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OPTIMAL TRANSPORT PSEUDOMETRICS
FOR QUANTUM AND CLASSICAL DENSITIES

FRANCOIS GOLSE AND THIERRY PAUL

ABSTRACT. This paper proves variants of the triangle inequality for the quan-
tum analogues of the Wasserstein metric of exponent 2 introduced in [F. Golse,
C. Mouhot, T. Paul: Commun. Math. Phys. 343 (2016), 165-205] to com-
pare two density operators, and in [F. Golse, T. Paul: Arch. Rational Mech.
Anal. 223 (2017), 57-94] to compare a phase space probability measure and
a density operator. The argument differs noticeably from the classical proof
of the triangle inequality for Wasserstein metrics, which is based on a disinte-
gration theorem for probability measures, and uses in particular an analogue
of the Kantorovich duality for the functional defined in [F. Golse, T. Paul:
loc. cit.]. Finally, this duality theorem is used to define ana analogue of the
Brenier transport map for the functional defined in [F. Golse, T. Paul: loc.
cit.] to to compare a phase space probability measure and a density operator.

1. INTRODUCTION

Quantum mechanics is known to be well approximated by classical mechanics in
situations where high frequency oscillations in the wave functions are involved, by
analogy with the approximation of “wave optics” by geometrical optics (as explicitly
mentioned by Landau and Lifshitz at the beginning of §46 in [17]).

However, there is no true analogue of the wave function (defined on the con-
figuration space) in classical mechanics which is formulated on the phase space of
the system. The classical limit of quantum mechanics can be expressed in terms of
the convergence of functions or distributions (the Wigner, or the Husimi functions)
on phase space associated to the orthogonal projections on the line spanned by
the wave functions (in the case of pure quantum states), or more generally with
the density operators (in the case of quantum mixed states) of the particles con-
sidered [18, 12]. The high frequency oscillations mentioned above are captured by
the momentum dependence of the values of these functions on phase space, which
remains present after passing to the limit in the sense of distributions. These are
the appropriate notions of convergence used in the mathematical description of the
classical limit: see for instance Theorems II1.1 and II1.2 in [18], or section 1 in [12].

On the other hand, the weak convergence of Borel probability measures in Eu-
clidean spaces is known to be metrized by a class of distances originating from
generalizations of the Monge problem of optimal transport. These distances are
associated with various names, and referred to as either Monge-Kantorovich, or
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Kantorovich-Rubinstein, or Wasserstein distances: see chapter 7 of [22] for a com-
plete description, and especially Theorem 7.12 in that chapter for the topological
properties of these distances. See also [5] for a fast and yet rather detailed descrip-
tion of the case of discrete measures.

This suggests the idea of comparing a quantum state and its classical limit
by measuring the Monge-Kantorovich-Rubinstein-Wasserstein distance between its
Husimi function and its weak limit. Similarly, one could compare two quantum
states by measuring the Monge-Kantorovich-Rubinstein-Wasserstein distance be-
tween their Husimi functions: this is the approach followed by Zyczkowski and
Stomczyniski in [23]. This approach has the advantage of involving only well known
objects (the notion of Husimi function, defined in formula (25) of [18], and the
Monge-Kantorovich-Rubinstein-Wasserstein distances defined in chapter 7 of [22]).
Unfortunately, the evolution of the Husimi function of quantum states following the
quantum dynamics described by the Schrédinger, or Heisenberg, or von Neumann
equations is rather complicated [3] (even for polynomial potentials of high degree:
see equations (6)-(8) in [2]).

To avoid the difficulties incurred in translating the quantum dynamics in terms
of classical objects, another approach to the same problem was proposed in [13].
The new idea in [13] was to work directly on quantum objects, using the well
known formal analogy between (quantum) density operators on L?(R?) and (Borel)
probability measures on the phase space R?? of classical mechanics, between the
trace of trace-class operators on L?(R%) and the Lebesgue integral for functions of
L'(R?%), and between the commutator for operators on L?(R%) and the Poisson
bracket on R??. This idea was extended in [14] to compare directly (quantum)
density operators on L?(R?) and (classical) probability measures on R?¢ — which
are obviously very different objects — by means of a functional denoted E}, in [14].
Other quantum analogues of Wasserstein distances have been proposed and studied
by various authors: see for instance [7, 8, 9, 10, 16, 23].

The present paper achieves several different goals. First, the functional con-
structed in [13] to compare density operators on L?(R%), and in [14] to compare
(quantum) density operators on L?(R?) and probability measures on the (classi-
cal) phase space R?? are unified into a single functional 9, a deformation of the
Monge-Kantorovich-Wasserstein distance of exponent 2 denoted distyxk 2, defined
on Dy x Dy, where Dy is the (disjoint) union of the set Py(R2?) of phase-space
probability measures with finite second moment, and of the set Dy(L?*(R?)) of den-
sity operators (positive operators of trace 1, see (1) below) with finite energy for
the harmonic oscillator.

The complete technical definition of 0 and its main properties will require some
material exposed in Sections 2 and 3 below. Let us nevertheless give immediately
the definition of ?: for v, fdzdé € P2(R?*?) and R, S € Da(L*(RY))

op,v) = distyk 2(p,v), s
of,R) = <Qeic?fc,m fRMtraeeﬁ(Q(x,f)l/Qch(m,é)@(m@)”%dmdi) :

1/2
oR,5) = (Teg(lzf%,S)traceﬁ@ﬁ(Tl/QCnTl/2)> .
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Here C(f, R) is the set of couplings of f and R, namely the operator-valued
measurable functions Q(z, £) such that Q(x, &) = Q(x,&)* > 0 and traceg Q(x,§) =
f(z,&) for ae. (z,6) € R?® while fde Q(z,&)dxdé = R, and the cost operator-
valued function cx(z, &) = |z — y|? + [ + ihV,|? defined as a self-adjoint operator
on L? (RZ).

Meanwhile, C(R, S) is the set of couplings of R and S, namely the density oper-
ators on L?(R%) ® L?(R?) whose two marginals with respects to the two tensorial
factors are equal to R and S (once again see Section 2 for precise definition when f
is Lebesque absolutely continuous and Theorem 3.1 for the extension to the general
case f € P2(R??).

It was observed already in [13] that the restriction of ? to the set of density
operators, denoted MK in [13], is not a bona fide metric, since (R, R) > v/2dh
for all R € Do(L*(R%)) (see Theorem 2.3 in [13]). Nevertheless, it is important
for applications to check whether 0 satisfies the other properties of metrics. That
the restriction of ? to Ds($)) is symmetric is obvious. But, on the other hand,
there seem to be very serious difficulties with the triangle inequality for the de-
formed “pseudometric” 9. In particular, at variance with most other properties of
the pseudo-metric 0, the question of the triangle inequality for 0 seems to require
arguments which significantly differ from those used in the proof of the triangle
inequality for the Monge-Kantorovich-Wasserstein metric distyk 2.

Our first main result in the present paper bears on a variant of the triangle
inequality for 0.

Theorem A. (Triangle inequality) For all p1, p2, p3 € D2, the deformation d of
the Monge-Kantorovich-Wasserstein distance distyk 2 satisfies

(a) the restricted triangle inequality if pa is a Borel probability measure on R??, or
if there exists j € {1,2,3} such that p; is a rank-one density operator:

0(p1,p3) < 3(p1, p2) +0(p2, p3) ;

(b) the approximate triangle inequality in all other cases
o(p1,p3) < 0(p1,p2) +0(p2, p3) + Vdh.

It is worth mentioning at this point that DePalma and Trevisan [10] recently in-
troduced another “pseudometric” on the set of quantum density operators, different
from 9, but for which they have obtained another variant of the triangle inequality,
of the form

d(R1,R3) < d(R1,R2) + d(R2, R3) + d(R2, R2) .

This modified triangle inequality, or its analogue in Theorem A (b) of the present
paper can be understood as follows. At variance with the classical setting, in the
quantum setting, transporting a density operator on itself has a positive cost, and
this is the reason for the appearance of d(Rg, R2) on the right hand side of the
inequality above. The same is true of 9 — except that the additional term v/dh
on the right hand side of the inequality in Theorem A (b) does not depend on Ry
or Ry. Of course, the general lower bound d(Ry, Ry) > v/2dh (see Theorem 2.3 in
[13]) implies the inequality

3(p1,p3) < 3(p1, p2) +0(p2, p3) + 50 p2)

which is of the same type as the DePalma-Trevisan inequality (with however a
better coefficient % multiplying the additional term).
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In the case where p1, po are probability densities, the exact, but restricted triangle
inequality in Theorem A (a) had already been proved, and applied in [15] to produce
semiclassical upper bounds for 0 in situations more general than those considered
in either [13] or [14], which obtained such upper bounds in the only case of Téplitz
density operators (see Theorems 2.3 (1) in [13] and 2.4 (1) in [14]).

If the intermediate point py is a density operator, the proof of the triangle in-
equality for the Monge-Kantorovich-Wasserstein distances on the set of probability
measures on R?>? makes use of mathematical objects or results which do not seem
to have analogues for density operators on L?(R?). Statement (b) in Theorem A is
proved by a completely different method, based on the following Kantorovich du-
ality formula for the pseudometric defined in [14], which is our second main result
in this paper.

Theorem B. (Kantorovich duality) For each probability density f on R>® with
finite second moments, and each density operator R on L*(R®) with finite energy
for the harmonic oscillator, one has

o(f,R)? = sup (/RM a(z, &) f(x, &)dxde + trace(BR)>

a€Cy(R2%::R), B=B*€L(L2(R]))
a(z@)ILQ(Rg)JrBS\wy\zﬂumvy\?

As a consequence of the various properties of 0 listed above, one can prove
first that the “pseudometric” 9 is indeed a deformation of the Monge-Kantorovich-
Wasserstein metric distyk 2 in the following sense.

Theorem C. (Classical limit) Let Ry, Sy be families of finite energy density
operators on L*(R%), and let i, v be Borel probability measures on R?? such that
0(Rp, 1) and (v, Sy) satisfy

o Rp,p) +0(v,S5) -0 ash—0"

Then
(1'Sl 1% = 1.111 0 R Sﬁ .
1 MK,Q( 71/) 1 ( hs )

Another rather important consequence of the so-called restricted triangle in-
equality (Theorem A (a)) is the extension by continuity of 9(p1, p2) to pairs p1, po
where p; or ps is a (Borel) probability measure with finite second moments that
is not absolutely continuous with respect to the Lebesgue measure on phase-space,
and therefore not given by a probability density as in the original definition in [14].

The duality theorem above (Theorem B) has other consequences for the pseu-
dometric ? than the approximate triangle inequality in Theorem A (b).

In the last section of the paper, we focus on d(r,S) for r € P2(R??) and
S e DQ(Rd).

We investigate a (semi)quantum analogue of the Knott-Smith-Brenier Theo-
rem and a (semi)quantum analogue of the Legendre transform in the case where
the supremum in the Kantorovich duality is attained by two optimal potentials
e Cy(R2) and B € L(L2(RY,dy)):

o(r,8)? = / a(z, &) f(x, §)dxdé + tracer2(ga) BR.
RQd
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In particular, we state a gradient aspect of our (semi)quantum Brenier Theorem in
the form of the two equalities (13), the analogue of the gradient structure in the
classical setting, and we show moreover that

a(w,€) = 5(& +a* —a(z,9)
is the semiquantum-Legendre transform of
B:=3}(-V2+4> - B),
in the sense that

a@, ) = swp (o (Blyld) + € (6] — NV, [6) — (6IBI)).
Tk
=1

The outline of this paper is as follows: the definition of ? on D5 is recalled
in detail in section 2. The “restricted” triangle inequality Theorem A (a) (see
Theorem 3.1 below) is proved in section 3, along with the extension of 9 to Borel
probability measures on the classical phase space that are not absolutely continuous
with respect to the Lebesgue measure, by a density argument stated as Lemma 3.2.
We conclude section 3 with a detailed discussion of the difficulties in extending the
proof of Theorem A (a) to the case where the intermediate point ps is a density
operator of rank larger than one.

The Kantorovich duality theorem (Theorem B) is proved in section 4 (see The-
orem 4.1).

With the duality theorem, one proves in section 5 an important inequality stated
as Theorem 5.4, which generalizes both Theorem 2.3 (2) in [13] and Theorem 2.4
(2) from [14]. Theorem A (b) then follows from Theorem A (a) and Theorem 5.4
by an elementary inequality (see Theorem 5.1).

The deformation theorem (Theorem C) is proved in section 5 as a consequence
of Theorem A (see Theorem 5.5). (Notice however, that Theorem C only uses part
(a) in Theorem A).

2. EXTENDING THE MONGE-KANTOROVICH-WASSERSTEIN DISTANCE OF
EXPONENT 2 TO QUANTUM DENSITY OPERATORS

Henceforth we denote by P(R™) the set of Borel probability measures on R,
and set
P2(R") := {p e PR") s.t. [gn |#]*p(dr) < oo} .
We also denote by P*“(R") the set of probability densities on R", identified with
Borel probability measures on R™ that are absolutely continuous with respect to
the Lebesgue measure, and set P3¢(R™) = Po(R™) NP (R").
With $ := L?(R%), the sets of density operators, and of finite-energy density
operators on §), are defined respectively as follows:
D®) :={T € L(H) st. T=T">0 and tracey(T) =1},
Dy(9) :={T € D($) s.t. traceq(TV/2HTY?) < o0},

where
H = H(z,hV,) = —:R*A, + L|z|?.
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In the sequel, we seek to extend the Monge-Kantorovich(-Wasserstein) distance
distyk 2 to the set!

(1) @2 = DQ()’J) U PQ(R2d) .
The set of couplings, or transference plans, between two elements p, v of P(R™)
is
Clu,v) ={pe€ P(R" x R™) s.t. for all ¢, € C’b(R")
JJrn s (8@)+0(y)) pldady) =[5, ¢(@)p(d) + [ Y (y)v(dy)} -

(See formula (1.2) in chapter 1 of [22]). Notice that p ® v € C(u,l/), which is
therefore nonempty.

We recall the definition of the Monge-Kantorovich distance of exponent 2 be-
tween two probability measures p,v € Po(R"™):

aisaca(u) = v ([ o=y p(dxdm)
peC(p,v) R”xR"

(See Definitions 7.1.1 and Theorem 7.3 in chapter 7 in [22]. That the inf is indeed
a min is explained in the last paragraph of Theorem 1.3 in chapter 1, and in
Proposition 2.1 in chapter 2 of [22].)

Obviously, extending distyrk,2 to D2 requires first defining the notion of coupling
between two arbitrary elements of ®9. The notion of coupling between two elements
of D, is defined by analogy with the case of two elements of P(R"). For each pair
of density operators R, S € D(£)), one sets

C(R,S):={T € D(H®9H) s.t. tracepgs(T(A® I5+Iy ® B))=traces(RA+SB)}.

(This is Definition 2.1 in [13].) Here again, R® S € C(R, S), so that C(R, S) # 0.
For each probability density on phase space f € P (R>2?) and each density
operator R € D($), a coupling of f and R is an operator-valued measurable function

R xR > (2,8) = Q(x,£) € L(9)

/2

such that
Q(z,8) =Q(x,)" >0 and traces(Q(z,£)) = f(x,£) for ae. (z,£) € R*,

while
Qla, &)dade = R.
R2d

The set of couplings of f and R is denoted C(f, R) = C(R, f).

Observe that Q(z, &) € L($) which is separable for a.e. (z,¢) € R??, since f is
a probability density, and therefore is finite for a.e. (z,¢) € R2?. (See Definition
2.1in [14].) The map f ® R: (z,&) — f(x,&)R always belongs to C(f, R), so that
C(f, R) #0.

Next we define the transport cost. The (quantum-to-quantum) transport cost
between two quantum states corresponding with the position “variables” (oper-
ators) « and y, and the momentum “variables” (operators ) —ihV, and —ihV,

INote that the index n refers to the dimension of spaces on which classical densities are defined.
Since the classical space underlying quantum mechanics is the phase-space of the classical system,
n = 2d where d is the dimension on which the quantum wave function leaves.
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is

Cr =C(x,y, —ihV,, —ihV,) = ((mj —yi)? - hQ(axj - 3yj)2) )

-

Il
-

J

Similarly, the (classical-to-quantum) transport cost between a classical state with
phase space variables (z,¢) and quantum states corresponding with the position
“variable” (operator) y, and the momentum “variable” (operator) —ihV,, is

d
Ch(I,f) = c($7§7y’ _ihvy) = Z ((‘TJ - yj)2 + (5] + ihayj)Q) :

j=1

Then, we define the extension 0 of distyi 2 to . For all p, v € P (de), each
f € P$¢(R??) and each R, S € Dy($), set

(2) (p, v) = distark 2 (1, v) € [0, +00)
and
(3)
1/2
o(f,R) =0(R, f) == <Q£5%§,R> /R N tfacero(Q(:r,5)1/2%(177E)Q(ﬂf,ﬁ)m)dfvdé) :

(see Definition 2.2 in [14], with a slight change in the normalization of the transport
cost operator cp(z,€)), while

1/2
(@) B(R.8) = inf | tracencs(TH2C,T))

(as in Definition 2.2 of [13]). Observe that we have not yet defined d(u, R) for
p € Pa(R?)\ Pg¢(R?4). This will be done later by a density argument.
We begin our discussion of the properties of 0 with the following observations.

Lemma 2.1. For each f € P¢(R??) and each R, S € Dy(9), one has
o(f,R) € [Vdh,+00) and o(R,S) € [V2dh, +c0).

Proof. The lower bounds appear in Theorems 2.3 of [13] and Theorem 2.4 of [14].
They are consequences of the operator inequalities

cn(z, &) > dhlg for all 2,6 € R, and  Cp > 2dhlges

(see [13] on p. 183 and section 3.1 of [14] on p. 71).
For each @ € C(f, R), one has

[ traces (@ &)} (1l + 167)Q(e,F ) dads = [ (i + €)1 o o < o0
R2d R?d

while, for each n > 1,

/ traces, (1 + LH(y,hV,)) " H(y, hV,)Q(x, ) dudé
R2d

— traces (74 L7 0V H 09, [ Qoo

= traces, (( + LH(y,hV,)) 'H(y,hV,)R) .
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By Proposition A.3 in [15]

[ maces (@30 + L. 09,) 7 H (319, )Q(w. €)1} ) dede
5 traces, (R%H(y,hvy)R%) < o0,
and, for a.e. (z,€) € R,
traces ((I + L H(y,hV,)) " H(y,hV,)Q(z,¢))
— traces, (Q(z,§) H(y, hV,)Q(x. &) ).

Thus, by monotone convergence,

/RM traceg (Q(m,{)%H(y,hvy)Q(:ﬂ,S)%) dxd€
= traceg (R%H(y, th)R%> < 00.

For a.e. (z,&) € R?, the operator Q(x,¢) € £1($) is a nonnegative self-adjoint
operator, and has a spectral decomposition of the form

Q(xaf) = Z /\k(l‘,f)lek(l‘,f)><€k($,§)|

E>1

where A\, is a measurable real-valued function and e; a measurable $)-valued func-
tion for each k > 1 such that

Mi(z,€) >0 for ae. (z,€) € R??, Z)\k(x,f) = f(=,¢),

E>1
while

(ex(2,€))k>1 is a complete orthonormal system in $ for a.e. (z,¢) € R*?.

Thus
S [ e €)1, 9, e, )
i>17R
_ [R  traceg (Q(x,g)%H(mvy)Q(x,g)%) dzdf < oo

so that

Me(2,€) > 0 = ep(x,€) € LR |y|*dy) N H'(RY).
Now, one has the elementary pointwise inequalities
(z; —y;)* <2(z5 +y3),
and its analogue for operators
. 2 2 242
(& +1h0y,)" < 2(&§ — h79y,),
meaning that

(Y1(& +ihdy,)*[0) < 265|915 + 2[|h0y, 5 = 2([€5 — h*05 [¥)
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forall j =1,...,d. Hence

ZZ/ >\k: SIJ g ek x 5)'( ')2 + (gj +7’hayj)2|ek(‘r»£)>dxd£

k>1j=1

— /de traces (Q(x, f)% (m,é,y,hvy)Q(myg)%)dxdg

_ /R traces (Q(z, €)F (|22 + €2 + H(y, hV,))Q(x, €) ¥ )dadE < o

for each Q € C(f, R) with f € P§¢(R??) and each R € Dy($)). Since we have seen
that C(f, R) # 0, this implies in particular that d(f, R) < oc.

If T € C(R,S) with R, S € Dy(9), applying Proposition A.3 in [15] shows that
traces s (I + LH) " H) @ Ig)T) = traces (I + LH)H)R)
— traceg (R%HR%) < oo
while
traceses (I + 2H) 'H) ® I5)T) — traceggs (T%(H® I;J)T%) .
Thus
tracen gy (T%(H ® If))T%) = traceg (R%HR%> < o0
and similarly
traceq e (T%(If) ®H)T%) = traceg (S%HS%) < 00
Write the spectral decomposition of T' as

T = ZTM%)(‘I’H
E>1

where (®y)r>1 is a complete orthonormal system in $ ® §, while

7, >0forallk>1 and ZTk:1.

k>1
Hence
ZZTJ // (23®x(x,y)* + (hDy, Pi(2,y))?) dady = traces (R%HR%) < oo
k>1j=1
2 ZT] // Y70k(x,y)* + (M, Pr(2,y))?) dedy = traces, (S%Hsé) < oo
k>1 =1
so that

€T

NL*(Rg; L (R [yl*dy) N H' (RY)).

Y

7, >0 = &, =0,(x,y) € L2(R$;L2(Rd; lz|2dx) N H'(RY))

We use the operator inequality
(—ihd,, +ihdy,)* < —20%(02 + 0 ),
meaning that, for all ¢ = ¢(x,y) € L*(R%; H'(RY)) N L*(RY; H' (RY)), one has
(](=iid, + iy, )20 < 210, 13 + 210,22 = (] — 26%(32, +92))l0).
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Thus, for each £ > 1 such that 7, > 0, one has
(@r|(zj = yj)? = h*(Ds, — 0y, )| Pr) < 2(Pplaf — h207 | Br) + 2(Pply; — 202 |Br)
so that, for each T' € C(R, S) with R, S € D2($H),

d
traces e (T%ChT%) =37 D> (®rl(m; — y;)* — B (O, — 0y,)°| i)

k>1  j=1
d

<2> Y (Dpla? — B207 | k) + (Rily? — B0} | D))
k>1  j=1

= 2tracepgs (T%(H@)Ig + I ®H)T%>
= 2traceg (R%HR% +S%HS%> < 0.

Since we have seen that C(R,S) # (), this implies in particular that ?(R,S) < oo
for each R, S € D3(9). O

3. RESTRICTED TRIANGLE INEQUALITY

The main result in this section is the following theorem. Let us recall that, so
far, we have defined d(u, R) = d(R, ) for all R € Dy($) only in the case where
p € P$¢(R2), and not for all u € Py(R?4).

Theorem 3.1. There is a unique extension of 0 defining a map Do x Do — [0, +00)
still denoted 0, satisfying the triangle inequality for each p1, pa, ps € Da:

2(p1, p3) < 0(p1, p2) +0(p2, p3)
if po € P2(R?), orif pj € {R € Da2($) s.t. R* = R} for some j € {1,2,3}.

This theorem is an extension of Theorem 3.5 of [15], which proves the triangle
inequality in the case where p1, p2 € P3¢(R??) and p3 € Da2(9).

Proof. The proof of this theorem is split in several steps.

Step 1: extension to ©,. As a consequence of Theorem 3.5 of [15], one has

[0(p1, p3) — 0(p2, p3)| < 0(p1, p2) = distmx 2(p1, p2)
for all p1, pe € PS¢(R?9) and all p3 € Da($).
Lemma 3.2. The set P§¢(R™) is dense in P2(R>??) for the metric distyx 2.

The proof of this lemma is deferred until after the proof of Theorem 3.1.

Taking Lemma 3.2 for granted, we conclude that the Lipschitz continuous func-
tion 0 on P§¢(R2?) with values in the complete space [0, +00) has a unique contin-
uous extension to Py (R29).

Step 2: triangle inequality when py € P3¢(R2?). The triangle inequality has
already been proved in Theorem 3.5 of [15] for p1, p2 € P$¢(R2?) and p3 € Da(H).
It remains only to treat the case where py, p3 € Da($)) while pp € PE¢(R29).

We first recall the disintegration result stated as Lemma A.4 in [15].



OPTIMAL TRANSPORT PSEUDOMETRICS 11

Lemma 3.3. Let f € P*(R2?) and R € Dy($), and let Q € C(f, R). There exists
a o(LY(9),L($)) weakly measurable operator valued function (z,&) — Qf(x,&)
defined a.e. on R?? such that

Qf(x7§) = Qf(x,f)* >0, traceﬁ(@f(x7£)) =1, and Q(xvg) = f(xvf)Qf(a:)f)
for a.e. (z,€) € R*.

Let us briefly recall the notion of weak measurability. Any continuous linear
functional on £1(8) is of the form T + traceg(AT) for some A € L($)), so that the
topological dual of £1(§) is £($). The o(L1(H), L($)) weak topology on L1(§)
is defined as in section 2 of chapter 3 in [4]. Then, the map Q; is o(L'(9), £(9))
weakly measurable if (z,£) — tracen(AQ(z,€)) is a complex-valued measurable
function on R? for all A € L($).

For each Q' € C(p1, p2) and each Q3 € C(p2, p3), set
Q¥ (x,6) = Q' (z,6) ® @}, (2,€) .
By construction,
Q¥ (x,6) = Q¥ (x,6)" >0,
and one has
tracenss (Q"(z, €)(A 1)) = traces Q' (x, ) A) traces (@, (2, €))
= traces (Q' (z,€)A),
while
traceses (Q" (z,6)(I ® A)) = traces (Q' (z,€)) traces Q) (x, §) A)
= pa(, &) traces (Qp, (z,€) A) = traces (Q°(x,€)A) .
This immediately implies that

Ty = /R QU €)drd € Clpu ps).

Next we recall the “Peter-Paul inequality” for operators (Lemma A.1 in [15]).

Lemma 3.4. Let Ly, Lo be (unbounded) self-adjoint operators on L?(R™). For
each o > 0

(Y|L1Ly + LaLa|9) < a(y|LE|y) + L (Y[L3[Y), ¢ € Dom(Ly) N Dom(Ly).
With this lemma, we prove the following operator inequality.
Lemma 3.5. For each a > 0 and each (y,n) € R?*¢, one has
C(x,hV 4, 2,hV.) < (14 a)c(y,n,2,hV,) @ I + (1 + 2)I5 @ c(y,n, 2, hV>) .
In other words, for all o > 0
¢=o(x,2) € L*(Ry; L*(RY, |2 *dz)n H' (RE))NLA(RY; L (RY, |2[*dz) N H'(RY))

— (0T 2BV <04 0) [ (0 2entnmlol, s
143 (0 et mlote. s
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The proof of this lemma is postponed until after the proof of Theorem 3.1.

For a.e. (y,n) € R??, the operators Q' (y,n), Q>(y,n) € L' ($H) are nonnegative
self-adjoint and have spectral decompositions of the form

Q' (y,m) =Y My m)lek(w m) ek,

k>1

Q3 (y.m) =D _ Ny m)lei (y.m))ed (w ),

k>1

where A,lv, )\% are measurable real-valued functions, while ei, e% are measurable $)-
valued functions for each & > 1 such that

Ne(y,m)s Ay, m) > 0 for ae. (y,m) € R* > Niy,m) = Y Ad(w:m) = pa(y,m)
k>1 E>1

while, for a.e. (y,n) € R?¢,
(er(y,m)k>1 and (€} (y,n))r>1 are complete orthonormal systems in §).

Hence

Q% (y.m) = > Miw.nlei(y,n) @ € (y,n) ek (y,n) @ €} (y,m)]
kJl>1

with Ail measurable on R?? such that

>‘kl Yy, n) Z)‘kl (y,n )\z y,n Z/\kl (y,n *)\k(% n)
k>1 1>1

for a.e. (y,n) € R?*?. In particular

Akt (yom) < max(Ag (v, m), A (y,m)) -

Therefore, as explained in the proof of Lemma 2.1

en(y,n) € L*(R% |y*dy) n H'(RY),
e}

A yn) > 0 — {
(y,n) € L*(R% [y’dy) n H'(RY),

so that

(ex(y,n) © €} (y,n)|C(, AV, 2, AV 2) e}, (y, 1) @
< (L+ a){ep(yn) @ e (y,n)len(y,n) @ Islep(y,m) @ e
+(1+ 2)ex(y,n) @ € (y,n)|Is @ enly,n)lex(y,n) ©
= (1+a)e(y,n)len(y, m)le
+(L+ 2)(ef (. m)lenly, m)le}
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By monotone convergence

/ traceseg (Qw(y,n)%Cﬁng(y,n)%) dydn
R2d

= Z/de Nt (s m)er (v, m) @ei (g, m) | Crley (y, n) @€} (y, m)) dydn
Ei>1

<i+a) Y / N3y, m) el () len (g m) b (v m)) dyen
ki>1 Y R

+a+H > /de A (y,m)(ed (s m)len(y, n)led (v, m))dydn
k,J>1 )

=(1+a) Z/ X (s m) (e (y,m)len(y, m)lex (y, m)) dydn
i1 R2d

H1+ DY [ Mt nled v midydn

1>1

= (1 a) [ traces (@) dentnm)@ (o)) vy

14 2) [ races (QX(un)beny, @) ) dud.
R
Using Proposition A.3 in [15] and the monotone convergence theorem shows that

tracey@ﬁ ((I + %Cﬁ)_lcthg)

= / , tracegeg (I + LCh) ' CrQ" (v, n)) dydn
R?2

- / traceq g (QlB(y,n)%CnQ”(y,n)%) dydn
R2d

).

Since we already know that T13 € C(p1, p3), we have proved that

=

1
= traceggy (Tl@)C’th

w

0(p1,p3)* < tracesgs (Tf:»,Ohng)
<(1+a) /de traces (Ql(y,n)%c;i(y, n)Q"(y, n)%) dydn
+(1+3) /de traces (Qg(y,n)%c;z(y,W)Qg(y,n)%) dydn .

Minimizing the last right hand side in Q' € C(ps, p1) and in Q3 € C(p2, p3) shows
that

0(p1,p3)* < (14 a)d(pr, p2)? + (14 2)0(p2,p3)%,
and minimizing the right hand side of this inequality in o > 0 leads to the desired
triangle inequality.

Step 3: triangle inequality when at least one p; is a rank-one projection.
In the case where R = |¢) (1| for some ¢ € $) such that ||¢]|s = 1, the structure of
couplings of an element of Dy ($) or of P$¢(R?4) with R is very simple.
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Lemma 3.6. If R = |¢)(y| for some ¢ € § such that ||y]ls = 1, one has
C(f,R)=C(R,f)={f®R} and C(R,S)={R®S}
for each f € P*(R2?) and each S € Do($).
We postpone the proof of this lemma until after the proof of Theorem 3.1.
On the other hand, using Lemma 3.4 leads to the following operator inequalities.
Lemma 3.7. For each a > 0
|z — 22+ |€ = ¢* <A+ a)e(x, &y, hiVy) + (1 + 2)e(z, ¢y, hV,)
c(z, & 2,hV,) <(1+ a)e(z, &y, hVy) + (1 + é)C(y, hVy,z,hV ),
C(x,hVy,2,hV,) <(1+ a)C(z, V4, y, AV,) + (1 + %)C’(y, ¥V, 2, AV ).
In other words, for each v =¥ (y) € H*(RY) N L2(RY; |y|2dy)
(lz =212 + 1€ = NYIIE < (L4 a)(@len(z, i) + (1 + L) (Wlenlz Q)
while, for each ¢ = ¢(z) € HY(R?) N L2(R%; |2|?dz)
(Blen(, OIAIIZ < (1+ a)blen(, OBIZ + (1 + 1)(b @ JIChlt @ 6)
Similarly, for each ¢1 = ¢1(w) and ¢3 = ¢3(w) € L2(RY; |w|>dw) N HY(R?), one

has

(616 6alChlor @ a) 61 <1+ 0) [ (61© VIChlor &) Ioa2) Pz

+(+ é>/m<¢® 3|Chlt) @ ¢3)| 1 ()| *da .

We shall give the proof of these inequalities at the end of the present section.

Thus, for each f,g € P§¢(R??), pick ® convex on R?? such that an optimal
coupling of f and g for distyk 2 is f(2,£)0((2,¢) — VO(z,£)) (such a ® exists by
Theorem 2.12 in chapter 2 of [22]),

Q(:’Cvga Z, C) = f<$7§)5((zﬂ C) - V‘I’(fcaf))W)(W s

where R = |¢)(¢| with ¢ € L*(R%;|y|>dy) N HY(R?) and |[¢|ls; = 1. The first
inequality in Lemma 3.7 implies that

(Jz = Va®(2, ) + |6 = Ve®(2,)*) f(2,€) <(1+ a) f(z,&)(W]en(w, )W)
+ 1+ ) f (@, ) Wen(VO(z, €))|¥) -
Integrating both sides of this inequality leads to

2.9 = | (0= V(. +1€ ~ Ved(a. ) (o ot
<) [ SO Wlen(r. € v)dedg
+0+ D) [ 1@ WiV el drds
<U+a) [ e )Wlena,Olv)dode

ST / 92, Q) Wlen(z, O) [ dzd(
de
<1+ a)(f,R)*+ (1+ 1)(R,g)?
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since C(f, R) = {f® R} and C(g, R) = {g® R} by Lemma 3.6. Minimizing in o > 0
implies that

o(f,9) <(f, R) +0(R,9).

For all f € P§¢(R2%) and each S € D,($)), write the spectral decomposition of
S

S:Zcrk|ek><ek|, with o5 > 0 and Zokzl
E>1 E>1

where e, € L2(R?, |2|2dz)N H*(R?) for each k > 1 with o > 0 is such that (ex)r>1
is a complete orthonormal system in §). Similarly, let (x,&) — Q(x, &) be a coupling
of f and R, with spectral decomposition

Q(xag) = ZXJ($,€)|¢f’§><wj’£| ) with X](x,g) >0 and ZX](xag) - f(x7§)
i>1 j>1
for a.e. (z,¢) € R*. Here again w;c’f € L2(R4, ly|?dy) N HY(R?) for each j > 1
with x;(z,&) > 0 is such that (wf’g)jzl is a complete orthonormal system in ).
In the case considered here, either S is a rank-one operator, in which case 07 =1
and o, = 0 for all £ > 2, or R = |[¢)(¢| with ||¢||s = 1, in which case the only
coupling of f and R is Q(z,§) = f(z,§)R by Lemma 3.6. In this latter case, one
can take 1/Jf’£ =1, and x1(x,&) = f(x,&) with x,(z,&) =0 for all j > 2.
The second inequality in Lemma 3.7 implies that

(exlen(@, ©)lex) = (W7 [ *) (exlen(x, €)lex)
< (L4 @) (@7 fen(@, )15 ) exler) + (14 2) (W5 @ ex|Culth]* @ ex)
< (L+ o)y e, )17 ) + (1 + )7 @ ex|Crle)] < @ ex)
for all j,k > 1 and a.e. (z,£) € R?? such that x;(z,&) > 0.

Multiplying both sides of this inequality by x;(z,§)oy, summing in j, k > 1 and
integrating in (z, &) shows that

2(f,9)? S/de f(z, &) traceg, (S%Ch(x,@S%) dude
:/Rgd > xj(@, Eowlerlen(x, €)lex)drdg

Jik=1

<ra) [ S0 (e 1] o traces (5)
j>1

+ (1 + é) /de Z Xj(a?7§)ok<¢;’£ ® €k|Ch|1/};E’£ (24 ek>

k=1

1+ ) | traces (Q(o.€)Fen(a, Q. €) )

+(1+3) /RM traces (Q(z,€) ® )2 Cw(Q(x,€) ® S) 7 )dwdt .
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Arguing as in the proof of Lemma 2.1 by monotone convergence, using Proposition
A.3 in [15], one has

/R traces (Q(r,6) @ )3 Ch(Q(w,€) © 5)F)drd

= lim [ tracen((Q(z,€) @ §)% (I + 2Ch) " Ch(Q(x,€) ® S)# )dudg
de

n—r o0

= Jim | traces((Q(z.€) ® S)( + LCn) ™ Cp)dadg
= HILH;O traces (R® S)(I + 2Cr)~'Ch)

= lim traceg((R® S)E(I + 1Cp)LCh(R® S)7)

= traces ((R® 8)2Ch(R® 5)?) = d(R, S)?

since C(R,S) = {R ® S} by Lemma 3.6 because R or S is a rank-one projection.
Thus

21,5 < (1+0) [ | traces (@) er(w. )Q(r.€)F)dnde
+(1+ é)O(R, S)2.
Minimizing in @ € C(f, R) leads to
o(f,8)* < (L+a)o(f, R)* + (1 + 1)(R. 5)?,
and minimizing in @ > 0 the right hand side of this inequality gives
o(f,S) <o(f,R)+0d(R,S).

Finally, let R, S,T € D5($), and let P € C(R,S). Write the spectral decompo-
sitions of P and T as

P:Zwk|¢k><¢k|, with @, >0 and Zwkzl,
k>1 E>1

T=> nlfifl, withn >0 and Y 7 =1,
21 >1

where ¢y, = ¢ (z,y) lies in the form domain of Cj, for each k > 1 such that wy, > 0,
while f; € L2(RY, |w|?dw) N H*(RY) for each | > 1 with 7; > 0, and are such that
(¢r)k>1 and (fx)r>1 are complete orthonormal systems in ®$) and $ respectively.
Assume that S or T is a rank-one projection. If the rank of S is one, then
C(R,S) ={R® S} by Lemma 3.6, so that P = R® S. Otherwise, T has rank one,
in which case 7 =1, and 7; = 0 for all j > 2, so that T = | f1)(f1].
The third inequality in Lemma 3.7 implies that

[ ()@ fiChion ) @ iy < 1+ @){onlCalon) i)

+(1+1) /Rd<¢k(l", )@ filCrlow(z,-) @ fi)dx.
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Multiplying both sides of this inequality by wy7; and summing in k,! shows that

traceqes (R @ T)2 (I+L1Ch) " 1Ch(R @ T) %) =traceqes (R @ T)(I+1Ch) ' Cp)

=Y @ [ ol h

k>1

(I+1Ch)""Crlon(,y) ® fi)dy

< Z WL /Rd<¢7k('ay)®fl|ch|¢k('vy)®fl>dy

ki>1
< (1 + o) tracepgs (P%CEP%) traceg (S)
H1+ D) Y @n [ (o) ® AICHoM(w, ) @ f)da.
Ei>1 R

Using again monotone convergence and Proposition A.3 on [15] as in the proof of
Lemma 2.1 shows that

R, T)? Strace5®ﬁ((R®T)%Ch(R®T)%)
= lim traceges (R ©T)? (I + 1Cp)'Ch(R® T)?),

and similarly

> @ [ (n(e) @ FIChou(a,) © filda

k>1

= 1im " win / (9n(2,) ® fillI + LCh) " Chlen(a, ) @ fi)da
n—o00 Rd

kl>1
= nlgl;o tracesgaes (PR T)(I @ (I+1Ch)7'Ch))
= li_>m tracesey (S @ T)(I + 2Cx)~'Cp)
= tracesgs (S ®T)2Ch(S®T)?) = 0(5,T)?,

since C(S,T) = {S ® T} by Lemma 3.6 because S or T is a rank-one orthogonal
projection. Thus

AR, T)* < (1+a)d(R,S)*+ (1+ 1)a(s,1)2,
and minimizing in a > 0 implies that
AR, T) <d(R,S)+0(5,T).
Step 4: remaining cases. After Step 2, we know that the triangle inequality

0(p1, p3) < 0(p1, p2) +0(p2, p3)

holds for p1, p3 € P§¢(R?*)UDy($) and all po € P3¢(R2?). By the density argument
of Step 1 and the continuity of @ on P2 (R2) in each of its argument, this inequality
must hold for all p;, p3 € D5 and all py € Py(R?4). O

Finally, we prove the lemmas taken for granted in the proof of Theorem 3.1. We
begin with the density of P$¢(R??) in Py(R?) for the metric distyk o-
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Proof of Lemma 3.2. Let p € P§¢(R™), and let x(x) = Z-x(%£) be an even molli-

fier. For each ¢ € Cyp(R™), one has ||¢ — xe * @]~ — 0 as € — 0, so that
[ stotan - [ o s < [l xosoltautan) 0
as € — 0. Hence y. * u — p weakly as € — 0. On the other hand
[P Ocex @i = [ ex (Qepznlel ()

and, assuming without loss of generality that supp(y) C B(0,1) and 0 < € < 1, one
has

Yo * (Liaprll?) = / 1o eyorle — yPx()dy
R’VL

ST / & — eylPx(y)dy
Rn

<21 pion (|x|2 v [ |y|2x<y>dy) < Ny s nllaf + 1)
Hence

swp [ P m@de <2 [ (o + Datdn) 0
0<e<lJ|z|>R |z|>R—1

by dominated convergence. By Theorem 7.12 of [22],
distymi 2(p, 1 * xe) = 0 ase—0.
]

Next we prove that the set of couplings of a density operator, or of a probability
density with a rank-one orthogonal projection is trivial.

Proof of Lemma 3.6. The case of C(R,S) is Lemma 7.1 of [6]. Next assume that
R = |¥){v| with ||¢]|s = 1. Then, for each Q € C(f, R), one has

| (61Q(.€)1¢)dade = (61Rl0) = 0 for cach 6 & (Cu)*

Since Q(x,&) = Q(w,£)* >0 for a.e. (z,£) € R?, this implies that
Q(z,&)p =0 for all ¢ € (Cy)*t, for ae. (z,6) € R*,
so that
Q(z,6)Cy Cc Cyp, for ae. (z,8) € R*.
In other words, there exists A(z,§) € C such that
Q(z, &)Y = Nz, &)y, for ae. (z,€) € R*.

Choose a complete orthonormal system (e;);>1 in (Cy)t; setting eg = 1, the
system (e;);>o is orthonormal and complete in $), so that

Az, €) = (W[Q(z, ) =Y (e;|Q(z,)]e;) = traceq (Q(,£)) = f(x,£)

Jj=0
for a.e. (z,€) € R?. Thus
Q(%f)”l/) = f(ﬂ?,f)?,[), Q($7£)¢ =0 for all ¢ € (C1lf)l )
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which means that

Q(x, &) = f(x,8R, for a.e. (x,&) € R*?.
In other words, C(f, R) = {f ® R}. O

Finally we prove the operator inequalities used in the proof of Theorem 3.1

Proof of Lemma 3.5. Observe that
d
C(2,hV4,2,hV.) = > (@ — yj +yj — 2a)* + (—ihOx, + ihdy, — ihdy, + ihds,)?)
j=1
so that, expanding each square in the sum leads to
C(z,hV g, 2,hV) = c(x, IV 3, y,n) + c(y,n, 2, AV )
d
+2> " () = y)(yj — 2a) + (=ihdy, + ihdy,)(~ihd,, + ihd.,)) .

j=1

Now we apply Lemma 3.4, first with with L, = (z; — y;) and Ly = (y; — z;), then
with Ly = —ihd,; +ihd,, and Ly = —ihd,; + ihd,,, so that

2(xj —y;)(yj — 2a) + 2(—ih0y; + ihdy, )(—ihd,, + ihd.,)
<alzj —y;)? + 2(y; — za)® + a(—ih0,, + ihdy,)* + L(—ihd,, + ihd.,)?,
meaning that
¢ = ¢(x,2) € L(RG; LX(RE, [2|*dz) 0 H'(RS)) N L*(Rg; L* (RS, |27dz) 0 H' (RY))
= 2(d|(zj — y;)(y; — 2a) + (—ihOy,; + ihdy, )(—ihdy, + ihd.,)|¢)
< a(d|(z; — y;)? + (—ihdy, + ihdy,)?|¢)
+1(61(y; — za)? + (—ihdy, + ihd, 2l
for 5 =1,...,d. Therefore
6= 6(2,2) € LARL LARY, [+2d) 0 H*(RY) 0 LA(RY; LA(RY, |2[2d2) N HY(RY)
= (9|C(2, V4, 2,0V.)|¢) < (14 a){dlc(y,n, z,AV,)[$)
+H(1+ 2)(Bley,n, 2, hV 2)|¢)
for each (y,n) € R?¢, which is the operator inequality in Lemma, 3.5. O

Proof of Lemma 3.7. Write
d
w— 2P =lo—y+y—27=_ ((r; —v)* + (5 — %) +2(x; — v)(; — 2)) -
j=1
Since
2(z; — Y)Yy — 2) < aley —y)° + 5y — )
by Lemma 3.4, we conclude that

d
. o= <37 (14 a)(a; =4 + (1 + D)y = 2,)?)

=(1+a)lz -yl + (1 + Dy — 2>
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Then
d

€~ ¢2 =" (¢ +ihd,, —ind,, — )’

=1
d

=Y (& +ihdy,)* + (—ihdy, — ¢;)* +2(&; +ihdy,) (—ihdy, — ;) -

j=1

Applying Lemma 3.4 with Ly = §; +ihd,; and Ly = —ihd,, — (; shows that
20|(&5 + 1hdy; ) (=ihdy, — G)IY)

< a(W|(& + ihdy,)?[v) + 3 (YI(=ihdy, — ()% |v)
for all » € H*(R?) and all ¢,¢ € R, so that
6) 16— CPIvlE < (1 + a)(lls + iRV, [2[0) + (1 + )Wl — ihVy — C[*[¥) .
Therefore

(o = 2> + 1€ = PG <A+ a)(@le(, &y, hV,)[¥)
+(1+ 2){Wle(z, ¢y, ihVy)|)

for all @ > 0, all z,&,2,¢ € R? and all ¢ € H'(R?), which is the first inequality in
Lemma 3.7.

Next
d
€ +ihV. 2 = 3" (& +ihdy, — ihd,, +ihd.,)”
j=1
d
Z (& +ihdy,)? + (—ihdy, +ihd.,)* + 2(&; + ihd,, ) (—ihdy, + ihds,)) .

Applylng Lemma 3.4 with Ly = &; +ihd,; and Ly = —ihd,; + ihd., shows that
2(¢ @ D& + ihdy, ) (—ihdy, + ihdz;) | © )
< alW|(& + ihdy, ) [)I0115 + & (W @ ¢l(=ihdy, + ihds,)*[Y ® ¢)
for all ¢, € H'(R?), so that

) (BlIE +ihV .2 9) [VIG <WIIE + iRV, Pl)llel
+ L@ ¢|| — iV, +ihV. 2 @ ¢) .

With (5), this implies that
(ple(z,&, 2, AV ) VIIE <1+ a)(@le(x, &y, V) [¥)l|¢lI%

+(1+ )W @9IC(y, hVy, 2, WV ) v @ ¢l

which is the second inequality in Lemma 3.7.
Finally
d
| = ihV, + AV > = (=ihdy, + ihdy, — ihd,, + ih0.,)?
j=1
d
= | = ihVy +ihV, [ + | = ihV, +ihV.[> + 2> (=ihd,, + ihd,,)(—ihdy, + ihds,),
j=1
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and Lemma 3.4 implies that
2(p1 @ p3|(—ihdy, + ihd,,)(—ihdy, + ihds,)|dr @ bs)||Y]3
< oy ® ¥|(—ilidy, + i7,,) |61 © )| 633
5 (¢ © ¢sl(—ihdy; +ihd.,)? v ® d3)|l 1
for each ¢, ¢3, € H'(R?). Thus
(61 ® B3]l — ihV . + BV |2 61 © )92
(8) < (1+a)(¢1 @ ¥l = iV, +ihV, *[é1 @ ¥)ll¢s ],
+(1+ D) ® gl — iV + iV 2 @ ea)ll13 6113 -
With (5), this implies that
(1 ® ¢3|C(2, hV 4, 2, AV .) |1 ® ¢3)||¥]3
< (1+a)) (o1 @ Y|C(2, AV 4, y, AV, [¢1 @ )| o3|
L+ )W ® ¢3|C(y, AV, 2, AV [ @ 63)l|1 [
which is precisely the last inequality in Lemma 3.7. O
We conclude this section with a comment on the “restricted” triangle inequality

established in Theorem 3.1, and in particular on the restriction to the cases where
p2 € P2(R2?), or py is a rank-one orthogonal projection.

The proof of Theorem 3.1 is based on the following pattern:

(a) Given p1, pa, p3 of Dq, and for all Ti5 € C(p1,p2) and all Thy € C(p2, p3), one
constructs Tio3 satisfying the following conditions

Ti23 =T33 >0
and
proj; Tioz =To3, projsTiss = Tiz,
where proj, is the partial trace, or the integral in the k-th variable in Tia3, for
k=1,23.
(b) For each « > 0, one proves the following inequality between cost functions or
operators:

Ci3 < (]. + Oé)Clz + (]. + é)CQ:},
where C}, is the transport cost from the jth to the kth “variable”.
(¢) Then

1 1 1 1 1 1
T1223013T1223 < (1 + O‘)T1223012T1223 + (1 + é)T1223023T1223

and one “averages in all variables” both sides of this inequality. Observing that
Ty3 = proj,Thas € C(p1, p3), one finds that

3(p1,p3)* < pf0j1pf0J'3(T1%3013T1%3) :proj1pr0j3pr0j2(T1%23013T1%23)
<(1+ Oz)projlpronproj?,(TESCHTE?))
+ (1 é)pmj2pr0j3pmj1(711%23023111%23)
<(1+ a)proj; proja(THC1>T15)

1 1
+ (1 + é)Pf0j2Pr0j3(T2%C23T223)



22 F. GOLSE AND T. PAUL

Minimizing the right hand side in 775 and T3 leads to the inequality
(p1,p3)% < (1+ a)d(p1, p2)® + (1 + L)d(p2, p3)?

and one concludes by further minimizing the right hand side in a > 0.

This argument closely follows the proof of the triangle inequality for distak 2
in chapter 7 of [22], except that, for a general exponent p # 2, step (b) is re-
placed with the triangle inequality for the Euclidean distance, and step (c) involves
the Minkowski inequality in LP. The reader can check that, for p = 2, Villani’s
argument can be replaced with steps (b)-(c) above.

Step (a) corresponds to the “glueing lemma”, Lemma 7.6 in chapter 7 of [22] —
see also Remark 5.3.3 in chapter 5 of [1]. A first step in the proof of Lemma 7.6 is
based on the disintegration of measure theorem (formula (7.2) in chapter 7 of [22]),
or Theorem 5.3.1 in [1]). Lemma 2.3 (or Lemma A.4 in [15]) is the analogue of the
disintegration of measure theorem for couplings between a probability density on
phase space and an arbitrary element of 5. In truth, Lemma 2.3 treats only the
case of a coupling of a probability density with an element of D(£)), but the case
of a coupling of a probability density with an element of P(R?2?) is already known
from formula (7.2) in chapter 7 of [22].

We do not know whether there exists an analogous disintegration formula for a
coupling of C(R,S), where R, S € D(%), and even in the affirmative, it is unclear
how this would help us achieving Step (a) in general in the case where po € D($). Of
course, if py is a rank one projection, C(pa, p1) = {p2®p1} and C(pa, p3) = {p2@ps},
and one chooses T123 = T2 ® ps.

One can also forget about the disintegration of measure theorem (formula (7.2)
in chapter 7 of [22]), or Theorem 5.3.1 in [1]) and its analogue Lemma 2.3 above,
and consider the problem posed in Step (a) in the case where ps € D($) is not
rank-one. If p1, po, p3 are rank-two density operators, Tio3 is to be sought in the
set of linear maps on Ran(p;) ® Ran(p2) @ Ran(ps). That T3 exists is possible
only if the compatibility condition proj,projs;Ti2s = projsproj;Ti23 holds, which is
the case since T1o € C(p1, p2) and Tas € C(p2, p3), so that

proj;projzTia3 = p2 = projsproj,;Tia3 -

The set of linear maps T2 = Ti53 on Ran(p;) ® Ran(p2) ® Ran(ps), which is a
8-dimensional space, has dimension 36; the linear constraints proj; 7123 = T23 and
projsThes = Tho each involve 10 scalar linear equations, which are not independent
since the second marginal of T75 and the first marginal of Tb3 are equal. Even
with the 16 remaining degrees of freedom, it is not clear to us that the positivity
constraint Tyo3 > 0 in Step (a) can be satisfied.

Summarizing, we have not been able to prove the existence of Tio3 satisfying the
conditions stated in Step (a) for all p1, pa, p3 € D2, which is left to the reader as an
open problem. Whenever pi, pa, ps € D2 are such that Step (a) can be achieved,
one has

2(p1, p3) < 3(p1, p2) +0(p2, p3) -
The restricted triangle inequality reported in Theorem 3.1 holds because Step (a)
can be achieved for py € P$¢(R3?) or for py = [1b)(¢)| with ¢ € § and ||¢]|s = 1.
If po € Dy($) has rank at least 2, we do not know whether Step (a) can be

achieved, and the triangle inequality with ps as intermediate point cannot be stud-
ied following the pattern above. However, we shall prove an “approximate” triangle
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inequality of the form

0(p1, p3) < 0(p1, p2) +0(p2,p3) + O (ﬁ) :

We shall see below that the proof of this “approximate” triangle inequality is com-
pletely different from the pattern involving Steps (a)-(c).

4. KANTOROVICH DUALITY
The Kantorovich duality theorem is a fundamental result in the theory of optimal
transport. In the case of the metric distyxk 2, it can be stated as follows (Theorem
1.3 or Proposition 1.22 in chapter 1 of [22], or Theorem 6.1.1 on chapter 6 of [1]).
Kantorovich Duality Theorem Let 1, v € Po(R™). Then

distaaca(n,v)? = min [ o=yl p(dady
peC(p,v) R2n

= sup (/ a(x)p(dr) + b(x)u(dx)) .
a,beCy (R™;R) n R
a(a)+b(y) <[z —y|2

In [6], we have proved the following analogue of the Kantorovich duality theorem
for density operators.
Kantorovich Duality Theorem for Density Operators. Let R,S € Dy(9).
Then

(R, S)? :TE%’l(iII%ls) traceq g (T%CHT%) = _,. 5 tracen (RA+ SB).
’ A%Iﬁ'flj.)%;gﬂé‘?

The inequality constraint
ARIg+ 1@ B <Ch
is to be understood as
(PICh —A® Iy —I5®B|®) >0

for all ® € Form-Dom(Cp), i.e. for all @ = ®(z,y) € L2(R?*%; (1 + |z — y|?)dzdy)
such that

(0z, — 0,,)® € L*(R*?), j=1,....,d.

In the present section, we complete the extension of the Kantorovich duality to
the set ©5 for the “pseudometric” 0.

Theorem 4.1. Let p € P$¢(R?*?) and S € Da($). Then

2(p.5)* = min / traces (Q(z,€)/en(x, €)Q(x,€)V/2)ddt
de

m
QeC(p,S)

= sup </R2d a(x,&)p(x, &)dxdS + traceg (BS)> .

a€C,(R24;R), B=B*€L(9)
a(@,&)1g+B<cp (z,8)

Notice that the duality theorem implies in particular the existence of at least
one optimal coupling @ € C(p, S).
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Proof. The proof is split in several steps.
Step 1: the functions f and g. Consider the Banach space E := C,(R2%; L(9)),
with

1Tz := sup |[T(z,9l,
(x,6)eR2d

and set

0 if T(x,&) =T(x,6)* > —cp(x, €) for all (z,&) € R*,

f(T) = .

4+ o0 otherwise,

while
if T('T7 5) :T(.’E’ f)* :a(x, 5)15 +B s
drdé+t BS

g(T) == /de ap(w, §)dzdé +traces (BS) for all (z,¢) € R*?,

+ o0 otherwise,

The constraint T'(z,¢) = T(z,£)* > —cp(z,£) means that, for each (x,¢) € R?4,
one has

(¢(x, OIT(x,€) + cnl(x, §ld(x,£)) > 0
for all ¢ € Form-Dom(cp(z,£)). On the other hand, the nullspace of the linear map

Cy(R?1) x L($) > (a, B) — I'(a, B) = a(z,&)Is + BE E
is
Ker(T') = {(¢t,—tls), teR}.
Since p is a probability density while traceg(S) = 1, one has
g((a—l—t)[;-)—i-(B—tIﬁ)):g(afg—i-B)—i—t/ p(x, §)drdé —ttraceq (S)=g(aly+B),
R2d

and the prescription above defines g on Ran(T") =~ (Cy(R??) x £($))/ Ker(T).
Observe that

g((als + B)*) = g(als + B*) = /R e, Ep(, €)drds + tracen(B°S)

:/de a(x,&)p(x, &)drdE + tracen ((SB)*)

~ [ ale.p(e.€)dode + Traces (5B
R2d

=g(aly + B),

so that (aly + B)* = aly + B = g(aly + B) € R. Thus the definition above
implies that g takes its values in R U {4o00}.

The functions f and g are convex. Indeed, g is the extension by +o0o of a R-linear
functional defined on the set of self-adjoint elements of Ran(I'), which is a linear
subspace of E. As for f, it is the indicator function (in the sense of the definition
in §4 of [20] on p. 28) of the convex set

{T € Est. T(x,6) =T(z,8)* > —cp(x,€) for all (z,€) € R4}
and is therefore convex. Besides f(0) = ¢g(0) = 0, and f is continuous at 0. Indeed

cn(z,€) > dhly  for all (z,¢) € R??,
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so that, for each T € F
T(2,€) = T(z,&)* and | T(z,€)|| < dh for all (z,£) € R*?
= T(x,£) > —cp(x,€) for all (z,¢) € R* = f(T)=0.
In particular f is continuous at 0.

Step 2: applying convex duality. By the Fenchel-Rockafellar convex duality theorem
(Theorem 1.12 in [4])
it (F(T) +g(T)) = max(—f*(—A) = g (4)) .

Here f* and ¢g* are the Legendre duals of f and g, and are computed below.
First

FA) = sw(-AT) = f(T) = sw (-AT).
rer T =T(2.6)* >~ ep(2.6)
If A € E’ is not a nonnegative linear functional, there exists Ty € E such that
To(x, &) = To(z,£)* > 0 such that (A, Tp) = —a < 0. Since

nTo(x, &) = nTy(z,€)* > 0> —dhly > —cp(x, €) for all (z,€) € R??,

one has
f*(=A) > sup(—A,nTy) = sup(na) = +co.
n>1 n>1
For A € E' such that A > 0, we define
<A7 Ch> = sup <A7 T> € [07 —|—OO] .

TeEE
T(z,§)=T(x,8)* <cp(x,8)

(Observe indeed that T = 0 satisfies the constraints since cp(x, &) = cp(z,£)* >0
for each (x,¢) € R??.) With this definition, one has clearly

« . <A,C;~L> lfA Z O7
F=A) = {O otherwise.
Next
9" (A) = sup ((A, T) — g(T))
TeE
= sup (A, T) 7/ a(x,)p(x,§)drdE — traceﬁ(BS)> .
R2d

T(2,6)=T(2,6)* =a(x,6) I 5+

If there exists a = a(x, &) € Cy(R??, R) and B = B* € £(§)) such that either

(A,alg + B) >/

a(z,&)p(x, §)dxdé + traces (BS)
R2d

or
(aly+B) < [ alr.plo.€)dode + traces (BS)
R2d
one has either

o) = sup (An(ats + B) o |

n>1 R2d

a(z, &)p(x, £)dxdé — ntraceﬁ(BS)> = +o00,
or

g(A) > sup <<A, n(—aly — B)) +n [

n>1 R2d

a(x,)p(x, §)dxdE + ntraceﬁ(BS)) =+00.
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Hence
0 if (A,aly + B) = / a(x,&)p(x, §)dxdE + tracey (BS)
. _ R2d
g (A) = for each a = a(z,£) € Cy(R*,R) and B = B* € L(9),
+ 00 otherwise.

Notice that the prescription

(aly+5) = [ a(r.plr.€)dade + traces (BS)
R2d
defines a unique linear functional on the set of T € RanD such that T(z,&)* =
T(z,€) for each (z,¢) € R?*? by the same argument as in Step 1.

Therefore, the Fenchel-Rockafellar duality theorem in this case results in the
equality

nf (f(T)+g(T) = _int ( / a<x,5>p<x,s>dwde+traceﬁ<SB>)
TeE a€Cy(R24d R), B=B* R2d

a(x,6)Ig+B>—cp(x.€)

=max(f(-A)+g" (W)= omax o (A cn)

=/ a(z,&)p(z,§)dxdé+trace(SB)

or, equivalently

sup (/de a(z,&)p(x, §)dxdé + tracef_,(SB)>

a€C,(R24d R), B=B*
a(z,6)Ig+B<ep(z,€)

= min (A, cn) .
0<A€E’, (A,alg+B)
=/ a(z,&)p(z,&)dedé+trace(SB)

Step 3: representing the optimal A. Let A € E’ satisfy the constraints in the min
on the right hand side of the equality above.
Define a linear map F : Cy(R??) — £1($) by the formula

tracegs (K Fa(a)) = A(aK), for each K € K(9).

The map Fj is well defined since K — A(aK) is a linear functional on K($)) which is
continuous for the norm topology, and since ()" = £1(§), this linear functional
is represented by a trace-class operator Fa(a). Since A is linear, the map Fj is
linear.

Since A > 0, one has Fy(a) = Fp(a)* > 0 for each a € Cy(R?) such that
a(z,€) > 0 for each (z,¢) € R?*. Indeed, for a € C,(R*%; R), set

Ty := 3(Fa(a) + Fa(a)*), Ty := —%i(Fa(a) — Fa(a)*).
Then, for each K = K* € K($), one has
A(aK) = traceg (T1 K) + i traceg (T2 K)
with
traces (T, K) = traceq (T} K)*) = traceq (K*T;) = traceq (KT}) = traceq (T, K)
for j = 1,2. Since a € Cp(R?%;R) and K = K* € L($), one has
—llallz= KLy < oK < o]~ K[ Lq
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so that

—llallz= | K| < A(aK) < lal[L<[|K]  since A(ly) = / [Pl §)dwdg =1.
R2

In particular, A(aK) € R, so that traceg (ToK) = 0 for each K = K* € K($). Since
Ty, = Ty € LY(9), specializing this identity to the case where K is the orthogonal
projection on any eigenvector of Ty shows that 7o = 0. Thus

a € C(R*;R) = Fp(a) = Fa(a)".
Moreover
a € Cy(R*;R) and a > 0 = traceg(Fj(a)K) > 0 for each K = K* > 0 in K($)

and specializing this last inequality to the case where K is the orthogonal projection
on any eigenvector of Fj(a) = Fa(a)* € L£Y($) shows that all the eigenvalues of
Fi(a) are nonnegative, so that Fy(a) > 0.
Next we deduce from the defining identity for Fy, i.e.
A(aK) = traces (Fa(a)K) for each a € Cy(R?*?;C) and K € K($),
that
[Ea(a)lly < [IA[[llallpo m2a) -
Then we specialize this defining identity to the case where a > 0 on R2? while
K = I, is the orthogonal projection on span{ey,...,e,}, with (e1,e2,...) a com-
plete orthonormal system in $). One has
A(all,,) = traceg (Fa(a)Il,) — traces(Fa(a)) = [|[Fa(a)|i  asn — oo,

while
a(Ig —1I,,) > 0 so that A(all,) < A(aly) = / a(z,&)p(x, &)dade .
RQd
Hence

a€ Cp(R*) and a >0 = |Fa(a)|; < / a(x, & )p(x, §)dzdE .
R2d

More generally, for each a € C,(R?%; R), one has —|a| < a < |a| so that

| traces (Fa(a)le;)(e;])] = |Alale;)(e;])| < A(lalles) (e 1)
for each j > 1, where (e, eq,...,) is a complete orthonormal system of eigenvectors

of Fa(a) = Fx(a)* € £1($). Hence

S |traces (Fa(a)le;) (es ) < A [ lal S les)es| | < AllalLs),

j=1 j=1

and since
n

" [traces (Fa(a)le) (e ) = IFa(@)lly  as n — oo,
j=1
we conclude that

IFa@lh < A(lals) = / lalaz, €)[p(z, €)dade

R2d

Since Cy(R??) is dense in L'(R24, pdzd¢), this inequality, applied to the real and
the imaginary parts of a, shows that Fj is a continuous linear operator from
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LY(R2, pdxd€) to £1($). Since L£1(£) is separable and is the dual of the Ba-
nach space K() (the norm closure in £(£)) of the set of finite rank operators),
we conclude from the Dunford-Pettis theorem (Theorem 1 in §3 of chapter III in
[11]) that £1($) has the Radon-Nikodym property. By Theorem 5 in §1 of chap-
ter IIT in [11], the operator Fj is Riesz-representable: in other words, there exists
q € L>®(R2?, pdxdg; £1($)) such that

Fp(a) = /de a(x, )q(x, )p(x, &)dzde ,  for all @ € LY (R, pdxdf).

Step 4: defining the optimal coupling. With A as in Step 3, we have seen that

@€ R anda>0 — Fr(@) = [ (e, Oa(r. Op(e, ) dode > 0.

R?2

This implies that q(z, &) = g(x,€)* > 0 for a.e. (z,£) € R,
Next, one has

A(K) = traceg (Fa(1)K) = traces (K S), K e K(#%),
so that
PA) = | ate (e )duds = S € £1(9)(= K(5)).

On the other hand, for each a € C,(R2%) such that a > 0, one has

traceg <Pn /R?d a(x,{)q(x,f)p(x,ﬁ)dmdf) = traceg (Fa(a)P,) = A(aPy)

< Aaly) = [ ol pla,)duds
R2d
where P, is the orthogonal projection on span{es,...,e,}, with (e, es,...) being

a complete orthonormal system of eigenvectors of

| ateate . )deds € £1(5).

Letting n — oo, one has

traceg <Pn /RM a(%f)‘](%f)P(maf)dfd5>

— tracef) (/ (l(l’, g)q(ll?, E)p(gjv g)dxd€> )
R2d
so that

| ate. &) races a(e. )ple, Odnds < [
R2d

R2
Since this holds for each a € C’b(RQd such that a > 0, we conclude that
traceg (q(z,€)) <1 for p(x, £)drdé-ae. (z,€) € R?.

alz, Op(e, )drds

Moreover

/ (1 - traces (g(z, €)))p(z, €)dade = 1 — traces (S) =0,
R2d

so that
traceg (q(z,€)) =1  for p(x, &)dzdé-a.e. (z,€) € R*.
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In other words, we have proved that (x,&) — Q(x,&) = p(z,€)q(x,&) defines an
element of C(p, S).

Step 5: extending the representation formula for A. Let A be as in Step 3, and let
@ be the coupling of p and S obtained at the end of Step 4. For each B € E, we
define
(L.B) = (0B~ [ traces(Ble.£)Q(s. €))dod.
R2d
Let us prove that
B € E and B(z,£) = B(z,€)* > 0 for all (z,£) € R* — (L,B) >0.

Pick € > 0, and let Q. be a simple £!($)-valued function on R?? such that

[ 106 = Q. dads < c.

Write
N
Z L (2,8)Q;, OSQJ-:Q;-‘Eﬁl(ﬁ)foreachjzo,...,N,
where Q; are bounded, pairwise disjoint measurable sets in R*? for j = 1,..., N.
Foreachj=1,...,N,let (ej1,e;2,...) designate a complete orthonormal system of
eigenvectors of Q;, and let P; ,, be the orthogonal projection on span{e;1,...,€e;n}.
Define
N
2,6) = 1o, (x
j=1
One easily checks that II,,(z,&) = IL,(z,&)* = IL,(z,&)? for each (x,&) € R

Then, for each B € E such that B(z,§) = B(z, ) > 0 for all (z,¢) € R??, one has
0 <(A, (I — I1,)B(Ig — I1,)) = (A, B) — (A, 11, B + BIL, — 11, BIL,)

(0, B) = [ tracen((1L, 5+ BIL, — 11, BIL,)Q) (. )dodg
RQd
=(A,B) — / traceg, ((I1, B + BII,, — I1, BIL,,)Q.)(x, §)dxd¢
RQd
+ / traceg, ((I1, B + BII,, — I1, BIL,)(Q. — Q))(x, §)dxdE .
R24

By construction, keeping ¢ > 0 fixed, [II,,(z, ), Q(x,£)] = 0, so that, by cyclicity
of the trace, one has

/ traceg ((11,,B + BII,, — I1,, BI1,,) Q. ) (z, §)dxd€
R2d

= / traceg (BIL,QIL, ) (z, {)dzdl — / traceg (BQe)(x, &)dxd
R24d R24
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as n — 00, so that

0< Fm (A, (I ~ LBy ~ 1) = (A, B) = [ traces(BQ)(w,§)dds
n— 00 R24

+ lim traceg ((I1,, B + BII,, — I, BIL,,)(Q. — Q))(x, &)dxd¢

n—oo R2d

+ / traces (B(Q — Qu))(x, &) dude
R2d

On the other hand

‘ / traces (I, B + BIL, — 11, BIL)(Q. — Q))(z, £)dzde

R2d

< / | traceg (1L, B + BIL,, — 11, BIL,)(Qc — Q)) (=, §)|dzd€
RZd

< /R 0B+ BIL, = T BTL) (2, €) Qe — Q)(a, ) 1drd

<3 sw 18wl [ Q- Qw6 ldads

(z,§)ER2

<3¢ sup |B(z, 9|
(z,6)ER2

while, by the same token,

/R Mtraeeﬁw@QE»(x,f)dxds'ge sup  |B(.€)].

(z,£)eR24
Finally
(.B) = [ tracen(BQ)(w, Odnds > ~te swp Bz 8|
R2d (z,£)ER2d

and since this holds for each € > 0, we conclude that the linear functional L defined
at the beginning of Step 5 satisfies

B € E and B(z,€) = B(x,£)* > 0 for all (z,¢) e R* — (L,B) >0.
By a classical argument, this implies that | L|| = (L, I).
On the other hand
(LI} = (Li15) = [ twaces (gt (e, dods
R

= traceg (S5) — / p(z,&)dzdé =0

R2d
so that L = 0. In other words, the representation formula

(.B) = [ traces(Ble.)Q(r. €))dods
R2d
holds for each B € E, and not only for B € Cy(R??; K($)).
Step 6: computing (A, cx). As explained in Step 2
(A, cp) = sup (N, T).

€E
T(2.9)=T(2.6)* <cp (=,€)
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For each n > 1, set
cal2,€) = (I + Len(,€)) enlw, ) € L(9),
so that
0< er(@,6) = e1(@,)" < ... < ea(@,6) = eul.6)" < ... < enle,6) = enlx, )"

Thus, by the conclusion of Step 5,

(o) = [ traces Qe )en, €)dede < (A.ex)

for each n > 1, so that, using Proposition A.3 in [15] as in the proof of Lemma 2.1,
| traces(Qw. € 2en, )@, &)/ dnds
R2d

= lim traceg (Q(x, &) ey (x, §))dadE
n—oo R2d
< (A, cp).
On the other hand, let (e1(z, ), ea(x, ), ..., ) designate a complete orthonormal
system in §) of eigenfunctions of cx(z, §), with cx(z, )e;(x, &) = Aje;(x, &) for j > 1.
Since c¢x(z,€) is twice the harmonic oscillator H := —1h?A, + 1[z|? unitarily

translated in phase space by (z,§), the eigenvalues A; are independent of (z,¢&).
Set

thi(2,€) = (er(2,)|Q(z,6) Ple(,€)) . k121,
Since (z,&) — Q(z,€)'/? € L?(R??; £2($)), one has

vg(z,€) = Ztkl(z,f)el(:c,ﬁ) € Form-Dom(cp(z,€))  for a.e. (z,€) € R*?,

1>1
and
traceg (Q(z, €)Y ?en(z, €)Q(x, £)/?) = Z Nlte (@, €))?
kl>1
=3 (wi(a,&)len(x, Ovr(x, ) < 0o
k>1

for a.e. (z,¢) € R?, since

[ traces (@ &) 2ena, Q. ) ) < 0.
R2d

Taking this last inequality for granted, we conclude as follows.
Let a = a(x,€) € Cy(R??) and B = B* € L($)) satisfy the constraint

a(z,&)Is + B < cp(x,€),  (x,6) € R
in the sense that

a(z, )[|0]13 + (¢|Bl¢) < (¢len(x,€)|¢) for each ¢ € Form-Dom(cp(z, £)).
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Since v (x, €) € Form-Dom(cp(x,€)) for a.e. (z,&) € R?*? and each k > 1
a(x, §)p(:r, 5) + traceﬁ(Q(xv g)B)
= a(, &) traces, (Q(x,€)) + traces (Q(x, €)'/ BQ(x,£)"/?)
= a(z,8) Y _(op(z, Olve(x,€)) + > (vi(@, &) Blor(,€))

E>1 E>1

< Z@}k(f‘c’g”ch(z?f)‘vk(x’§)> = traceﬁ(Q(a:,f)l/Qcﬁ(x,f)Q(:c,g)l/z) :

k>1

Integrating in (z, &) shows that
| ol (s, dude + traces (SB)
R2d

< /RM traceﬁ(@(m’f)l/zch(iﬂ,f)Q(ﬂC,§)1/2)d$d§
since, by construction,

Q(z,§)dxdg = 5.

R24d
Thus

o= s ([ pte e + tracen(sD)

a€Cy(R2d), B=B*cL(%)
a(x,§)Ig+B<cp(x,§)

< / tI‘aCEyj (Q(xa 5)1/2Cﬁ(x7 §)Q($, 5)1/2)d1'd£ < <Aa Cﬁ> )
R24

where the first equality follows from convex duality as explained in Step 2, while the
last inequality has been obtained above at the beginning of Step 6. This completes
the proof.

It remains to prove that

[ traces (@, 2en(2,)Q(a, )2 dud < 0.
R2d
Since
cn(,€) < (|l + [6]*)]5 + 4H
with H = —1#%A, + 1|y|?, one has
vg(z,€) € Form-Dom(H) = wvy(x,§) € Form-Dom(cp(x,§)),
and
(o (2, &) len(z, €) o (x, €)) < 2(J2]* + € vr(z, ONIF + 4lve (@, &) Hvk(2,€)) -

Let (h1, ha,...) be a complete orthonormal system of eigenvectors of H in §) (the
Hermite functions), with eigenvalues ;. Since

Ztkm(xag)tkn(zvf) = <€m(l’,f)‘Q(fE,§)‘6n(I,§)>

k>1
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by definition of tx;(x, ), one has

S T Hwe@ OBNP =D D" thm (@, thn (@, ) (em (@, ) |h;) (hjlen (@, )

k>1 k>1mmn>1

= > {em(@ 0IQ(, E)len(@, ) (em(x, &) hy) (hjlen(x,€)) = (hs|Q(x,€)|hy) -

m,n>1
Hence
[ St e, )dode =3 s [ i@ lh)dede
k>1 i>1

= j(h;|S|hy) = traceq (Y2 H|SY?) < oo,
j>1
and since

Z Hvk(;v,§)||52-) = traces (Q(z,)) = p(z,§),

k>1
one concludes that

/ traceq (Q(x, €)% cn(x, )Q(x, €)'/ ?)dwde
R2d

< 2/ (|z|? + |€|?)p(x, €)dzdE + Atraceq (SV/2HSY?) < 0.
RQd

5. THE “APPROXIMATE” TRIANGLE INEQUALITY

The main result in this section is the following “approximate” triangle inequality
for 0 on Ds.

Theorem 5.1. For all p1, p2, p3 € D2, one has
3(p1, p3) < (p1, p2) + (p2, p3) + Vdh.
In particular, for all py1, p2, p3 € Do, one has
2(p1, p3) < 0(p1,p2) +0(p2, p3) + %D(Pz,m) :

Indeed, Theorem 3.1 shows that the triangle inequality holds without the additional
term V/dh if py € P$¢(R2?); this extra term is needed only if py € Do($), in which
case

vV 2dh S U(pz,pg) .
We first recall the definition of the Husimi function of a bounded operator on .

Definition 5.2. For all ¢,p € R?, the Schrédinger coherent state |q,p) is the wave
function defined by the formula

lg, p)(z) := (Wﬁ)7d/467|x7ql2/2h67ip'1/h, x e RY.
The Husimi function of R € L($)) is
H[R](q,p) = amya (¢-P|Rla.p) -

We shall also need the notion of Toplitz operator, whose definition is recalled
below.
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Definition 5.3. For each Borel measure i on R?? such that
(9) 0 < p(dgdp) < K(1+|q® + [p|*)dgdp

for some K > 0, one defines the unbounded self-adjoint operator

Tlu] = /R g lg,p){q, plu(dqdp)

with domain
Dom(T) := {¢ € $ s.t. H[|¢)([] € L2(R*; )}
by the formula

T = [ Taalola.oloyutdads) . 6.6 € Dom(T).

The map T is extended by linearity to complex Borel measures on R?® (with finite
total variation: see Theorem 6.4 in [21]).

Formulas (47), (48) and (54) in [13] imply that H[R] € Pg¢(R??) for all R €
D2 ($), while formula (55) in [13] implies that

T[P2(R*")] € Da(8).
We also recall formula (54) in [13] in the form

traceq (R*T [p]) = (2wh)? - H[R](q. p)n(dgdp)

for each R € Dy($) and each Radon measure y satisfying (9).

The key to the approximate triangle inequality is the inequality below, of inde-
pendent interest, whose proof is based on the duality theorem (Theorem 4.1) in the
preceding section.

Theorem 5.4. For each R,S € Dy($)), one has
(R, S)* > (R, H[S])? — dh.

Notice that this inequality, and the inequality in Theorem 2.4 (2) of [14], which
we recall in the form

AR, f)? 2 0(H[R], f)? — dh
for all R € Dy(H) and all f € P3¢(R2?), specialized to f = H[S], imply that
(R, S)* > 0(H[R], H[S])* — 2dh,
which is the inequality in Theorem 2.3 (2) of [13].
Proof. Let a = a(q,p) in Cy(R?*¥;R) and B = B* € L($) satisfy
a(q,p)ls + B < cx(q,p) for a.e. (¢,p) € R*.
Then

for all (¢,p) € R??. Using formulas (46) and (48) in [13] shows that

T[] = (2nh)is, Tlq = @rh)dz, Tlp] = —ih(2nh)V,,
Tllgl* + Ip|*) =@2xh)*(|z|> — h* A, + dhlsg) .
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Hence
G T1al ® I + I @ B <5 lsa / _, [4P){a, pl ® en(q, p)dqdp
R
=Cp + dhlszs -
Thus, for each T € C(R, S), one has

=

traceg gy (T%ChT%> + dh > traceg gy (T% (WT[CL] @Iy + 15 ® B) T
=traceggsn ((WT[(I} @I+ 15 ® B) T)

= traceg (WT[@]R + BS)

)

:/de a(q,p)H[R](q, p)dqdp + traceg (BS) .

Minimizing the left hand side in 7' € C(R, S) leads to the inequality

(R, S)* +dh > /RM a(q, p)H|[R](q, p)dqdp + traces (BS)

which holds for all a € C,(R?%;R) and all B = B* € £($)) such that
a(q,p)ls + B < enle,p),  a.p € R

Maximizing the right hand side of the penultimate inequality and applying the
Kantorovich duality theorem implies that

D(Ra S)2 2 dlStMK,Q(H[R](qvp), S)2 - dh
which is the sought inequality. O

With these results as preliminaries, we can now prove the approximate triangle
inequality (Theorem 5.1).

Proof of Theorem 5.1. If py € Po(R>?), the triangle inequality holds for py, p2, p3,
and there is nothing left to prove. If py € Dy (), then H[p2] € P$¢(R24). Therefore,
the restricted triangle inequality in Theorem 3.1 implies that

2(p1, p3) < 0(p1, Hlpa]) + 0(H]p2], p3) -
By Theorem 5.4, one has
o(p1, Hlp2]) < V/0(p1,p2)* +dh
0(H|pz], p3) < \V/0(p2,p3)* +dh
so that

2(p1,p3) < V0(p1,p2)? + dh+ \/0(p2, p3)? + dh.

Finally, we recall the elementary inequality
X>Y>0 = VX2+Y2<X+1Y.
Since py € D5(9), one has
o(p1,p2) = Vdh, 0(pa, ps) > Vdh,
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so that one can take X = 0(p1, p2) or X = 0(ps2, p3) and Y = dh in the elementary
inequality above, so that

3(p1, p3) <V/0(p1, p2)? + dh+ \/0(p2, p3)? + dh
<(p1,p2) +0(p2, p3) + dh.

O

We shall conclude this section with a consequence of the restricted triangle in-
equalities obtained above.

Theorem 5.5. Let Ry, Sy € Da($) and p,v € Po(R2?) satisfy the condition
o(u,Rp) -0 and o(v,Sp) =0 ash—0".
Then
O(Rh, Sh) — diStMK,Q(M, l/) as h — OjL .

Remark. In Theorem 2.3 (2) of [13], we have seen that, if H[Ry] and H[Sh]
converge weakly (in the sense of Radon measures with finite total variation) to
p € P(R*) and v € P(R??) respectively, then

distark,2 (i, v) < lim d(Rp, Sp) .
h—0+

(This is a straightforward consequence of the lower bound in Theorem 2.3 (2) of
[13], of Proposition 7.1.3 in chapter 7 of [1], and of Theorem 6.8 in chapter II of [19]
(the so-called Portmanteau theorem).) Theorem 5.5 strengthens this inequality
into an equality, under an assumption on Ry and S} expressed in terms of the
“pseudometric” 0 itself.

Proof. By the (restricted) triangle inequality (Theorem 3.1)
O(Rp, Sn) < 0(Rp, p) +0(p,v) + (v, Sh).
Letting A — 0T in both sides of this inequality implies that
Jim d(Rp, Sn) < d(p,v).

On the other hand, Theorem 2.4 (2) of [14] implies that
O(Rp, p)? > distyx 2 (H[Ra], p)? — dh,
(v, Sp)? > distyk 2 (v, H[Sh])? — dh,
so that our assumption on Ry and Sy implies that
distmi 2 (H[Rr], u) — 0 and  distyx 2(v, H[SK]) — 0 as h— 07"
With the inequality in Theorem 2.3 (2) of [13], i.e.
O(Rp, Sp)? > distark 2 (H[Rr], H[Sh))* — 2dh,
we conclude that
lim d(Rp, Sh)2 > hlir(r)l+ distMKg(7—[[R;~L],7—[[5;1])2 = distmk,2 (4, V)2 .

h—0+t
Therefore
distmi,2(p,v) < lim 9(Rp, Sp) < h@ﬂ(Rh?Sh) < distmk 2 (1, v) ,
—

h—0+

and this implies Theorem 5.5. (]
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In other words, the set P2(R2?) of Borel probability measures with finite second
order moment on phase space is the set of limits points of Dy($)) (the set of finite
energy density operators on §)) for the “pseudometric” d in the semiclassical limit,
i.e. as h — 0, since Toplitz operators satisfy the assumptions of Theorem 5.5 by
Theorem 2.4 (1) in [14]. Moreover, the pseudometric d “converges” to the Monge-
Kantorovich-(Wasserstein) distance distayik 2 in that limit.

In that sense, the construction of the pseudometric 0 essentially fulfills the ob-
jectives presented in the introduction.

6. CLASSICAL/QUANTUM OPTIMAL TRANSPORT AND SEMIQUANTUM LEGENDRE
TRANSFORM

6.1. A classical/quantum optimal transport. Let r € Py(R>?) be a probabil-
ity density on R2? and S € D,(R%) a density operator on L?(R?).

We suppose that an optimal operator B and an optimal function a exists for the
Kantorovich duality formulation of 9(r, S), as in Theorem 4.1, and that a € C,(R??)
and B € L(5). That is to say that

a(z,6)+ B < (Z—2)? and o(r,5)? = / a(z)r(z)dz + trace2(ra) BS.
R2d
Here we have used the notation z = (z,¢), dz = dzd¢, and Z = (y, —ihV,) acting
on L2(R4, dy).
Let us denote by II(z) an optimal coupling of r, .S and let us define

a(z) = (=P ()
B = 3(1Z]* - B).
One has
(a(2) + B—2-Z) >0 and tracer2ga) /RM I(2)? (a(z) + B — z - Z)II(2)?dz = 0.

Therefore, since II(2)2 (a(z) + B — z - Z)II(z)2 > 0, the preceding equality implies
that

Nl

I(2)2 (a(z) + B — z- Z)II(2)? =0 for a.e. z € R

In other words,
() (a(=) + B — 2+ 2) (T(2)% (al2) + B~ 2 Z)%)* —0
which implies that
(a(z) + B —z- Z)711(z)? =0
and
(10) (a(z) + B — 2z - Z)II(z) = 0.

Hence, the range of II consists in functions R?? 5 z s v, € L?(R?) such that
(11) (a(z) +B—2z-Z),=0:
the vectors 1, belong to the kernel of B+ a(z) —z-Z for a.e. z € R*? .

Moreover II(z) > 0 for every z € R*® and trace2ga) I1(z) = 7(z). Hence
r(z) > 0= ImII(z) # {0}
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so that there exists an eigenvector 1, of B — z - Z of eigenvalue —a(z) for r— a.e.
z € R*,
But B+ a(z) — 2z - Z > 0. Therefore, for r— a.e. z € R*,

—a(z) is the lowest eigenvalue of B — z - Z.

Theorem 6.1. Let @ and B be two bounded optimal Kantorovich potentials for
o(r, 9).
Then, for r-almost every (z,¢) € R??,
a(x, &) is the highest eigenvalue of cp(x, &) —

If the fundamental of B — z- Z is non degenerate in the sense that the eigenspace
corresponding to the lowest eigenvalue of B — z - Z has dimension 1, then II(z) is
proportional to [1.) {1, | and therefore, since II(z) is a coupling between r and S,

II(z) = r(2)[¢2) (¢
and
5= [ rEw e
We just proved the following result.

Theorem 6.2. Let @ and B be two bounded optimal Kantorovich potentials for
o(r, 9).

Let us suppose moreover that, for each z € R?*?, the lowest eigenspace ofg—ch(z)
is nondegenerate and let v, be its ground state.

Then S admits the following representation

5= [ Wl

Theorem 6.2 suggests to associate to any probability density u the following
operator

(12) p— OP = [ 0} ln(a:).

The arrow in (12) can be seen as the “optimal transport”, from classical proba-
bility densities to quantum density matrices, transporting r to S.
Note that, for any density u,

trace OP}® ] :/ w(dz).
RQd

Finally, using (10), we easily show, by analogy with the proof of [6, Theorem

2.6 (1) (a)], that, when a € C'(R?*¥), (Va)r € C,(R*?) and . € Dom(;[Z, B])
for all z € supp(r),
0 = I(2)#[JZ (a(2) + B—z- Z2)(2)] = .5 [JZ,a(z) + B — z - Z]II(z)

= TI(:)(% 177 B] - ()
and
0 = I(2){Jz (a(z) + B—z-2)I(2)} =1(2){Jz,a(z) + B — z- Z}11(z)
= II(2)(Va(z) — Z2)II(2).
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0 I
-1 0)°
Therefore the (classical and quantum) “gradient” aspect appears in the following
expressions
13) { (W-|2lv:) = Vaz)
z = <wz|Z|vQsz>

where, as introduced and motivated in [6, Section 1 formula (11)], V9 := L[JZ, ].

Here J the symplectic matrix defined by {f, g} =V f-JVgie. J= <

Let us finish this section by an example. Suppose that S is the T6plitz operator
of symbol r, as defined in Definition 5.3:
S ="T(r).

In this case, one knows, [14, Theorem 2.4 (1)] (note a difference of normalization:
in [14], E} = $0?),
o(r, S)? = dh = a(2)r(z)dz + trace(BS) with @ = 0, B = dhls.
R2d
Since (z — y)? + (€ +ihVy)? > dhly = aly + B, @ and B are optimal and the
“renormalized” potentials a and B are just:

a(z) = 2> and B = 1(|Z|* — dhlg).

1
2
Hence

a(z)+ B -z Z=3(-Vy+y—(v+i)(Vy +y— (v - if))
so that the solution of (11) is in this case

(=) ey

Ualy) = (eh) e
and Theorem 6.2 expresses back that S = 7 (r):
N
oP" ) — 7

for any probability density .

6.2. A semiquantum Legendre transform. Aswe have seen, for r-a.e. z € R??,
—a(z) is the fundamental of the operator B — z - Z. Therefore, by the variational
characterization of the lowest eigenvalue,

—a(z) = inf Z)(<¢|B|¢> —z-(01Z]9)),

¢eDom(B—z-
llolls=1
since, for each z € R?*!, R — z - Z is a bounded perturbation of |Z — 2|2, the
harmonic oscillator H shifted by z, so that its spectrum is pure point, and —a(z)
is its lowest eigenvalue.
In other words,
(14) a(z) = sup (z- (9| Z]¢) — (¢|B|¢)) for r— a.e. z € R*?

¢eDom(B—z-Z)
llolls=1

To be faced to the classical definition of the Legendre transform

a(z) = sgp(z -2 = b(2")).
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Definition 6.3. For B such that —h?A, +|z|?> — B € L(L*(RY)), let us define the
semiquantum Legendre dual of B as the function on L*(R2?) defined by

Bi(2)i= s (2-(0]216) - (9]B|#)).
Jolmst

Note that, since B is a bounded perturbation of the harmonic oscillator —h%2A,+ |y|?,
Dom(B) = Dom(B — z - Z) = Dom(—h?A, + [y|?).

Definition 6.3 together with (14) leads to our final result.
Theorem 6.4. Let a(z) = 3(|z|> — a(2)) and B = (|Z]* - B) where a(z) and B
are bounded optimal Kantorovich potentials for o(r,S). Then,

a= B* r — almost everywhere in R?¢..
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