatively compact for all
F € CY(R) and f € C.(RY).

Therefore, let F € C*(R) and f € C.(R?). By the Aldous-Rebolledo criterion [2, 47], it is sufficient

to show that

1. For all ¢ > 0, the sequence (¥ f(MF))g>2 is tight.
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2. For all T > 0, given a sequence of stopping times (7x);>2 bounded by T', for all € > 0, there

exists d > 0 such that

Tk+9
limsup sup P / /JZ\I/F,f(MSk)ds >e| <e
k—-+o00 6€][0,d] Tk

3. In the same notation as in 2., for all € > 0, there exists § > 0 such that

Tk+9 o0 1 2
I p / / / / — | (Fye; Y = Fllwap,
meup sup ( [ S | (PR 50 = Pl 1)

s

4
N
3
/@\

8
Sy
(S
3
=
|
g
€

5
=
N

Point 1. Let ¢t > 0. Then, for all k > 2,

[(@aggs )] < [1£]loVol(Supp(f)).

Since F' is continuous, this implies that

o (MEY] < max F(2)],
‘ Fif( t)‘—zeH|f\|ooVol(Supp(f)),|IfHooVol(Supp(f))]| )

from which we deduce that the sequence (Vp, f(Mtk))kzz is tight.

Point 2. Let T > 0, let (7%)r>2 be a sequence of stopping times bounded by T, and let € > 0. In
the proof of Lemma 6.4, we show the existence of a constant C'ry depending only on the choice of F’

and f such that for allt > 0, K > 2 and M € M,,
by ()] < Cry [ RIp(aR).
Therefore, for all k> 2 and 8 > 0,

Tk+9
/ £ p(MF)ds ds

k

Tk

< 0Cpy / RIp(dR),
0
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and setting § = (¢/2) C’E} (Jo° RIu(dR)) ™! yields the desired result.

Point 3. By Lemma 6.3, there exists CN'E ¢ depending only on the choice of F' and f such that for

allk>2,5s>0, € Rand R > 0,

IN

F.f ('Rd A 1)2
Ef (Rd A 1)2.

(FO; g lwrrs) 1)) = Fllwonge, 1)

2
and (F((@;,R(wMéc),f»_F(<WM§7f>)>

VAN

Therefore, for all £ > 2 and 6 > 0, we can bound from above

Tk—l-e o0 1
Lo kol anrz

(F((O; r(@r). ) — Fllwre. 1))

)

k

Wk (yj)] dy;...dygp(dR)dxds
1

<

by

Tk+9 o0 1 -
— Cr+(RYA1)%dy;...dysdzp(dR)ds
/rk /o /SuppRm /Bwe)k Vi S ) [IR)
Tk+6 poo _
g/ / / Cr (RN dzp(dR)ds
T 0 JSupp®(f)
Tk—l-e o0 -
g/ / Gy (R A1) Cy (REV 1)dsp(dR)
Tk 0

<0Cy éﬂf / Rd,u(dR).
0

Here we used the fact that 0 < R? A1 < 1 to pass from the first to the second line, and Eq. (6.1)
to pass from the second to the third line. Setting § = (3/2) C5* C’;} (Jo° RIu(dR))~! allows us to

conclude. O
We can now show Theorem 2.10.

Proof. (Theorem 2.10) As the finite-dimensional distributions of (M*);>o converge to the ones of M>

and as (M¥);>s is tight (by Lemma 3.10), we can use Prokhorov’s theorem [46] and conclude. O
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4 The oco-parent ancestral process : definition and characterization

The goal of this section is to rigorously construct and study the dual process associated to the oco-
parent SLFV, called the oco-parent ancestral process. In Section 4.1, we exhibit sufficient conditions
under which the co-parent ancestral process is well-defined, and state that it is the unique solution
to a martingale problem. In Section 4.2, we show to what extent the co-parent ancestral process can
be considered as the limit of the k-parent ancestral process when k — +o00, the main difficulty being
that the two processes are defined on different state spaces. Then, in Section 4.3, we use the co-parent
ancestral process and its associated martingale problem to provide another characterization of the

oo-parent SLFV.

4.1 Definition and first properties

In order to show that the oco-parent ancestral process (2§°)¢>0 introduced in Definition 2.15 is well-
defined, we start by observing that the only reproduction events affecting = are the ones intersecting
its boundary Eﬁ’o\E;’O Therefore, it is sufficient to consider only the reproduction events affecting its

border, or the ones affecting a well-chosen space containing it.

Figure 1: Initial state of the co-parent ancestral process (dashed line), and a covering of its border by
balls of radius R.

In order to control the rate at which the oo-parent ancestral process jumps, we start by taking
R>0 satisfying some condition which will be introduced later, and we cover the border ?\E%o of
=5° with balls of radius R (see Figure 1). Then, informally, whenever a reproduction event overlaps

what we will call the ﬁ—covering :

o if this reproduction event has a radius of at most ﬁ, it is included in the ball of same center but
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of radius R. We add this ball of radius R to the covering.

e Otherwise, we cover the border of the area of the reproduction event by balls of radius ﬁ, and

we add these balls to the covering.

See Figure 2 for an illustration of this dynamics.

(b) The oo-parent ancestral process is updated,
and a covering of the border of the reproduction
(a) Reproduction event (grey disk) affecting the event by balls of radius R is added to the R-
oo-parent ancestral process at time ¢ > 0. covering process.

(c) Since the R-covering process is bigger than the

border of the co-parent ancestral process, it can be (d) Updated ﬁ—covering process after a reproduc-
affected by reproduction events (grey disk) which tion event affecting it while not intersecting the
do not intersect the co-parent ancestral process. oo-parent ancestral process.

Figure 2: Illustration of the dynamics of the co-parent ancestral process (dashed line) and its associated
‘R-covering process.

Note that since the covering contains the border ?\E?‘) of Z2° but is not equal to it, there are
more reproduction events affecting the ﬁ—covering than reproduction events affecting =°.
Constructed this way, the ﬁ—covering contains only balls of radius R, each one being overlapped

by a reproduction event at rate

oo ~
/ Vi(R + r)u(dr).
0
Moreover, since the covering is constructed using the same Poisson point process as for (£2°)>0, at
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any time t the current state of the covering contains the border ?\E? of Z7°. Since the rate at
which (22°)>0 jumps is bounded by the rate at which the covering we just constructed is updated,
we can show that (2¢°):>0 is well-defined by controlling the rate at which new balls are added to the
ﬁ—covering.

Let us now define the border covering process we just introduced rigorously.

Definition 4.1 (Border covering process). In the notation of Definition 2.15, let R > 0 be such that I
satisfies Condition (2.4). Let x1,...,xn € R4, N > 1 be such that initially the border of Z° is entirely
covered by the N balls of radius R (B(l'i,ﬁ))lgig]v. Then, the ﬁ—covering process (Cy)i>0 associated
to (E9°)i>0 s constructed in the following way.

Let II be a Poisson point process on R x R? x (0, +00) with intensity dt @ dx @ p(dr). First, we set
Co={zx1,....,zny : 1 <1 < N}. Then, for all (t,x,R) € I, if C,_ N B(z,R) # 0, let n € N* such that
(n— 1)7% <R < nR. We construct a covering of the border of B(z,R) by at most ag x n®~" balls of

radius R, and Cy is obtained by adding the center of these balls to Cy_.

The interest of the border covering process lies in the fact that, as we argued earlier, for all ¢ > 0,
EP\EF C G
Therefore, the jump rate of Z¢° is bounded above by
o0 N
Card(Cy) x / Vi(R + r)%u(dr).
0

Lemma 4.2. In the notation of Definitions 2.15 and 4.1, (Card(Ct))i>0 is bounded from above by
(Y)t>0 the number of particles in a branching process in which each particle branches independently

of the others at rate

/ TVAR + 1) uldr),

and in which at each branching event, the number of descendants is equal to agn® ' +1, n > 1 with

probability

f(:??l)ﬁ(ﬁ + T)du(dr)

J52 (R +r)dp(dr)

Moreover, for allt >0, Y; < 400 p.s, and E[Y;] < 4+00.

Proof. How to construct the branching process (Y;):>0 from (Cy)i>o is clear. The jump rates and

transition probabilities come from the fact that for any point x € C; and for all n > 1, the ball
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B(x,R) is affected by a reproduction event of radius (n — 1)R < R < nR at rate
nR . d
[ iR+ R ().
(n—1)R

d—1

and such a reproduction event generates agn new balls in the border covering process.

Then, if ® is the probability generating function of the number of descendants,

Zj(/nR Vi(R +7) ,u(dr)) x (agn®t4+1) < 400

(n 1)R

since p satisfies Condition (2.4). Therefore, by Theorem II1.2.1 in [3], Y; is finite for all ¢ > 0 a.s, and

E[Y;] < o0 for all t > 0. O

We can then conclude that (22°):>0 is well-defined using the fact that the jump rate of =° is

bounded from above by

Y; / Vi (R+R)u(dR) < 00 pss .
0

We now introduce how to characterize the co-parent ancestral process as the unique solution to a
martingale problem.
In all that follows, let F' € C}(R) and f € B(R?). We extend the definition of the function ®

to the space of measures m(E) € M, setting

b (m(E)) =F ( [ flaym(B)is )
=F (/E f(:r)dx) .

Moreover, for all E € £ and R > 0, we set
SR(E) :={zeR¥: Iy e E,||lz—y|| <R}

Note that this definition is reminiscent of the definition of S®(Z) with = € M, (R?).
Let p be a o-finite measure on RY satisfying Condition (2.4). We define the operator g, on

functions of the form @ ; the following way. For all m(E) € M/, we set

G0 m(B) = [ [P (BB R). 1)) = F (m(E), 1)) dap(aR)

We show in Section 6 that this operator is well-defined, and give some properties that it satisfies. The

oo-parent ancestral process is then solution to the following martingale problem.
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Proposition 4.3. Let p1 be a o-finite measure on (0, +00) satisfying Condition (2.4). Let Z° € M¢T,
and let (2§°)¢>0 be the co-parent ancestral process associated to p with initial condition =°.

Then, for all F € C}(R) and for all measurable function f : R — {0,1}, the process

<‘I’Ff( 0) — Crf(EF /g Ppp(E5°)d >

>0
s a martingale.

The proof is a direct adaptation of the proof of Proposition 4.1.7. from [28§].

4.2 Convergence of the k-parent ancestral process towards to co-parent ancestral

process

As in the case of the oco-parent SLFV, the oco-parent ancestral process can be considered as the limit
of the k-parent ancestral process when & — +oco. In this section, we show to what extent this result
is true. Since the dual processes are defined on different state spaces (that is, M,(R?) in the case of
the k-parent ancestral process and M€/ in the case of the oo-parent ancestral process), the result we
obtain is in fact weaker.

In all that follows, let 1 be a o-finite measure on (0, +00) satisfying Condition (2.4). We recall
that for all 2 = L, 6,, € M, (R?), the set of atoms of = is denoted A(Z). Our goal is to show the

following result.

Proposition 4.4. Let E° € £, and let (pg)nzl be a sequence of i.i.d. random wvariables sampled
uniformly at random in E°. Let (2°);>0 = (m(E§®))i>0 be the co-parent ancestral process with initial
condition m(E®) associated to u, and for all k > 2, let (EF);>0 be the k-parent ancestral process with
initial condition

~o—Z<5n

and associated to . Then, it is possible to couple (22°)>0 and (EF)i>0, k > 2 in such a way that for
allt >0,
A(E

/-\

M —— E® as.
k—+o00

The proof of Proposition 4.4 can be found at the end of the section.

Looking at the convergence of the support of the measures allows us to circumvent the facts that
the k-parent and oco-parent ancestral processes are defined on different state spaces, and that the mass
of the k-parent ancestral process becomes infinite when k& — +o0o0. We also need to consider specific

initial conditions for the sequence of k-parent ancestral processes in order to obtain a limiting set with
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nonzero Lebesgue measure.

In order to show Proposition 4.4, we first construct the corresponding coupling, which relies on
the use of the same extended Poisson point process to construct all processes. Let II¢ be a Poisson
point process on R x R% x (0, +-00) x U with intensity dt ® dz @ u(dR) @ (d(pp)n>1). Let (E?O’Hc)tzo
be the oo-parent ancestral process with initial condition E® constructed using II¢. Moreover, for all
k> 2, let (Ef ’Hc)tzo be the k-parent ancestral process with initial condition S F_, dpo constructed
using II°: whenever the process jumps, if the corresponding reproduction event is (t,z, R, (pn)n>1),
then the locations of the k potential parents are given by x + Rp1, ..., + Rpr. The following result

is a direct consequence of the coupling and of the choice of initial conditions.

Lemma 4.5. 1. We have

2. Forallt >0, for all k' > k > 2,
— kI —k T1°
A (:t ) cA (:t ) .
Moreover, we also have the following result.
Lemma 4.6. Let T > 0. Then, the two following assertions are true a.s.:

VO<t<T,\Vk>2A (E,’f’nc) c E;)o7nc7

and YO <t<T,Vk>2, if BN = BT then =17 = =017

Proof. For t = 0, by definition, A(Eg’nc) C By M for all k > 2. Then, since all ancestral processes are
constructed using the same underlying Poisson point process, each jump of a k-parent ancestral process
corresponds to a jump of the co-parent ancestral process, unless the corresponding reproduction event

affects an area B(x,R) such that
Bz, R)NEXY £0  but  Vol(B(z,R) N B> =0,

which almost surely never occurs. O

Therefore, due to the coupling, each jump of the k-parent ancestral process corresponds to a
jump of the co-parent ancestral process, as well as of each k’-parent ancestral process, k' > k (by

Lemma 4.5). Moreover, since u satisfies Condition (2.4), for all 7' > 0, the number of jumps of the
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oo-parent ancestral process over the time interval [0,7] is finite a.s. As a result, in order to show

— 00,
—
—

Proposition 4.4, we can show that the convergence property is preserved whenever (Z; Hc)tzo jumps.

Lemma 4.7. For allt >0, if

—k,I1¢ o0,I1°¢
A (‘_‘t— ) m E _ 5 (41)
then A (1) — 5 gl 4 4.2
en ( ¢ ) oaeo Lt a.s ( )

Proof. Let t > 0. Assume that (4.1) is true. The result is clear if F;° T — E° 1 Otherwise, let

(t,z, R, (p})n>1) be the corresponding reproduction event. This implies that
Vol (B2 N B(z, R)) # 0.

By (4.1), this means that there exists k' > 2 such that A(Efﬁ’nc) NB(z,R) # 0. Such a result can be

extended to all k > k! by Lemma 4.5. Moreover, for all k > kf,

A(EF) = (A" ) \Lr () U{e + Roly s n e [LE]

— S B UB(@,R) = BT
k—4o00

We can now show Proposition 4.4.

Proof. (Proposition 4.4) Let ¢t > 0. We set tg = 0, and let 0 < #; < t3 < ... < tny < t be the times at
which (22°11) >0 jumps (such a sequence of jump times exist almost surely). First, we observe that

by Lemma 4.6, it is sufficient to show that

In order to do so, we will show by induction that

Vn € [0,N], A (Eff[c) — S BT as

k—+o0 tn
The case n = 0 corresponds to Lemma 4.5. Then, let n € [0, N — 1], and assume that

E.oo,l'[c

) EE as
k—4o00 n
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Again by Lemma 4.6, we obtain that

(& (&
A (:k’n 00,11 a.s.

Ht”“_) k—+o0 bnt1—
and we conclude using Lemma 4.7. O

4.3 Another characterization of the co-parent SLFV

We can now show Proposition 2.18, which provides another characterization of the co-parent SLFV.

Proof. (Proposition 2.18) Let F' € C1(R) and f € C.(R%). Our goal is to show that

(\IIF,f(Mt ) ‘I’Ff MO /EOO\I/Ff )d8>
t>0

is a martingale. In order to do so, for all x € [—||f||Vol(Supp(f)), ||f||Vol(Supp(f))], we set

:F(/Rdf(z)dz—:r>.

We extend f’f to R in such a way that ﬁf € C}(R). Then, let t > 0. We observe that

\I/FfMt = </f 2)r( dz)
:F</Rdf(z) 1—]1Etoo(z))dx>
:F(/Rdf(z)d,z—/E?o f(z)dz)

= Fy < - f(z)dz)

=0 (5)

Similarly,

Wiy (V) = B, (S5).

Moreover, for all z € R% and s € [0, ],

Puaz. =5 ([ sos)

= Fy ((m(EZ), f))
and  F((0,2650.0)) = F ([ 76 (1~ Lo () (1~ 1 (2)) d: )
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=F < f(z)dz — / f(z)dz — f(z)dz +/ f(z)dz)
R4 B(z,R) E B(z,R)NE%®

F( f(z)dz—/ f(z)dz)
R4 B(z,R)UEX

Fy ((m (B(z, R) U EX), f)) .

We also have

1- 6 (/B(w’n)u - d}‘s’o(z))dz) — 14 </B(LR) Ly (z)dz)

— 14, ( / nB(x,R)@)nEgo(z)dz) ,
]Rd

which is equal to 1gr ey () for Lebesgue-almost all z € R9. Therefore,
LRWp (M) = Gy (E2).
This implies that for all ¢ > 0,

¢ _
Up p (MP®) — Up (M) /ﬁw‘PFf(Mﬁo)dS
=0y (5 - b (=) - [ G (=0

and we conclude using Proposition 4.3. O

5 Uniqueness of the solution to the martingale problem character-

izing the oco-parent SLFV

The goal of this section is to provide another characterization of the oo-parent SLFV as the unique
solution to a martingale problem, as stated in Theorem 2.14. In order to do so, we show that the
oo-parent SLFV (as constructed in Definition 3.7) is a solution to the martingale problem associated
to L£7°. Then, we will extend the set of functions over which the operators L7 and G;° are defined.

In all that follows, let 1 be a o-finite measure on (0,4o00) satisfying Condition (2.3), and let
M° € My, with density w : R* — {0,1}. Let II¢ be a Poisson point process on R x R? x (0, 4+-00) x U
with intensity

dt @ dr ® ,u(dR) QU (d(pn)n21) .
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5.1 Existence of a solution to the martingale problem associated to L7

We recall that the operator £ is defined by

+oo
LrVE (M) = /0 /suppR(f) (1 — 0o (/B(LR) (1—wum(z)) dz))

x [F((O m(wn), 1)) = F(twrr, )] deu(dR).

The goal of this section is to demonstrate the following result, which is also the first part of Theo-

rem 2.14.

Proposition 5.1. Let (M{°);>0 be the co-parent SLFV with initial density w, associated to I1°. Then,

for all F € CY(R) and f € C.(RY),

t
(q/F,f(Mfo)—wF,f(MgO) _ /0 ﬁ;oq/F,f(M;O)ds>
>0

is a martingale.

In other words, (M;®)¢>0 is a solution of the martingale problem (L7, dase), but this solution is
not necessarily unique. In fact, we will show in Section 5 that this solution is unique when pu satisfies
the stronger Condition (2.4), but the question of uniqueness when p does not satisfy Condition (2.4)
remains open.

We start by justifying why the operator £ is a suitable candidate for an operator characterizing

the limit kK — 400 of the k-parent SLFV.

Lemma 5.2. Let w: R? — [0,1], and let x € R. Then, for all R >0,

1 k
’ L= dz | = lim - 3| dys...dys.
o</B(x7R)( w(2)) z) W VR /B . (jl_[lw(y])) yr-dy

Proof. For all k > 2,

1 k 1 *
— )| dyi...dyy, = —/ d .
VE Ly | L1 | (VR e y>

7j=1
As Vil [y w(y)dy € [0,1],

1 k
lim —/ w(y;) | dyy...dyx =1
B(z,R)k Ll_{ /

k——+oo V,]l{

1
= —/ w(y)dy =1
Vr JB(2,R)
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— /B(m,R) (1= w(z))dz = 0.

Moreover,
1 k
li —/ I dyy...dyp =0
hms oo VE JBR)k jl;[lw(yj) Y1---AYk
1
<= — w(y)dy < 1
o . o
— / (1 —w(z))dz > 0,
B(z,R)
and we can conclude. O

Let F' € C}(R) and f € C.(R?). For all M € M,

[F" ({wnr, f))] < max{[F(z)] - & € [=Vol(Supp(f)), Vol(Supp(f))]}, (5.1)

which means in particular that for all z € R? and for all R > 0,

[F((07 »(war), )| < max{|F ()] : @ € [-Vol(Supp(f)), Vol(Supp(f))I}

and  [F((0, z(wn), f))] < max{|F(z)| : & € [=Vol(Supp(f)), Vol(Supp(f))]}-

Therefore, a direct consequence of the dominated convergence theorem is the following lemma.

Lemma 5.3. Let M € My, and let (My)nen € My be such that M,, converges vaguely to M. Then,
for all x € R and for all R > 0,

F({wnm,, f)) Py F({wnm, f))

F((0; r(wa,), ) ——— F((©; (wn), f))

n—-+o0o

F(O;z(wn,), ) —— F((O  r(wm), f))-

n—-+4o0o

In contrast with LE\II F.f, the function L£7°Wp ¢ is not continuous. However, we have the following

result.

Lemma 5.4. Let M € My, and (My)nen € My such that M, converges to M in the topology of
vague convergence. Assume that there exists a density w of M and densities wy, of My for allmn € N
such that :

Vn € N,Vz € RY, w(z) < wn(2).
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Then,

lim L0 (M) = L0 p 5 (M),

n——+o0o

Proof. First, since (M,,),en converges vaguely to M, by Lemma 5.3, for all R > 0 and for all
z € Supp™(f),

F{(O;z(wn), ) ———= F((O; (W), f))-

n—-+o0o

Then, let R > 0 and n € N. Since for all z € B(z,R), w(z) < wp(z),

/ (1—w(z))dz > / (1 — wn(2)) dz.
B(z,R) B(z,R)

Moreover, since

lim 1—w,(z dz:/ 1—w(2))dz
Jim [ GmenEdz= [ w)

> /B(x,R) (1 — wp(2)) dz,

if lm [p, ) (1 —wn(2))dz =0, then for all n €N, [, ) (1 —wn(z))dz =0, and thus :

n—-+o0o

lim_do </B(m) (1 —wn(z))dz> — 5 (/Bm) (1 —w(z))dz).

Conversely, if lim [p(, ) (1 —wn(2)) dz # 0, since do(e) is continuously equal to 0 over R7,

n——+o0o
lim & </ (1= wn(2)) dz) — 5 (/ (1= w(2)) dz) .
n—+00 B(z,R) B(z,R)
We conclude by using the dominated convergence theorem. O

Lemma 5.5. Let (M7®);>0 be the co-parent SLE'V of initial condition M°, constructed using the initial
density w and II¢. For all k > 2, let (Mff)uzo be a sequence of coupled k-parent SLFVs associated
to TI° and with initial condition w, constructed as in Definition 3.4. Then, for all F € C*(R) and

f € CeRY), for all 1 >1, for all0 <ty < ... <ty <t <t+s, for all hi,....hy € Cy(My),
. " t+s E ! k
lim E K\IJFJ(MHS) — Up (M) —/t EZ"‘IIF,f(Mu)du) x (H hi(Mti)>] =0.

k——+o0 b}

Proof. For all k > 2 and u > 0, let w® be a density of M}.
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Let 1 >1,0<t1 <..<t;<t<t+sandhy,.., h € Cy(M)). Then, for all k£ > 2,

t+s

LW p (M) du) <Hh (MF) )]
=K [(‘I’Ff(MtJrs) U (M) / Ly (M) d“) <Hh (M}, )]

( t+8£ﬁ‘I’F,f(Mk) LW p(My)d ) (Hh (M) )]

E [(‘I/Ff(MtJrs) ‘I’Ff(Mtk) - .

+E

Since (MPF),>0 is solution to the martingale problem associated to (£¥, 5M§)a the above is equal to

0+E

t+s l
t =1

From Lemmas 6.4 and 6.5 in Section 6, we can apply the dominated convergence theorem to

. [</tt+s ]Lﬁ\I’Ff(lef) — LU (M |du> (H |h Mt )] )

and we obtain

t+s

lim E [(\I/Ff(MHS) U p(Mf) -

cpseso) ([Tt

[ it (s fron)]

=1

assuming that the different limits exist.

Now, let k£ > 2 and u € [t,t + s|]. We have

LoV pp(My) — EOO‘I’Ff(Mk)

= [ o ey, (FUOLR () PGk, 1)

/B kH ‘2])>dy dyk—5o</3(xﬁ)(1— ())dy>]

7j=1
1) = F((wh, )

((®
((®
k k
X [5 1 - wﬁ(y)) dy) / - H < ) dys.. dyk] dru(dR)
((®

X

+(F((e;

r(wh >»—F«@;R@ﬁxf»)

B(mR
N /OOO /SUPPR(f) <F
X /B " ﬁ iﬁi )> dy...dyx, — 6o (/B(%R) (1 - WZ(?J)) dy)] dzpu(dR).

J=1
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The term inside the integral is bounded in absolute value, by Lemma 6.1 in Section 6. Moreover, as

(MF) k>2 converges vaguely to M;° by Lemma 3.9, we can apply Lemma 5.3 and we obtain

lim F(OF (W), f) = FUO (W), ) = FUOF r(wi), f)) = F(OF (i), ).

k——+o0

Therefore, we have to show that

k k
: wu(yj) /
1 ——== | dyj...dyx, — 0 1— d
kirjloo B(x’R)kj];[l ( Vi > Y1 Yk 0 ( B(aR) ( w ( )) Yy

We cannot apply directly Lemma 5.2, because the density also depends on k. However,

IA
T
®
3
< ﬁg??‘
S
|
< —~~
S
N
Q,
<
a
Ned
3

We can apply Lemma 5.2 to the third term. Since for all y € RY, w(y) < wk(y), we showed in the

proof of Lemma 5.4 that

5 ( /B - (1-wtw) dy) — & ( /B oy (1) dy>

Regarding the first term, we distinguish two cases. If Vi ! / B(z,R) wi®(y)dy = 1, since

00 k
/ w (y)dy §/ wu(y)dy <1
B(z,R) VR BxzR) Vr

we obtain that in fact for every k > 2

lim
k—+o0

=0.

k
y] Wy, (?/J)
dyy...dy,, = 0.
/B(:cR)H( -1l Vn)yl Y

Jj=1

Conversely, assume V5! [ B(zR) W (¥)dy < 1. Since,

k 00
[, W),
BzR) Vr k—=+oo JB@RrR) Vr
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there exist 0 < M < 1 and k' > 2 such that :

Therefore,

- ﬁ (wf‘;fj)> dyy...dyy,

k k 00 k
_ / wy () ) - / wi (y) dy
BxR) VR BxR) VR

—— 0,
k—+o0

and we can conclude. O

We can now show that the co-parent SLFV is solution to the martingale problem introduced in

Proposition 5.1.

Proof. (Proposition 5.1) Let F € C*(R) and f € C.(R%). For all k > 2, we set (M[)i>0 = (Mg:’w)tzo.

Let I >1,let 0<t; <..<t;<t<t+s,andlet hy,...,h € Cp(M)). By Lemma 5.5,

k—+o00

hmIEl(\I!Ff(MHS) Uy (MF) - / LV g (MY)d ) <Hh Mtl)]_

Since (MF, )k>a (resp. (MF)r>2) converges vaguely to Mpe, (resp. M7®) by Lemma 3.9, we can

apply Lemma 5.3 and we obtain

lim ‘IfFf(MH-s) Up (M)

k—+o00

and hm \I/Ff(M ) =Wp (MX).
Moreover, by Lemma 5.4, for all u € [t,t + s],

lim ,COO\I/Ff(M) ,C \IJFf(MOO)

k—+o0

which is uniformly bounded in M € M), by Lemma 6.5 in Section 6. Since for all i € [1,1],
h; € Cy(M,),
Vi e [1,1], lim h(MF) = hy(MF).
k—+o00 v *

Therefore, by Eq.(5.1) and by Lemmas 6.4, 6.5 in Section 6, we can apply the dominated conver-
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gence theorem and obtain

E [(WF,f(Mfis) — Upp(M®) -

We conclude that

is indeed a martingale. O

5.2 Extended martingale problem for the co-parent SLFV

For all a € R, we set F® : & — 6,(z), and for all E € £, we set f¥ : & — L,cp. The goal of this

section is to prove the following result.

Lemma 5.6. Let M be a solution to the martingale problem associated to (EZO,(SMo). Then, for all
E €&,

t
(\IIFVOl(E) 7B (M) =V pvam) e (Mo) 7/ L7V pvoir) e (Ms)ds>
’ ) 0 ’ >0

is a martingale, where ¥ pvor) jp : M € My — Vpvam) p2(M) is the function defined by

VM € M,V pvae) pp(M) 1 = FYUB) ((war, 1))

= dvoie) ({wnr, [))

= 0o (Vol(E) — (war, f)) -

This lemma is a direct consequence of the following lemma.

Lemma 5.7. Let M be a solution to the martingale problem associated to (,Czo,éMo). Then, for all

Ec&, foralll > 1, forall0 <t; < .. <t <t <t+s, forall hy,...,hy € Cy(My),

t+s

l
E [(\I!FVOME)JE(MHS) — U vy (My) — t £/°L°\I/FVO1<E)7fE(Mu)du> x (H hi(Mti)ﬂ —0
=1

Let £ € £, Let (F,YOI(E))%N € CY(R) and (fF),en € C.(R?) be two sequences satisfying the

n

following conditions.

(A) FYoIE) _y pVollE) pointwise and in L,
n—-+o0o

(B) fF ——— f¥ pointwise and in L',
n—-+oo
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(C) Vn e N,Vz € R,0 < FY'E) () < 1 and FY'E)(Vol(E)) =1,

(D) Vn e N,Voz e RL0 < fP(z) <land Vze B, fF(2) =1,

(E) Vn € N, EYoUE) is increasing over (—oo, Vol(E)] and decreasing over [Vol(E), +00),
(F) ¥n € N, Vol(Supp(fY)\E) <n™", and Supp(fri1) € Supp(fy)

(G) ¥n € N, EY5) (Vol(E) 4+ n~t) > 1 - n~! and By (Vol(E) —n ') > 1-n"".

First, we observe that since FYUE) and (F)f OI(E))HGN* are bounded by one (by Hypothesis (C)),

for all M € M) and n € N*

e 00 < 1
e o0 <1

@ v = (M)| <1
Moreover, there exists Cg > 0 such that for all R > 0,
Vol(S®(E)) < CF x (RIV1),
where we recall that S™(E) is defined by
SRE):={zeR?:3FycE,|lz—y| <R

Therefore, we have the following lemma.

Lemma 5.8. There exists CF > 0 such that for all M € My and n € N*¥,

“CZO\I’FVOKE)JE(M)’ <Cy
L0 gy e (M) < OF

5 g 00 <

Proof. Let M € M.

11— 5 (/B(m) (1= wu(2)) dz> |

(5.5)

% ‘FVOI(E) (<®;,R(WM)7 fE>) _ pVol(E) ((wM’ fE>))d:L',u,(d’R)

< / / 2dzpu(dR)
0 JSR(E)
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<2 /OOO ¥ (R 1) u(dR)

<+ 00

since  satisfies Condition (2.3). Here we passed from line 1 to line 2 using the fact that FVolUE) ig
bounded by 1, and from line 2 to line 3 using Eq. (5.5).
Setting C¥ = 2CF x [5° (Rd % 1) u(dR), we obtain

‘Ef‘I’FVoKE)JE(M)’ <cy.
Similarly, we can show that for all n € N*,

L2 e g (M) < CF

and ]cffxy yaE) ff(M)‘ < CE.

O]

This lemma, along with Eqgs. (5.2, 5.3, 5.4, 5.5), will allow us to use the dominated convergence
theorem in the proof of Lemma 5.7.
Since by Hypothesis (A) the sequence (Fry OI(E))nGN* converges pointwise to F'V°') we obtain that

(M) —_— \IJFVOI(E)7fE(M). (56)

JE n—-+00

VM € My, \I/FVOl(E)

We want to show a similar result regarding (\I/ pYOlE) nE(M ))

n

nEN*‘
Lemma 5.9. For all M € M,,

U vour)

F, 7an(]\4)_‘1] VO](E)’fE(M) — 0.

Fn n—-+oo

Proof. Let M € M). We distinguish two cases.
Case 1 : [pwy(z)dz = Vol(E).
Let n € N*. Then, since by Hypothesis (D) we have E C Supp(fF),

Vol(E) < (war, fF) < Vol(E) + (2w (2)dz

Supp(FENE "

< Vol(E) + Vol(Supp(fF)\E)

< Vol(F) + S
n
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using Hypotheses (D) and (F). Therefore, since FYUE) i decreasing over [Vol(F), +00) by Hypothesis
(E),

(M) > FYUB) (Vol(E) + +)

) fE n

FYUE) (VOI(E)) 2 U voics
or, in other words,

1
12 vy pp(M) 21—

by Hypothesis (C) and (G). Moreover,

Vi) (M) = Fy°IP) (/ wM(Z)dZ>
no E
= FP P (Vol(E))

=1

by Hypothesis (C), and we can conclude.

Case 2 : [pwp(z)dz < Vol(E).

Let N € N* be such that N=1 <271 (Vol(E) — [y wa(2)dz). Then, for all n > N, using Hypothe-
ses (D) and (F),

0 < (war, fEY < | wp(2)dz + war(z)dz

Supp(fF)\E

war(z)dz + Vol(Supp(ff)\E)

IN

1
wy(2)dz + —
n

A
SSSsTSsTS S

1
wM(z)dz + N

1 1
<= / war(2)dz + = Vol(E)
2 JE 2

IN

<Vol(E),

so by Hypothesis (E),

W yoim) (M) 2= 0.

Moreover, since (war, f¥) < Vol(E), again by Hypothesis (E),

U vo
FTY 1<E)7fE n——+0o00
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and we can conclude. O
We now prove a similar result involving £7°.

Lemma 5.10. For all M € M,

EEO\IIFTYOI(E>,fE (M) — »CZO‘I’FVol(ELfE (M) » 0,

n—-+o0o

‘CZO\IIFTYOI(E)JE (M) - EZO‘I’FT\L/OKE) (M) » 0.

7f7? n—-+00

Proof. Let M € M, and let n € N*. We have

;C;O\I/F”\L/ol(E),fE (M) — [:ZO\IJFVOME) SE (M)

:/QOO/SRE (1—60 /B(xR l—wM(z))dz>>

% FVol (<@ (WM) fE>) FVol E) << fE>)) dx,u(dR)

(<

L <1 (fy g 1-r2))

L bl (oo rs)
((

< (FY) (0 p(wnr). 7)) = Y (07 g (wnr). 7)) ) dap(dR)

+/ /SR (1—50 R 1—wM(z))dz>>

x (FYHD ((war, 15) = BV (Grr, 7)) ) dzp(dR).

(
)
") R
(
x (FYHE) (@ m(wa), 7)) = ) ((wur, 1)) ) dau(dR)
(
") R
(

By Eq. (5.6), for all z € R% and R > 0,

EVE) (0 r(wnn). £7)) = FVH) (10 (wn). ) ——— 0

n—-+o0o

and FYUE) ((wnr, 7)) = BB ((wnr, 15)) —— 0.

n—-+4o0o

Therefore, using the bounds from the proof of Lemma 5.8, we can apply the dominated convergence

theorem and obtain
ﬁzo\IfFTYM(E)JE (M) — £ZO\IlFVOl(E)7fE (M) ——0.

n—-+o00

We can similarly show that

,CZO‘I’FT\L/OKE)JE( )= LrV FYelE)

7fE n—-4o00
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using Lemma 5.9 instead of Eq. (5.6). O
We can now prove Lemma 5.7, from which we will directly deduce Lemma 5.6.

Proof. (Lemma 5.7) Let [ > 1,1let 0 < t; < ... <t; <t <t+sandlet hy,....,h € Cp(M,). Let n € N*.

Then,

VU pvei(m) r5 (Myts) =V pvoi(m) rE (Myts) — \IJF)L/OME) e (Myss)
VU pvoin) 5 (Mivs) =V pvois) (5 (Mirs) + W pvois) (5 (Miss)
W pvoum) re (M) =V pvoi(m) pB (My) — \IIFT\LIOI(E)JE (My)

+Vpvas) 5 (Mi) =V pvoie) o (Mp) + W pvors) op(Me),

7fE 7f7? 7f7§

and for all u € [t,t + s],

LV pvoie) g (M) =L pvoie) po(Mu) = LIV ovoie) (M)

—+ ﬁlio\IlFXOI(E> fE( ) £ N\ Vol(E)} Mu) + E;ioqu”YOl(E), (Mu)

L I

Since M is a solution of the martingale problem associated to (L’ZO, dppo), for all n € N

t+s l
E l(‘y Vol(E) fE(Mt+s) - v FYOIE) 15 (M) — ) Lrv FYIE) fE u)du> X (H hl(Mtz)>] =0
" ’ i=1

Therefore, since all the equations written above are true for all n € N*,

t+s

E l(‘I’FVol(E>,fE(Mt+s) =V vy e (M) — t

l
,CEO\IIFVOI(E)JE(Mu)dU) X (H hZ(Mtz)>1

= hm E [(WFVol(E),fE(Mt+s)_@ Vol(E) Mt—l—s) (Hh Mt >‘|

n—-+00

+ lim E

n—+oo

FYOB) pE (Myys) — W FYOUE) 45 (Myts) ) X (Hh (M) >]

— lim E

n—-+00

— lim E

n—-+00

I
pvoie) o (M) — ¥ FVelE) fE(Mt ) (H Mu))]
5
[1 (M)

VOI(E)ny Mt) \I’ Vol(E)ny Mt ) (

n—-+o0o

— lim E

n—-+o00

ﬁ v Vol(E) fE( ) ﬁ v Vol(E)f du

(v
(
& )
~ lim E ( LW i 2 (M) £V sy o My)du) ><< Mti)ﬂ
(/ i) ]
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under the condition that all these limits exist.
By Eq. (5.6), Lemma 5.9 and Lemma 5.10, all the terms inside the expectations converge to 0
when n — +o00. Using the bounds given by Eq. (5.2), (5.3), (5.4) and Lemma 5.8, we can apply the

dominated convergence theorem and obtain the desired result.

5.3 Extended martingale problem for the co-parent ancestral process
In this section, we prove the following result.

Lemma 5.11. Let p1 be a o-finite measure on (0,4-00) satisfying Condition (2.4). Let Z° € M, and

let (29°) >0 = (M(EX))i>0 be the co-parent ancestral process associated to p with initial condition Z°.

Then, for all measurable function f : R? — {0,1},

t
(a0 (257) = sy (25) = [ G, (=205 )

is a martingale, where ®s5, ¢ : M € Mef - 5, ¢(2) is the function defined by

Vm(E) € M, &5, ((m(E)) := & ( /E f(x)dx) .

Proof. Let (Ft)i>0 be the filtration generated by (E9°);>0. Let (F,)nen+ € Ci(R) be a sequence of

functions converging pointwise to dg such that

(A) ¥Yn € N*| F,, is increasing on R_ and decreasing on R,
(B) Vn € N*, F,,(0) =1 and Yz € R,0 < F,(x) < 1,

(C) ¥n € N*, Supp(F,,) C [-n"3,n73].

The interest of this sequence lies in the fact that for all n € N* and for all measurable function
f: R = {0,1},

t
(0 (EF) = g (55~ [ G, s(E)as )

>0
is a martingale.

Let f:R? — {0,1} be a measurable function, and let 0 < s < . 5,7 is bounded by 1, and by
Hypothesis (B), the functions (®p, f)nen+ are bounded by 1 as well. Moreover, since u — Vol(Z°))

is increasing, and as there exists Cy > 0 such that for all R > 0,

Vol(SR(22)) < (Rdv 1) ,

93



we can deduce that for all s € [0,¢] and for all n € N*, by Hypothesis (B),

G ®r, (5 / 2 Vol (SR (22))u(dR)
< /0 2Vol(S™(Z;))u(dR)

<20, / (R*V1) u(dR).
0
Similarly, we obtain that

]g D, (23 )‘<2ct /OOO (R4 1) p(dR).

Since p satisfies Condition (2.3), both quantities are finite. Therefore, by Fubini’s theorem, for all

n € N*,

|7

=E[®5, 1(57°) = ®r,, s (EF) Fs] + E[®r, 5 (557) — P, (E07)] F5]

E|:(I)5o,( ) (I)507 “0 /g CDlSOf

b [ B[ G an, (=) - G2, (=] ] du

B[ 0, f(5) — 0 g (55) — [ G 0n, s (@)

7]
Using Proposition 4.3, we obtain that

B[4, /() — s (55) — [ Gy (E)

05, (%) — Br, g (55) — [ Gen, (BT

)

+E[®5,7(E(°) = @p, s (EO) | Fsl + E[®r, £(567) — sy 7 (557)| ]

+/ (G20, f(E2) — G s, 1(E)| Fo] du.

Since this is true for all n € N*,

t
B (5,1 (25%) — 30 (EF) — [ G2 (50 7]

S
= lim ®p, (EF) — lim Pp, ((E5°) — lim gl‘joq)me(EZo)du

n—+0o n—-+o00 n—+o00 Jo

+ lim E[®5,7(57°) = Pp, r(EF)Fs] + lm E[®r, ;(55°) — @5, (267)| F]

n—-+00
votm [ [gw@Fn,f( %) — G P, (22 )]fs]du,

n—+o0 Jo
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under the condition that all these limits exist.

First, since ®f, ¢ converges pointwise to @, ¢,

lim ®p, () — g, r(E5°) = sy, £(ES°) — sy, £(E5°)  almost surely,

n—-+o0o

and by the dominated convergence theorem,

lim B [®s, 1(Z°) = Pp, s (E0)| Fs] = lim E[®s, ¢(557) — Pr, 1 (55°)| Fs] =

n—-+00 n——+00

Moreover, since for all n € N*,

g°°<1>Fn,f( )‘du<2sCt/ (R 1) p(dr),

again by the dominated convergence theorem, we obtain

lim /ngoq)Fn,f(Ezo)dUZ/o G sy, 7 (B0 )du.

n—-+oo

Then, let n € N*. Recalling that =2° is also denoted m(Eg°),

/t [g“"l’Fn,f( ) — G, (2 ))fs} du
/ l/ /SR B2°) m(E;" U B(z,R)), f)) — do ((m(Ey° UB(m,R)),f)))dxu(dR)‘fs] du

e[ /SREW) (o () 1) = B (52, 7) dopla) 7|

Since for all z € R?, u € [0,t] and R > 0,

lim F, ((m(E U B(z, R)), f)) = do ((m(Ey" U B(x, R)), f))

n—-+00

and lim F, ((m(E;°), f)) = 0o ((m(EZ), [))

n—-+o0o

using the dominated convergence theorem, we obtain that

im [ B (G2 0p, £ (22) - G2 ®s, 1 (27| ] = 0,

n—+o0 Jo

and we can conclude that

B[ ,,1(55%) — B3, (2 (55) — [ G (E2)

|
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=P, 1(E57) — Loy, £ (557 (EF° /goo‘i’ao, o)du

5.4 Uniqueness of the solution to the martingale problem characterizing the oo-

parent SLFV

We now use the extended martingale problem in order to prove Proposition 2.19, i.e, that the co-parent

ancestral process is the dual of the co-parent SLFV.

Proof. (Proposition 2.19) In order to ease notation, for all ¢ > 0, we will denote as w; the density of

Mp° we will be considering, and let (E;);>0 be such that

For all s,¢ > 0, we set :
F(s1) = Bago [Bue) [DOME,E)]]
Then,
F(3,t) = Eypo [Epnpo) [0, (57)]
and by Lemma 5.11,
F(s,t) = Epp {Em(EO) [q)&o,l—ws(Eo)]] + Eppo [ m(E°) U Goo®s,1-w. (2 )dU” :
By Fubini’s theorem, we obtain
t
F(s,t) = F(5.0)+ [ Eapo [Buoo) (677 s1-0,(5)]] .
Then,

F(s,t) = By [Epo [D(MZ,Z°)]

)
=E,, (g0 {EM [\IJFVOl(Et) FE (M® )H
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and by Lemma 5.6,

F(s,t) = Eypygoy [EMO [‘I’FVoltEn,fEt (MOOO)H + Epy (o) {EMO [/0 LiYs e o, (Mffo)dU”

= F(0,t) + Em(EO) |:]EMO [/ ‘CZO\I/FVOI(Et)7fEt (M;fo)du” .
0

Again by Fubini’s theorem, we obtain

F(s,t) = F(0,1) + /0 Earo [Eum(mo) L300 pvancen e, (M)] | du.
Combining both expressions for F'(s,t), by Lemma 4.4.10 in [28], we obtain :

F(t,0) — F(0,1)

_ /Ot (Baso [Bungo) [£59 parcer oo g (M2)]] = Engo [Bueo [03°05 0, (552,)]]) dt

Let u € [0,t]. We have

gﬁo(béo,lfwu (E?iu)

_ /0 ~ /S . (50 ( /E oy (L) dz> — & ( /E (- we) dz>> dzp(dR)

and

£EO\IJFV01(Etfu)7fEt7u (M{fo) :/OOO /SR(Etu) (1 —do (/B(x,R) (1 - wu(z)) dZ))
x 80 (Vol(Er—u) = (0 g (wa), 1, ,)) = 00 (VOl(Eiw) = (wa, 1)) | da

B /0°° /SR(Etu) (1 % (/B(:cﬂ%) (1= wul2) dz))

X lég (VOI(Et—u) — <@;R(wu),]lEt_u>) — 0 </Et (1 —wy(2)) dz)} dzx.

—u

For all R > 0 and = € S®(E,;_,),
80 (Vol(Ei—u) = (05 g (@), 1, ,}) = o (Vol(Etu) - / wu(z)dz>
’ Et_u\B(i,R)

= do <V01(Etu NB(z,R))+ (1 —wyu(2)) dz) .
Etfu\B((E,R)
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Since z € S®(E;_y), Vol(E;—, N B(z,R)) # 0, and hence

5 (vol(Et,u) — (0] g(wa), ﬂEt,u>) - 0.

Moreover, notice that

% ( /EMUBW) (1 —wu(2)) dz) = do ( /E (- w(@) dz) 8o ( /B - (1 — wu(z)) dz> :

Therefore,

E;iO\PFVOI(Et—u)7fEt_U (M;jo)

:/OOO /sR(EM> 5 </B(m) (1 —wu(z))dz> 5 (/E (1 —wu(z))dz> deu(dR)
- /0 - /S N ( /E (- d,z> dep(dR)

_ /0 /R Mpesns,_) léo ( /E PR ERO) dz) 6 ( /E () dz) dep(dR),
which is equal to G°®5, 14, (72,). Thus
F(t,0) = F(0,1)
i.e E 0 [Em(EO) [ 00 Z00) H E 0 [ ) [D(M@O,:go)ﬂ
— E 0 |:Em(E0) {50 (/E (l—wt )]} E o [ Ey) {50 (/E‘ (1—0J0(l'))dl’)” .
Therefore

Epp0 [(50 (/Eo (1- wt(m))dxﬂ =E,,(po) [50 (/Et (1 —wo(x)) dx)]

and we can conclude.

Finally, we can prove the second part of Theorem 2.14, i.e, the uniqueness of the solution to the

martingale problem satisfied by the co-parent SLFV when p satisfies Condition (2.4). The first part

of this theorem was proved in Section 4 (Proposition 5.1).

Proof. (Theorem 2.14)

Let (M{);>0 and (M});>0 be two solutions to the martingale problem (L5, 6p0)- Then, due to

the form of the operator L£°, there exists densities (w'):>0 and ()0 of (M{)i>0 and (MP)¢>0 such

o8



that

vt > 0,Vz € RY wi(x) € {0,1} and wl(x) € {0,1}.

Then, let ¢ > 0, let £ € £ and let (°);>0 be the co-parent ancestral process started from m(E).

We have

Pa (00 ([ (1= wt@)dz) =1) =Bapo |80 ( [ (1~ wi(a)) do) |

= Eyro [D(M{.Z)

m(E) [D(MO, :too)} by Proposition 2.19

=Epp0 {D (MP,=5°) ] by the same proposition
~Eapo |6

(6]
:PMO(&)([E@—%( ))dx)zl),

using Proposition 2.19 to pass from line 2 to line 3, and from line 3 to line 4. We can conclude that

(M@)y>0 and (M})y>0 have the same distribution. O

6 Technical lemmas

6.1 Properties of the operators El’j and L7

The goal of this section is to show that the operators ij and L7 introduced in Section 1 are well-
defined, as well as to prove some properties they satisfy.

In all that follows, let F' € C1(R), f € C.(R?), and M € M. Let w : R — {0,1} be a measurable
function, let y be a o-finite measure on R* satisfying Condition (2.3), and let & > 2. Since f is of

compact support, there exist constants Cy,Cy > 0 such that for all R > 0,
Vol(Supp® (f)) < Cy (Rd v 1) , (6.1)
and for all @ : R? — {0, 1} measurable,
((Upm) @ )] < CLllfllee (RTAT). (6.2)
Lemma 6.1. For all x € R% and for all R > 0,

(O (@), £) = (w, )] < [|flloe VOl(Supp(f))
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and (O, (@), £) = (w, /)| < [|f]]oc VOl(Supp()).

Proof. Let € R* and R > 0.

(O R(@), 1) = (w, /)| <[(Lpmrye w, ) + Wp@ry: ) = Wp@ry @ ) = (Lperyw f)]

< <]lB(x,T\’,) (1 _w)af>‘
< /B oy (=90 Sy

< o 0l

<[ flloo x Vol(Supp(f)).

We can similarly show the corresponding result for ’(@;R(w), f)y—Aw, f >‘ .

Lemma 6.2. For all R > 0, for all x € R\ Supp™(f),

<®;R(w)vf> - <waf> = <®;,R(w)7f> - <W,f> =0

Proof. Let R > 0, and let = € RN\ Supp™(f),

(©F (@), ) = @, )] = [(Lpr) (1= w), )]

< / | f(y)|dy
B(z,R)
-0

since x € R\ Supp™(f). Similarly,

(07 2(@), ) = (@, )| =|(Lpm) @, )]

< [ Wl

=0
for the same reason, and we can conclude.
Lemma 6.3. For all x € R? and for all R > 0,
P ((0f @), 1)) = F (o, )| < Cillflle (RTAT) C(F, £)
and  |F((6;2). 1)) = F(lw. )] £ Cillfll (RTAT) C(F, f)
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where

C(F, f) = sup |F'(2)] .
z€[=||flloo Vol(Supp(f)), ]| f|loo Vol(Supp(£))]

Proof. Let € R and R > 0. First, we notice that as in the proof of Lemma 6.1, we only need to
show the result for @;R(w).

By Taylor-Lagrange inequality and by Lemma 6.1,

F((0frw), 1) = Flw. )| < [(@frw), f) = (w, £ CF, )
((Lpm) x (1=w), /)] C(F, )
< Gl (RIAT) C(F, f)

IN

by Eq. (6.2). O
We can now show that the operator ﬁ,’j is well-defined.
Lemma 6.4. The operator Eﬁ is well-defined. Moreover, the function Eﬁ\I’FJ : My — R is bounded.

Proof. Let M € M. Then

LR R (0)]

k
<[] o VB (meyj)) (F (©f r(@n), £)) = F ({war, ) dyr...dygu(dR)dz

J=1

k
AL o 7,{( HWM(yj)> (F (©rrlwrn) 1)) = F (wrr, £))) dyr...dyeu(dR)dz
(

/Rd/ / o R Vig( (O r(wnr), ) = F (war, ))) dyr...dygp(dR) da

- /Rd/o /B(x R VTI{ (F (<@;,R(WM)7f>> - F (<WM,f>)> dyy...dygp(dR)dx

U Lo S 7 (F (€. 00) = F (G, 1) dyl...dykdm<d7e>|

SuppR (1) /B@:,R)k VE

= (F((0zr(@n), 1)) = F (lwar. 1) dyl...dykdwwn)' .

Using Lemma 6.3,

|£hwp p (M)
/ /Su,,p / Rk Vk Ch [ floo (RdAl) C(F, f)dy:...dyrdzp(dR).

< [ 2Volsup (1) Cullflloe (RYAT) CF. putaR).
0
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and by Eq. (6.1),

LR R (M)
< [T 206l OF 1) (RAT) (R 1) u(aR)
201G fl C(F. 1) [~ RUu(aR)

<+ 00

since p satisfies Condition (2.3).

The second part of the lemma is a direct consequence of the fact that

20Callfll C(F.£) [ " RUu(dR)

does not depend on the choice of M. O

A consequence of this lemma and of Lemma 6.2 is that for all M € M,, Eﬁ\IJF’f(M) can be

rewritten as :

o0 1
E0Rs 00 = [ [ Sy 78 | LT 0008) F(OL (0.1
+ (1= L war()) P07 e onn). 1)

- F((wn, f>)] dy1...dyrdrp(dR).

We now prove that the operator £ is well-defined.
Lemma 6.5. The operator L7 is well-defined. Moreover, the function Li°W g : My — R is bounded.

Proof. Let M € M. Then,

£ r (M)

< /0 h /S s (1 — 5 < /B . —wM(z)dz>> [F (€7 pwnn). 1)) = F (s, )]

</ h / ey Ctllflle (RYAT) COF, pdap(ar)

dxp(dR)

< [ vel(Sum™ ()1 Ifll (R A1) C(F. fdan(dR)
<GCCE N Il [ (RIAT) (RTV 1) )

<C1CC(F, f) || f]loc /0 T RIp(dR)
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<+ 00

since p satisfies Condition (2.3). Here we used Lemma 6.3 to pass from the second to the third line,
and Lemma 6.1 to pass from the fourth to the fifth line.

As before, the second part of the lemma is the consequence of the fact that

CLOCW) [l |~ RUu(aR)
does not depend on the choice of M. ]

6.2 Properties of the operator G;°

In all the following, let u be a o-finite measure on RY satisfying Condition (2.4), let F € C}(R) and
let f € B(RY).

Lemma 6.6. The operator G;° is well-defined, and the function G°®p s is bounded.

Proof. Let m(E) € M¢/. Then,

g o mEn| < [~ [ F ((m(E U B(w, R)). 1)) — F (m(E). )] den(dR)
0 JSR(E)NSuppR(f)

<[] 2|l ocdzpu(dR)
0 JSR(E)NSupp™(f)

<2 Pl [ VOISR (E) 0 Supp® ()i dR)
<2||Fll [ Vol(Supp™(£))u(dR)
<2 Pl [ Co (RTV 1) )

<+ 00,

since p satisfies Condition (2.3). O

Lemma 6.7. Let = € M, and let (Et)t>0 be the co-parent ancestral process associated to p with

initial condition =. Then, for all t > 0,
t t
E UO g;ocbﬂf(as)ds] - /0 E (G205 (2,)] ds.
Proof. In the proof of Lemma 6.6, we showed that for all u > 0,

GV ks (20)

<Pl [ Ca (RIVL) )
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Therefore,

E Uot\ggoqfﬂf(zs) ds] < 2[|F||oot/ooo Gy (RYV1) u(dR)

< +00.

We conclude by applying Fubini’s theorem. O

Lemma 6.8. Let = € M, and let (Et)t>0 be the co-parent ancestral process associated to p with

initial condition =. Then, for allt > 0,

d

E|GFD =) = —E/[® = .
G ers(E)] = GBlenE]|
Proof. Let t > 0. We have

L orpE)]|  =070rsE)

du F,f —t _ —u F,f —/)»
so for all s € [0,¢],

E[gren(E)] -8 [ LB E)E] .
K ’ du ’ t=s

Since F’ is bounded, by the dominated convergence theorem,

B [G00r(E,)] = BB [2r/(E)[E]

d
— —E[®p (=
o E[®r (5]

t=s

t=s

and we can conclude. O

6.3 Properties of the densities of coupled k-parent SLFVs

The goal of this section is to prove technical lemmas about the density of coupled k-parent SLFVs,
which will be used in Section 4 in order to construct the co-parent SLFV.
In all that follows, let © be a o-finite measure on (0, +00) satisfying Condition (2.3), and let II¢

be a Poisson point process on R x RY x (0, +00) x U with intensity

dt @ dr ® ,u(dR) QU (d(pn)n21) .
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Lemma 6.9. For all k > 2, for all 0 < s <t and for all x € R,

—11¢,t,6, o :HC,S,5 /
A= U A(EL).

’ :Hc,t,éz)
r’'eA (“k,t—s

Proof. Let k> 2, let 0 < s <t andlet z € R, Let yeA (Egz’t’%). Then, we can construct a chain
of reproduction events linking the point = at time ¢ to the point y at time 0. We can split it into two

chains :
« one linking the point = at time ¢ to a point ¢/ € R? at time s,

o one linking the point 3’ at time s to the point y at time 0.

c 11¢,s,6,/ .
Therefore, 3y’ € A (Egtffz) and y € A <Ek’ ss Y ), which means that

ye U A(E).

/ :Hc,t,éz)
z'eA (_‘k,tfs

Conversely, let y belonging to this set. It means that there exists 2’ € A (Egi_tf”) such that
ye A (Eg;’s’éz’). Therefore, we can construct two chains of reproduction events, linking the point
x at time t to the point 2’ at time s, and the point 2z’ at time s to the point y at time 0. Hence

ye A (Egz’t’éw), and we can conclude. O
Lemma 6.10. For all k > 2, for all 0 < s <t and for all x € Rd,

m, e,
wkf(x) = H Wy 4 “(2).

’ :‘Hc,tﬁm)
r 6A(h‘k,tfs

Proof. Let k> 2,let 0 < s <t andlet x € R4, By definition,

we )= I w® (6.3)

and

[[ 6= 1] [T (64)

=I1C,t,55 =M%tz A I1€,5,8,
xIEA(:k,t’—’sl) IIGA(:k,t’—Ql)yE ks
Since by Lemma 6.9
=II%t,62) _ :HC,S,(;JC/
A = U AEL™),
=11C,t,5
x,EA(:k,t—sz)

the same terms appear in both products. However, some terms may appear more than once in Eq.
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(6.4), while they can appear only once in Eq. (6.3). But w is {0, 1}-valued, so for all y € R? and

j € N*, w/(y) = w(y), and we can conclude. O

Lemma 6.11. For all k> 2, for all 0 < s < t and for all x € R?,

. II¢w, o . IIcw, o

lim w o (2) < Iim w, “(2').

Jm o] W @) < I im ey <)
x’EA(EEjff“) x’eA(Egif’:”)

Proof. Let k>2 let 0<s<tandlet z € R% Since both quantities are {0, 1}-valued, we only need

to show that if

li II¢w/ 7 _
L

/ =H¢,t,0z
€Al B
€ ( k,t—s

then

. I¢w/ 7
lim w. T (x') = 0.
k—+o0 H k,s ( )
:E’EA(EEif’j”)

Assume that the first equality is true. Then, there exists 2’ € A (Eg:jw

3 Hc7w / —
) such that kgl—il-loo wy s (2') = 0.
But since (w,?;’w(m’)>k>2 is decreasing and {0, 1}-valued, there exists k' > 2 such that for all k¥ > ¥/,

wp ¥ (') = 0. Therefore, for all k > K/,

which means that

. Icw,/ 7
lim wy (x) =0.
k——+oo H k,s ( )
r’'eA (Egiff”)

O]
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