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TOPOLOGY OF THE SPACE OF CONORMAL DISTRIBUTIONS

JESUS A. ALVAREZ L(’)PEZ7 YURI A. KORDYUKOV, AND ERIC LEICHTNAM

ABSTRACT. Given a closed manifold M and a closed regular submanifold L,
consider the corresponding locally convex space I = I(M, L) of conormal dis-
tributions, with its natural topology, and the strong dual I’ = I'(M,L) =
I(M, L; Q) of the space of conormal densities. It is shown that I is a barreled,
ultrabornological, webbed, Montel, acyclic LF-space, and I’ is a complete
Montel space, which is a projective limit of bornological barreled spaces. In
the case of codimension one, similar properties and additional descriptions are
proved for the subspace K C I of conormal distributions supported in L and
for its strong dual K’. We construct a locally convex Hausdoff space J and a
continuous linear map I — J such that the sequence 0 - K - 1 — J — 0
as well as the transpose sequence 0 — J’ — I’ — K’ — 0 are short exact
sequences in the category of continuous linear maps between locally convex
spaces. Finally, it is shown that I NI’ = C°° (M) in the space of distribu-
tions. These results will be applied to prove a trace formula for foliated flows,
involving the reduced cohomologies of the complexes of leafwise currents that
are conormal and dual-conormal at the leaves preserved by the flow.

CONTENTS

@

Conormal distributions at the boundary|

7. Conormal sequence|

[8._ Dual-conormal sequence|

[References]

1. INTRODUCTION

13
15
22
24
39
49
%]
93

Given a manifold M and a closed regular submanifold L C M, the correspond-
ing space I = I(M, L) of conormal distributions was considered in [I7} [13], [15]
Section 18.2], [36, Chapters 3-5], [25, Chapters 4 and 6], [27, Chapters 3 and 9].

Date: March 11, 2023.

1991 Mathematics Subject Classification. 46F05, 46A13, 46M40.

Key words and phrases. Conormal distributions, dual-conormal distributions, barreled, ultra-
bornological, webbed, acyclic, Montel space, complete, boundedly retractive, reflexive.

The authors are partially supported by the grants MTM2017-89686-P and PID2020-114474GB-
100 (AEI/FEDER, UE) and ED431C 2019/10 (Xunta de Galicia, FEDER).

1
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But its study was mainly oriented to the important role played in the analysis of
pseudodifferential operators. Also as a tool to get appropriate generalizations of
those operators to manifolds with boundary or corners, stratified spaces, etc. For
instance, the existence of asymptotic expansions of their symbols was well analyzed.
However we are not aware of any publication with a deep study of its natural topol-
ogy; actually, this project was begun in [25, Chapters 4 and 6], but that publication
remains incomplete. The main objective of this paper is to fill in that gap of study.

Assume M is compact for the sake of simplicity. Let Diff (M, L) C Diff(M) be the
subalgebra of differential operators generated by the vector fields on M tangent to L,
and let H*(M) be the Sobolev space of order s € R. The space I*) = I()(M, L) of
conormal distributions of Sobolev order s consists of the distributions u € C~*°(M)
satisfying Diff (M, L)u C H*(M), endowed with the projective topology given by
the maps P : I*®) — H*(M) (P € Diff(M, L)).

By definition, I = {J, I (s) with the corresponding locally convex inductive topol-
ogy, which is continuously contained in C~°°(M). There is another expression
I =J,,I"™, using spaces I"™ = I"™(M, L) of conormal distributions with symbol
order m, which can be locally described in terms of symbol spaces with a partial
Fourier transform.

We show that every 1) is a totally reflexive Fréchet space (Proposition, and
the LF-space I is a barreled, ultrabornological, webbed, acyclic Montel space, and
therefore complete, boundedly retractive and reflexive (Corollaries and . As
a first step, these properties are established for symbol spaces.

All notions and properties considered here have straightforward extensions for
distributional sections of vector bundles. In particular, for the density bundle
Q = QM, the strong dual I'(M,L) = I(M, L;Q)’, simply denoted by I’, is also
continuously contained in C~°°(M). We prove that I’ is a complete Montel space
and I' = l'gll’(s), where I'®) = ') (M, L) = I(=%)(M, L; Q)' is bornological and
barreled (Corollaries to .

Now assume L is of codimension one. For simplicity reasons, consider the case
where L is transversely oriented. Then cut M along L to obtain a compact manifold
with boundary M and a projection 7w : M — M. In this way, we can take advan-
tage of the machinery developed in [I5] 25] to study conormal distributions at the
boundary; in particular, some notions from small b-calculus are used. For instance,
with the terminology and notation of [I5] 25], let A(M) (respectively, A(M)) be
the locally convex space of extendable (respectively, supported) conormal distribu-
tions at the boundary. Then, via the push-down map 7, the image of .A(M )is I,
and A(M ) becomes isomorphic to another locally convex space J = J(M, L). Let
K = K(M,L) C I be the subspace of conormal distributions supported in L. Like
in the definition of I, consider also the strong dual spaces K'(M, L) = K (M, L; Q)
and J'(M,L) = J(M, L; ), simply denoted by K’ and J'. It is proved that K is a
limit subspace (Corollary , the spaces K, J, K’ and J’ satisfy the properties
stated for I and I’ (Corollaries and to , and there are short exact
sequences, 0 - K — I — J — 0 and its transpose 0 <+ K’ < I' + J + 0,

in the category of continuous linear maps between locally convex spaces (Proposi-
tions and [8.8)). These sequences are relevant because J, K, J' and K’ have

better descriptions than I and I’ (Corollaries and and Proposition [7.24]).
Finally, it is shown that I NI’ = C*°(M) (Theorem [8.11)), extending a result of
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[15, 25] for the boundary case. Most of these properties are first established in the
boundary case (Section [6]).

Besides the extensions for distributional sections of vector bundles, some results
are extended to non-compact manifolds. We also analyze the action of differential
operators on these spaces, as well as the pull-back and push-forward homomor-
phisms induced by maps on these spaces (Sections and [g).

Via the Schwartz kernel theorem, the spaces of pseudodifferential and differential
operators can be described as U(M) = I(M?,A) and Diff(M) = K(M?, A), where
A is the diagonal of M?. Thus ¥(M) and Diff(M) become examples of locally
convex spaces satisfying the above properties.

The wave front set of any u € I(M, L) satisfies WF(u) C N*L \ 0y, (considering
N*L C T*M) [14, Chapter VIII], [I5, Chapter XVIII]; this is the reason of the term
“conormal distribution.” The larger space of all distributions whose wave front set
is contained in any prescribed closed cone of T*M \ 0js, like N*L \ Oy, also has a
natural topology which was studied in [6].

Our results for codimension one can be clearly extended to arbitrary codimen-
sion. We only consider codimension one for simplicity reasons. It is also clear that
there are further extensions to manifolds with corners, stratified spaces, etc.

The case of codimension one is also enough for our application in a trace formula
for simple foliated flows [4]. These are simple flows ¢ = {¢'} that preserve the
leaves of a foliation F on M. C. Deninger conjectured the existence of a “Leftchetz
distribution” Lgis(¢) on R for the induced pull-back action ¢* = {¢'*} on the
leafwise reduced cohomology H®(F), and predicted a formula for Lgis(¢) involving
data from the closed orbits and fixed points [§]. Here, H®(F) is the maximal
Hausdorff quotient of the leafwise cohomology H®(F), defined by the de Rham
derivative of the leaves acting on leafwise differential forms smooth on M, equipped
with the C'°° topology. But can not use leafwise forms smooth on M if there are
leaves preserved by ¢; they do not work well. Instead, we consider the spaces I(F)
and I'(F) of distributional leafwise currents that are conormal and dual-conormal
at the preserved leaves, giving rise to reduced cohomologies, H*I(F) and H*I'(F),
with actions ¢*. The spaces K (F), J(F), K'(F) and J'(F) are similarly defined,
obtaining short exact sequences, 0 — H*K(F) — H(F)*I — H*J(F) — 0 and
0+« H*K'(F) + H*I'(F) < H*J'(F) + 0. In this way, the definition of Lgis(¢)
for both H®I(F) and H*I'(F) together can be reduced to the cases of H®K (F),
H*J(F), H*K'(F) and H*J'(F). This can be done by using the descriptions of
K(F), J(F), K'(F) and J'(F), and some additional ingredients. In this way we
can define Lgis(¢), which has the desired expression plus a zeta invariant produced
by the use of the b-trace of R. Melrose [24]. However the ingredients can be chosen
so that the zeta invariant vanishes [3], and the predicted formula becomes correct.

2. PRELIMINARIES

2.1. Topological vector spaces. The field of coefficients is K = R, C. For the
general theory of topological vector spaces (TVSs), we follow the references [0, [L6],
211, BT, 28], assuming the following conventions. We always consider locally convex
spaces (LCSs), which are not assumed to be Hausdorff (contrary to the definition
of [31]); the abbreviation LCHS is used in the Hausdorff case. Local convexity
is preserved by all operations we use. For any inductive/projective system (or
spectrum) of continuous linear maps between LCSs, we have its (locally convex)



4 J.A. ALVAREZ LOPEZ7 Y.A. KORDYUKOV, AND E. LEICHTNAM

inductive/projective limit; in particular, when the inductive/projective spectrum
consists of a sequence of continuous inclusions, their union/intersection is endowed
with the inductive/projective limit topology. This applies to the locally convex
direct sum and the topological product of LCSs. LF-spaces are not assumed to be
strict. The (continuous) dual X' is always endowed with the strong topology; i.e.,
we write X' = X} with the usual notation.

Some homological theory of LCSs will be used (see [39] and references therein)
For instance, for an inductive spectrum of LCSs of the form (Xj) = (Xo € X7 C
-++), the condition of being acyclic can be described as follows [39, Theorem 6.1]:
for all k, there is some k' > k such that, for all k” > k’, the topologies of X/
and Xj» coincide on some 0O-neighborhood of Xj. In this case, X := [J, X} is
Hausdorff if and only if all X} are Hausdorff [39, Proposition 6.3]. It is said that
(Xk) is regular if any bounded B C X is contained and bounded in some step Xj.
If moreover the topologies of X and X coincide on B, then (X}) is said to be
boundedly retractive. The conditions of being compactly retractive or sequentially
retractive are similarly defined, using compact sets or convergent sequences.

If the steps X} are Fréchet spaces, the above properties of (X;) depend only on
the LF-space X [39, Chapter 6, p. 111]; thus it may be said that they are properties
of X. In this case, X is acyclic if and only if it is boundedly/compactly /sequentially
retractive [39, Proposition 6.4]. As a consequence, acyclic LF-spaces are complete
and regular [39, Corollary 6.5].

A topological vector subspace Y C X is called a limit subspace if Y = J, Yx,
where Y; = X NY}. This condition is satisfied if and only if the spectrum consisting
of the spaces X} /Y} is acyclic [39, Chapter 6, p. 110].

Assume the steps X are LCHSs. Tt is said that (X}) is compact if the inclusion
maps are compact operators. In this case, (X}) is clearly acyclic, and so X is Haus-
dorff. Moreover X is a complete bornological DF Montel space [I8, Theorem 6].

The above concepts and properties also apply to an inductive/projective spec-
trum consisting of continuous inclusions X,. C X, for r < r’ in R because N, Xr =
Ny X7\, and J, X, = |, X, for sequences 7, | —oo and s T oo.

In the category of continuous linear maps between LCSs, the exactness of a
sequence 0 - X — Y — Z — 0 means that it is exact as a sequence of linear maps
and consists of topological homomorphisms [39, Sections 2.1 and 2.2].

2.2. Smooth functions on open subsets of R". For an open U C R" (n € Ny =
NuU {0}), we will use the Fréchet space C*°(U) of smooth (K-valued) functions on
U with the topology of uniform approximation of all partial derivatives on compact
subsets, which is described by the semi-norms

(2.1) lullg,cx = sup  [0%u(z)|,
z€K, |a|<k

for any compact K C U, k € Ny and a € Nj, using standard multi-index nota-
tion. (Sometimes the notation C°.(U) is used for this space, and C*°(U) is used
for the uniform space denoted by C2(U) in this paper.) For any S C M, the
notation C3°(U) is used for the subspace of smooth functions supported in S (with
the subspace topology). (The common notation C*(S) = Cg°(U) would be con-

fusing when extended to other function spaces.) Recall also the strict LF-space of
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compactly supported functions,
(2.2) cxW) =JorW),
K

for compact subsets K C M (an exhausting increasing sequence of compact subsets
is enough).

The above definitions have straightforward generalizations to the case of func-
tions with values in K¢, obtaining

(2.3) SUK)=CRhU) oK .
The notation C°. or C* refers to both C*° and C2°.
/c c/ ¢

2.3. Vector bundles. The notation M will be used for a smooth manifold of
dimension n, and E for a (K-) vector bundle over M. The fibers of E are denoted
by E, (x € M), the zero in every E, by 0., and the image of the zero section by
0prr. Let Q%FE (a € R) denote the line bundle of a-densities of E, let QF = Q'E,
and let o(E) be the flat line bundle of orientations of E. We may use the notation
Er, = E|f, for the restriction of F to a submanifold L C M. As particular cases, we
have the tangent and cotangent R-vector bundles, T'M and T* M, and the associated
K-vector bundles o(M) = o(TM), Q°M = Q*TM and QM = QT M.

2.4. Smooth and distributional sections. Our notation for spaces of distribu-
tional sections mainly follows [25], with some minor changes to fit our application
in [4]. Some notation from [14] [I5] is also used.

Generalizing C*° (U, K!), we have the Fréchet space C>°(M; E) of smooth sections
of E, whose topology is described by semi-norms |[-||x o defined as in via
charts (U, ) of M and diffeomorphisms of triviality By = U x K!, with K C U.
This procedure is standard and will be used again with other section spaces.

Redundant notation will be removed as usual. For instance, we write C*° (M)
(respectively, C>°(M,K!)) in the case of the trivial vector bundle of rank 1 (respec-
tively, [). We also write C*°(L, E) = C*(L, Er) and C*®(M; Q%) = C>(M;Q*M).
We may write C*°(E) = C*(M; E) if M is fixed, but this may also mean the space
of smooth functions on E. In particular, X(M) = C*°(M;TM) is the Lie algebra
of vector fields. The subspace Cg°(M; E) is defined like in Section Similar
notation will be used with any LCHS and C'*°(M)-module continuously included
in C*°(M; E), or in the space C~>°(M; E) defined below.

The notation C*°(M; E), or C*°(FE), is also used with any smooth fiber bundle
FE, obtaining a completely metrizable topological space with the weak C'*° topology.

The strict LF-space C°(M; E) of compactly supported smooth sections is de-
fined like in , using compact subsets K C M. There is a continuous inclu-
sion C*(M;E) ¢ C®(M;E). If M is a fiber bundle, the LCHS CX(M; E) of
smooth sections with compact support in the vertical direction is similarly defined
using and with closed subsets K C M whose intersection with the fibers
is compact (now an exhaustive increasing sequence of such subsets K is not enough).

The space of distributional sections with arbitrary/compact support is
(2.4) C;SO(M,E) =Co . (M;E*® Q).

(In [I4], these dual spaces are endowed with the weak topology, contrary to our
convention.) Integration of smooth densities on M and the canonical pairing of E
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and E* define a dense continuous inclusion C’.@/"’C(M; E)C C’_;fjo(M; E) IftUC Mis

open, the extension by zero defines a TVS-embedding CF>(U; E) C CE>(M; E).
The above spaces of distributional sections are locally finitely C'°°(M)-generated,

and can be also described in terms of the corresponding spaces of distributions as

the algebraic tensor product as C'>°(M)-modules

(2.5) COE(ME) = C2 (M) @cse ) CF(M; E)

To show this identity, F can be realized as a vector subbundle of a trivial vector

bundle F = M x K" [12, Theorem 4.3.1]. Then, like in (2.3),

CoX(M; F) = C,2(M) @ K = C2°(M) @csar) C(M) @ K"
= C_/SO(M) ®ceo () CF(M; F)

and the spaces of clearly correspond by these identities. Expressions like ([2.5)
hold for most of the spaces of distributional sections we will consider. Thus, from
now on, we will mostly define and study spaces for the trivial line bundle or density
bundles, and then the notation for arbitrary vector bundles will be used without
further comment, and the properties have straightforward extensions.

Consider also the Fréchet space C*¥(M) (k € Ng) of C* functions, with the semi-
norms ||-||x o+ given by (2.1), the LF-space C¥(M) of C* functions with compact
support, defined like in , and the space C’f/;k (M) of distributions of order
k with arbitrary/compact support, defined like in . (A prime is added to
this notation to distinguish C’ /OC(M ) from C’_%(M ).) There are dense continuous
inclusions
(2.6) CHL(M) C Ch (M), CLIF (M) D CLIM M) (k< K),
with (), Ch (M) = C5,(M) and U, C{7*(M) = C7>(M) [28, Exercise 12.108].
The space |, C' ~*(M) consists of the distributions with some order; it is C~>°(M)
just when M is compact.

Let us recall some properties of the spaces we have seen. In addition of the
fact that C°°(M) and C*(M) are Fréchet spaces [16, Example 2.9.3], C2°(M) and
Ck(M) are complete and Hausdorff [16, Examples 2.12.6 and 2.12.8]. C%.(M) and
C’,k/ (M) are ultrabornological because this property is satisfied by Fréchet spaces
and preserved by inductive limits [28, Example 13.2.8 (d) and Theorem 13.2.11],
and therefore they are barreled [29, Observation 6.1.2 (b)]. Ci/;’C(M ) is a Montel
space (in particular, barreled) [16, Examples 3.9.3, 3.9.4 and 3.9.6 and Propo-
sition 3.9.9], [, Section 8.4.7, Theorem 8.4.11 and Application 8.4.12], [31] the
paragraph before IV.5.9], and therefore reflexive [0, Section 8.4.7], [2I] 6.27.2 (1)],
[B1, TV.5.8]. C’O/OC(M) is a Schwartz space [16], Examples 3.15.2 and 3.15.3], and
therefore C7§° (M) is ultrabornological [16] Exercise 3.15.9 (c)]. C*°(M) is distin-
guished [16, Examples 3.16.1]. C’f;’o (M) is webbed because this property is satisfied
by LF-spaces and strong duals of strict inductive limits of sequences of metrizable
LCSs [7, Proposition IV.4.6], [22, 7.35.1 (4) and 7.35.4 (8)], [28, Theorem 14.6.5].

2.5. Linear operators on section spaces. Let £ and F' be vector bundles over
M, and let A : C*(M; E) — C*(M; F) be a continuous linear map. Recall that
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the transpose of A is the continuous linear map

AV O (M F* Q) = C~°(M; E* 2 Q)
(A'v,u) = (v, Au) , v € CX(ME), veC®(M;F*®9Q).

For instance, the transpose of C°(M; E* ® Q) C C*°(M; E* ® Q) is a continuous
dense injection C;7>°(M;E) C C~>°(M; E). If A restricts to a continuous linear
map C°(M; F* @ Q) — C*(M; E* @ Q), then A" : C7°(M;E) — C~>°(M; F)
is a continuous extension of A, also denoted by A.

There are versions of the construction of A* and A' when both the domain
and codomain of A have compact support, or no support restriction. For example,
for any open U C M, the transpose of the extension by zero C*°(U; E* ® Q) C
C*(M; E* ® Q) is the restriction map C~°(M; E) — C~>(U, E), u — uly, and
the transpose of the restriction map C*°(M;E* @ Q) — C*(U, E* ® Q) is the
extension by zero C*°(U; E) C C;°°(M; E). In the whole paper, inclusion maps
may be denoted by ¢ and restriction maps by R, without further comment.

Other related concepts and results, like singular support, Schwartz kernel and
the Schwartz kernel theorem, can be seen e.g. in [24].

2.6. Pull-back and push-forward of distributional sections. Recall that any
smooth map ¢ : M’ — M induces the continuous linear pull-back map

(2.7) ¢*: C®(M;E) = C*(M';¢*E) .

Suppose that moreover ¢ is a submersion. Then it also induces the continuous
linear push-forward map

(2.8) G : CX(M'; 0" FE @ Qiper) — CZ(M; E)

where Qaper = QaperM’ = QV for the vertical subbundle V = ker ¢, C TM’. Since
¢*QM = Q(TM/V) = Qg @QM’, the transposes of the versions of (2.7) and (2:8)
with E* ® QM are continuous extensions of (2.8) and (2.7) [14, Theorem 6.1.2],

(2.9) b, C®(M'; 6" E @ Qaper) — O (M E)
(2.10) ¢ C~®(M; E) — O~ (M’ $*E) ,

also called push-forward and pull-back linear maps. The term integration along the
fibers is also used for ¢,.

If ¢ : M' — M is a proper local diffeomorphism, then we can omit Qgpe, and
the compact support condition in and (2.9), and therefore the compositions
d.¢* and ¢* ¢, are defined on smooth/distributional sections.

The space C*°(M'; ¢*E) becomes a C°°(M)-module via the algebra homomor-
phism ¢* : C>°(M) — C°°(M'), and we have

(2.11) C& (M 6" E) = C2 (M) @coo(ar) O (M E) .

Using (2.5) and (2.11]), we can describe (2.7)—(2.10]) as the C°°(M)-tensor products

of their trivial-line-bundle versions with the identity map on C°°(M;FE). Thus,
from now on, only pull-back and push-forward of distributions will be considered.
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2.7. Differential operators. Let Diff (M) be the filtered algebra and C*°(M)-
module of differential operators, filtered by the order. Every Diff™ (M) (m € Ng)
is spanned as C'*°(M)-module by all compositions of up to m elements of X(M),
considered as the Lie algebra of derivations of C7;, (M). In particular, Diff’(M) =
C>(M).

For vector bundles E and F over M, the above concepts can be extended by
taking the C'°°(M)-tensor product with C*°(M; F ® E*), obtaining Diff ™" (M; E, F)
(Diff (M ; E) being obtained if E = F); here, redundant notation is simplified like
in the case of C**°(M; E) (Section . If £ is a line bundle, then

Diff"™(M; E) = Diff"™(M) ®ces (M) C*®(M;E® E")
(2.12) = Diftf"™" (M) Qoo (a) C*™(M) =Diff ™" (M) .

Any A € DIt (M; E) defines a continuous linear endomorphism A of C,/C(M; E).
We get At € Diff""(M; E* ® Q) using integration by parts. So A has continuous
extensions to a continuous endomorphism A of C;SO(M  E) (Section. A similar
map is defined when A € Diff"™"(M; E, F).

Other related concepts like symbols and ellipticity can be seen e.g. in [24].

2.8. L? sections. Recall that the Hilbert space L?(M;Q'/?) of square-integrable
half-densities is the completion of C2°(M;Q'/?) with the scalar product (u,v) =
Jy; u0. The induced norm is denoted by |-||.

If M is compact, the space L?(M; E) of square-integrable sections of E can be
described as the C'(M)-tensor product of L?(M;QY/?) and C®°(M;Q~'/?®FE). Tt
becomes a Hilbert space with the scalar product (u,v) = [, (u,v)w determined by
the choice of a Euclidean/Hermitian structure (-,-) on E and a non-vanishing w €
C>*(M; ). The equivalence class of its norm ||-|| is independent of those choices;
in this sense, L?(M; E) is called a Hilbertian space if no norm is distinguished.

When M is not assumed to be compact, any choice of (-,-) and w can be used to
define L*(M; E) and (-,-). Now L?(M; E) and the equivalence class of ||| depends
on the choices involved. The independence still holds for sections supported in any
compact K C M, obtaining the Hilbertian space L% (M; E). Then we get the strict
LF-space L2(M; E) is defined like in (2.2). On the other hand, let
(2.13) LY (M;E) ={ueC ®(M;E) | C®(M)uC LZ(M;E) } ,

loc
which is a Fréchet space with the semi-norms u +— || fxul|, for a countable partition
of unity {fx} € C°(M). If M is compact, then LIQOC/C(M; E)=L?(M;E) as TVSs.

The spaces L2 , (M; E) satisfy the obvious version of (2.4)).

loc/c
Any A € Diff"™"(M; E) can be considered as a densely defined operator in
L?(M;E). Integration by parts shows that the adjoint A* is defined by an ele-
ment A* € Diff""(M; E) (the formal adjoint of A).

2.9. L sections. A Euclidean/Hermitian structure can be also used to define the
Banach space L (M; E) of its essentially bounded sections, with the norm ||u||pe =
esssup, e |u(x)|. There is a continuous injection L>(M; E) C L (M; E). If M
is compact, then the equivalence class of |||~ is independent of (-, ).

2.10. Sobolev spaces.
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2.10.1. Local and compactly supported versions. Recall that the Fourier transform,
f +— f, defines a TVS-automorphism of the Schwartz space S(R™), which extends
to a TVS-automorphism of the space S(R™)’ of tempered distributions [14, Sec-
tion 7.1]. In turn, for every s € R, this automorphism of S(R™)’ restricts to unitary
isomorphism

(2.14) HY(R™) = L2(R", (1 + |€2)°de), fer f

for some Hilbert space H*(R"™), called the Sobolev space of order s of R™. There is
a canonical continuous inclusion H*(R™) C C~*°(R"™).

For any compact K C R", we have the Hilbert subspace Hj (R") C H*(R")
of elements supported in K. Then the LCHSs HZ,  (U) are defined like in
and , using the spaces Hj (R™) for compact subsets K C U. They are con-
tinuously included in C’C_/?O(U ).

For a manifold M, the definition of the LCHSs H{) .(M) can be extended in
a standard way, by using a locally finite atlas and a partition of unity consisting
of compactly supported smooth functions. These are the compactly supported and
local versions of the Sobolev space of order s of M. They are continuously included

in € (M),

2.10.2. Case of compact manifolds. Suppose for a while that M is compact. Then
H*(M) = H{_ (M) = H:(M) is a Hilbertian space called the Sobolev space of

loc

order s of M. We have

(2.15) H™*(M)=H*(M;Q)",

given by . Moreover there are dense continuous inclusions,
(2.16) H*(M) c H¥ (M) ,

for s’ < s, and

(2.17) H*(M) c C*(M) c H*(M) ,

(2.18) H™(M) > C' ™M) > H M),

for s > k 4+ n/2. The first inclusion of (2.17)) is the Sobolev embedding theorem,

and (2.18) is the transpose of the version of (2.17) with QM. Moreover the in-
clusions (2.16)) are compact (Rellich theorem). So the spaces H _, (M) form a

oc/c
compact spectrum with

(2.19) Co(M)=(H (M) C~>(M)=|JH (M),

Any A € DI (M; E) defines a bounded operator A : H*t™(M; E) — H*(M; E).
It can be considered as a densely defined operator in H*(M; E), which is closable
because, after fixing a scalar product in H*(M; E), the adjoint of A in H*(M; E)
is densely defined since it is induced by A € Diff™(M; E* @ Q) via the identity
H*(M;E)= H*(M;E) = H*(M; E* ® ), where the bar stands for the complex
conjugate. In the case s = 0, the adjoint of A is induced by the formal adjoint
A* € Diff"™(M; E).

By the elliptic estimate, a scalar product on H*(M) can be defined by (u,v)s =
(1 + P)*u,v), for any choice of a nonnegative symmetric elliptic P € Diff?(M),
where (-,-) is defined like in Section and (1 + P)® is given by the spectral
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theorem for all s € R. The corresponding norm ||-||s is independent of the choice of
P. For a vector bundle E, a precise scalar product on H*(M; E) can be defined as
above, using any choice of a Euclidean/Hermitian structure (-,-) on E and a non-
vanishing w € C°°(M; Q) (Section , besides a nonnegative symmetric elliptic
P € Diff*(M; E). If E = Q'Y2M, then (-,-), can be defined independently of (-, -)
and w (Section [2.8)).

If s € Ny, we can also describe
(2.20) H*(M) ={ue€ O™ (M) | Diff*(M)u c L*(M)},
(2.21) H~*(M) = Diff*(M) L*(M) ,

with the respective projective and injective topologies given by the maps A :
H*(M) — L*(M) and A : L?>(M) — H=%(M) (A € Diff*(M)).

2.10.3. Eztension to non-compact manifolds. If M is not assumed to be compact,
then H*(M; E) can be defined as the completion of C°(M; E) with respect to the
scalar product (-,-)s defined by the above choices of (-,-), w and P; in this case,
H*(M; E) and the equivalence class of ||-||s depends on the choices involved. For
instance, in , H?*(R™) can be also described with the Laplacian of R™ and
the standard density and Euclidean/Hermitian structure. The version of
with F can be used to define H™*(M;FE). With this generality, the versions

of (2.20]), (2.21)), the right-hand side inclusions of (2.17) and ([2.18)), and the in-
(2.16

clusions “C” of (2.19) are wrong, but the versions of (2.16)), the left-hand side con-
tinuous inclusions of and , and the continuous inclusion “>” of
are true. Thus the intersection and union of define new LCHSs H*>(M),
which are continuously included in C*>°(M). Any A € Diff”"(M; E) defines con-
tinuous linear maps A : H®, (M;E) — H®, ™(M; F).

c/loc c/loc

2.11. Weighted spaces. Assume first that M is compact. Take any h € C*®°(M)
which is positive almost everywhere; for instance, {h = 0} could be any countable
union of submanifolds of positive codimension. Then the weighted Sobolev space
hH*(M;E) is a Hilbertian space; a scalar product (-, -)ppm- is given by (u, v)ppgs =
(h~Yu, h~1v),, depending on the choice of a scalar product (-,-), on H*(M; E) like
in Section The corresponding norm is denoted by ||-||5z=. In particular, we
get the weighted L? space hL?(M; E). We have h > 0 just when hH™(M; E) =
H™(M; E); in this case, (-,-)pxs can be described like (-, ), using h~2w instead of
w. Thus the notation hH™(M; E) for h > 0 is used when changing the density;
e.g., if it is different from a distinguished choice, say a Riemanian volume.

If M is not compact, hH*(M; E) and (u,v),g- depend on h and the chosen
definitions of H*(M;E) and (u,v), (Section 2.10). We also get the weighted
spaces hH®, (M;E), and the weighted Banach space hL>°(M; E) with the norm

c/loc

llullnze = ||h~ u||p~. There is a continuous injection hL>°*(M; E) C hL? (M; E).

loc

2.12. Bounded geometry. Concerning this topic, we follow [10, 30} 35| 32, [33];
see also [2] for the way we present it and examples.

2.12.1. Manifolds and vector bundles of bounded geometry. The concepts recalled
here become relevant when M is not compact. Equip M with a Riemannian metric
g, and let V denote its Levi-Civita connection, R its curvature and inj,, > 0 its
injectivity radius (the infimum of the injectivity radius at all points). If M is
connected, we have an induced distance function d. If M is not connected, we can
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also define d taking d(p, ¢) = oo if p and ¢ belong to different connected components.
Observe that M is complete if inj,, > 0. For r > 0 and p € M, let B(p,r) and
B(p,r) denote the open and closed r-balls centered at p.

Recall that M is said to be of bounded geometry if inj,; > 0 and sup |[V™R| < oo
for every m € Ny. This concept has the following chart description.

Theorem 2.1 (Eichhorn [10]; see also [30, 32, B3]). M is of bounded geometry if
and only if, for some open ball B C R™ centered at 0, there are normal coordinates
at every p € M defining a diffeomorphism y, : V,, = B such that the corresponding
Christoffel symbols I‘;k, as a family of functions on B parametrized by i, j, k and
p, lie in a bounded set of the Fréchet space C*°(B). This equivalence holds as well
replacing the Cristoffel symbols with the metric coefficients g;;.

From now on in this subsection, assume M is of bounded geometry and consider
the charts y, : V, = B given by Theorem The radius of B is denoted by rg.

Proposition 2.2 (Schick [32] Theorem A.22], [33, Proposition 3.3]). For every
o € Ny, the function |8a(yqyzjl)| is bounded on y,(V,NVy), uniformly on p,q € M.

Proposition 2.3 (Shubin [35, Appendix Al.1, Lemma 1.2]). For any 0 < 2r < rq,
there is a subset {py} C M and some N € N such that the balls B(py,r) cover M,
and every intersection of N + 1 sets B(pg,2r) is empty.

A vector bundle E of rank [ over M is said to be of bounded geometry when it
is equipped with a family of local trivializations over the charts (Vj,y,), for small
enough 7, with corresponding defining cocycle apq : V, NV = GL(I,K) C KX
such that, for all & € Ng, the function [0*(apqy, )| is bounded on y,(V, N V),
uniformly on p,q € M. When referring to local trivializations of a vector bundle
of bounded geometry, we always mean that they satisfy this condition. If the
corresponding defining cocycle is valued in the orthogonal/unitary group, then E
is said to be of bounded geometry as a Euclidean/Hermitian vector bundle.

2.12.2. Uniform spaces. For every m € Ny, a function u € C™ (M) is said to be C"™ -
uniformy bounded if there is some Cp, > 0 with |Vm,u| < C,, on M for all m' < m.
These functions form the uniform C™ space C7 (M), which is a Banach space with
the norm ||-[[cm defined by the best constant C,. Equivalently, we may take the
norm ||H’C$) defined by the best constant Cj, > 0 such that |[8*(uy,')| < C}, on
B for all p € M and |a|] < m; in fact, it is enough to consider any subset of points
p so that {V,} covers M [32, Theorem A.22], [33] Proposition 3.3]. The uniform
C> space is Cop (M) =, Civ (M). This is a Fréchet space with the semi-norms
[-llcm or H||’C&L) It consists of the functions u € C'*°(M) such that all functions

ub

uy, ! lie in a bounded set of C*(B), which are said to be C*°-uniformy bounded.

The same definitions apply to functions with values in C!. Moreover the defi-
nition of uniform spaces with covariant derivative can be also considered for non-
complete Riemannian manifolds.

Proposition 2.4 (Shubin [35, Appendix Al.1, Lemma 1.3]; see also [33, Proposi-
tion 3.2]). Givenr, {pi} and N like in Propositz'on there is a partition of unity
{fr} subordinated to the open covering {B(pk,r)}, which is bounded in the Fréchet
space C0(M).
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For a Euclidean/Hermitian vector bundle E of bounded geometry over M, the
uniform C™ space CTp(M; E), of C™-uniformly bounded sections, can be defined
by introducing ||||’C,,£ like the case of functions, using local trivializations of E to
consider every uyp_1 in C™(B,C!) for all u € C™(M; E). Then, as above, we get
the uniform C*° space C52(M; E) of C*-uniformly bounded sections, which are
the sections u € C*°(M; E) such that all functions uy;l define a bounded set of

°°(B;C!). In particular, X,,(M) := CX(M;TM) is a C3(M)-submodule and
Lie subalgebra of X(M). Observe that

(m')

(2.22) Cyp(M) ={ue C™(M) | Xup(M) -+ Xup(M)u C L¥(M) VYm' <m} .

2.12.3. Differential operators of bounded geometry. Like in Section 2.7} by using
Xup(M) and C (M) instead of X(M) and C*°(M), we get the filtered subalgebra
and Cgy (M )-submodule Diff ., (M) C Diff(M) of differential operators of bounded
geometry. Moreover this concept can be extended to vector bundles of bounded
geometry E and F over M by taking the C2(M)-tensor product of Diffy, (M)
and CX(M; F ® E*), obtaining the filtered C% (M )-submodule Diff,,(M; E, F) C
Diff(M; E, F) (or Diff,(M; E) if E = F). Bounded geometry of differential oper-
ators is preserved by compositions and by taking transposes, and by taking formal
adjoints in the case of Hermitian vector bundles of bounded geometry; in particular,
Diff ., (M; E) is a filtered subalgebra of Diff(M; E). Like in (2.12)), we have

(2.23) Diff[}, (M; 2?) = Diff}, (M) .

Every A € Diff} (M; E) defines continuous linear maps A : C".PF(M; E) —
C* (M;E) (k € Np), which induce a continuous endomorphism A of C%(M; E).
It is said that A is uniformly elliptic if there is some C > 1 such that, for all p € M
and £ € T, M, its leading symbol o, (A) satisfies

CHEI™ < lom(A)(p, )| < Cle™ .

This condition is independent of the choice of the Hermitian metric of bounded
geometry on E. Any A € Diffl} (M; E, F') satisfies the second inequality. The case
where A € Diff [ (M; E, F') is similar.

2.12.4. Sobolev spaces of manifolds of bounded geometry. For any Hermitian vector
bundle E of bounded geometry over M, any nonnegative symmetric uniformly
elliptic P € Diff2, (M; E) can be used to define the Sobolev space H*(M; E) (s € R)
with a scalar product (-,-)s (Section . Any choice of P defines the same
Hilbertian space H*(M; E), which is a C°3(M)-module. In particular, L?(M; E) is
the O (M)-tensor product of L?(M;Q'/?) and C%(M; E ® QY/?), and H*(M; E)
is the Cg5 (M)-tensor product of H*(M) and C3(M; E). For instance, we may take
P = V*V for any unitary connection V of bounded geometry on E. For s € Ny,
the Sobolev space H*(M) can be also described with the scalar product

o)y = 30 3 [ @) 0w @) () @) o
k |al<s
using the partition of unity {fx} given by Proposition [2.4] [32, Theorem A.22], [33]
Propositions 3.2 and 3.3], [35, Appendices A1.2 and A1.3]. A similar scalar product
(+,-). can be defined for H*(M; E) with the help of local trivializations defining

S

the bounded geometry of E. Every A € Diff]} (M; F) defines bounded operators
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A: H™S(M; E) — H*(M; E) (s € R), which induce a continuous endomorphism
A of H*>®(M;E). For any almost everywhere positive h € C°°(M), we have
hH™(M; E) = H™(M; E) if and only if h > 0 and h*! € C2(M).

Proposition 2.5 (Roe [30, Proposition 2.8]). If m’ > m+n/2, then H™ (M; E) C
™ (M; E), continuously. Thus H*(M; E) C Cx(M; E), continuously.

3. SYMBOLS
The canonical coordinates of R® x R! (n,l € Np) are denoted by (z,£&) =
(.. 2™ €€, and let do = dot A - Ada™ and d¢ = dEP A oo A dEL
Recall that a symbol of order at most m € R on U x R!, or simply on U, is a

function a € C>°(U x R!) such that, for any compact K C U, and multi-indices
a €Ny and 8 € N},

020 a(, )|
(3.1) lallk,a,8,m == sup ——s—= <00.
.00 ek, ert (14 [€])m=18l

The set of symbols of order at most m, S™(U x R!), becomes a Fréchet space with
the semi-norms ||| ,a,8,m given by (3.I)). There are continuous inclusions
(3.2) S™U xRY c ™ (U xRY  (m<m'),
giving rise to the LCSs
S®(WU xR = JS™U xR, S™UxR)=()S"UxR".

The LF-space S (U x R!) is a filtered algebra and C>°(U)-module with the point-
wise multiplication. The Fréchet space S™°°(U x R!) is a filtered ideal and C*°(U)-
submodule of S*°(U x R!). The homogeneous components of the corresponding
graded algebra are

Sm(U x RY = 8™(U x RY/S™ YU x RY) .

The notation S™(R!), S (R!), etc. is used when U = R® = {0}; in this case, the
subscripts K and « are omitted from the notation of the semi-norms in (3.1)).
Since S°(U x R!) is an LF-space, we get the following (see Section [2.4)).

Proposition 3.1. S®(U x R!) is barreled, ultrabornological and webbed.
There are continuous inclusions (see Section [2.4|for the definition of C2°(U x R!))
(3.3) CX (U xRY c S™°U xR, S®U xR cC®U xRY ;

in particular, $°°(U x R!) is Hausdorff. According to (2.1)) and (3.3)), we get contin-
uous semi-norms ||| cx on S (U x RY), for any compact @ C U x R" and k € Ny,
given by

(3.4) lallger = swp |020la(a,€)].
(x,£)€Q, |al+|BI<k
With the notation of (3.1, consider also the continuous semi-norms |[|-||’x , 5., on
S™(U x RY) given by
020¢ o=, €)|

/ — Q 3 ~
(3.5) Ha||K7a”3,m = sup lim sup RE

z€K |€]—o0
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In the case of S™(R'), the subscripts K and « are omitted from the notation of the

semi-norms (|3.5)).

Proposition 3.2. The semi-norms (3.4) and (3.5) together describe the topology
of S™(U x RY).

Proof. Let S'™(U x R!) denote the LCHS defined by endowing the vector space
S™(U xR!) with the topology induced by the semi-norms (3.4)) and together; in
fact, countably many semi-norms of these types are enough to describe its topology
(taking exhausting increasing sequences of compact sets), and therefore S’™ (U x R!)
is metrizable. Let S’ ™ (U x R") denote its completion, where the stated semi-norms
have continuous extensions. There is a continuous inclusion S’ ™(U xR!) ¢ C*°(U x
R!), which can be extended to a continuous map ¢ : &'™(U x R!) — C°°(U x RY)
because C°(U x R!) is complete. For any a € §’m(U x R, and K, o and S like
in (3.5), since [[¢(a)ll’ 0 p.m = lallxapm < o0, there are C, R > 0 so that, if
x € K and |£| > R, then

020 ¢(a) (x, 6)|

— <.

1+ ghm=ter =

Let Br C R! denote the open ball of center 0 and radius R. For Q = K x Bg C
U x R and k = |a| + |B], since ||¢(a)||g.cr = |lallg.or < oo, there is some C’ > 0
such that |8§‘8§¢(a)(x,§)| < ' for (x,€) € Q, yielding

[929¢6(a)@.6)] _ [ i 3] <m
(14 [e)m=1ol =1 C'(1+ R)PI=™ £ |8 > m .

This shows that ||¢(a)|| .a.5.m < 00, obtaining that a = ¢(a) € S™(U x R'). Hence
S'™(U x RY) is complete, and therefore it is a Fréchet space. Thus the identity map
S™(U x RY) — §'™(U x R!) is a continuous linear isomorphism between Fréchet
spaces, obtaining that it is indeed a homeomorphism by a version of the open
mapping theorem [21], Section 15.12], [31), Theorem I1.2.1], [28, Theorem 14.4.6]. O

Proposition 3.3. For m,m’ € Ny, a € N}, 8 € N} and any compact K C U, if
m <m/, then ||| o gm =0 on S™(U x RY).

Proof. According to (3.5), for all a € S™(U x RY),

all) s = [lalf} lim |¢[™™ =0. O
Jallca e = Nl Jim_ €]
Corollary 3.4. For m < m/, the topologies of S™ (U x RY) and C=(U x R
coincide on S™(U x RY). Therefore the topologies of S™(U x RY) and C=(U x R!)
coincide on S™(U x RY).

Proof. The first assertion is a consequence of Propositions and

To prove the second assertion, by , it is enough to show that the topology
of §%°(U x R!) is finer or equal than the topology of C*°(U x R!) on S™(U x R!).
For every open O C S®(U x R') and m’ > m, since O N S™ (U x R!) is open
in S™ (U x RY), it follows from the first assertion that there is some open P C
C>(U x RY) such that O N S™(U x RY) = PN S™(U x RY). O

Corollary 3.5. Form < m/, C®(U xR!) is dense in S™(U x R') with the topology
of S™ (U x RY). Therefore C°(U x R) is dense in S™(U x R).



TOPOLOGY OF THE SPACE OF CONORMAL DISTRIBUTIONS 15

Proof. The first assertion is given by Corollary and the density of C°(U x R!)
in C=(U x RY).

To prove the second assertion, take any open O # () in S®°(U x R!). We have
ONS™(U x RY) # ( for some m. This intersection is open in S™(U x R!) with the
topology of any S™ (U x R!) for all m’ > m. So O NCX(U x RY) # () by the first
assertion. O

Corollary 3.6. S®(U x R!) is an acyclic Montel space, and therefore complete,
boundedly retractive and reflexive.

Proof. Corollary [3.4] gives the property of being acyclic, and therefore complete and
boundedly retractive (Section [2.1)). Since S (U x R!) is barreled (Proposition
and every Montel space is reflexive [21], 6.27.2 (1)], [0, Section 8.4.7], [31] after the
examples of IV.5.8], it only remains to prove that S (U x R!) is semi-Montel.
Take any closed bounded subset B C S (U x R!); in particular, B is complete
because S>°(U x R!) is complete. Since S (U x R!) is boundedly retractive, B is
contained and bounded in some S™(U x R!), and the topologies of S (U x R!)
and S™(U x R!) coincide on B. By Corollary it follows that B is a complete
bounded subspace of C=(U x R!), and therefore closed because C°(U x R!) is
complete. So B is compact because C°(U x R!) is a Montel space. ([

Remark 3.7. Another proof of Corollary [3.5] could be given like in Proposition

Remark 3.8. Despite of Corollary[3.4] the following argument shows that the second
inclusion of is not a TVS-embedding. Let a,, € S®(U x R!) (m € Np) such
that a,,(z,&) = 0 if [€}] < m, and ap,(x,€) = (€2 —m)™ if |€Y] > m + 1. Then
A € S™(U x RH\ S™1(U x RY) and a,, — 0in C=°(U x R') as m 1 co. However
am 7 01in S*®(U x R!); otherwise, since S®(U x R!) is sequentially retractive
(Corollary , all a,, would lie in some step S™° (U x R!), a contradiction.

With more generality, a symbol of order m on a vector bundle E over M is a
smooth function on F satisfying via charts of M and local trivializations of F,
with K contained in the domains of charts where E is trivial. As above, they form
a Fréchet space S™(F) with the topology described by the semi-norms given by
this version of . The version of in this setting is true, obtaining the cor-
responding inductive and projective limits S*>°(E), and quotient spaces S(™ (E).
We can similarly define the norms and on S™(E), and Propositions
and [3.3 and Corollaries [3.4] to [3.6] can be directly extended to this setting.

Given another vector bundle F' over M, we can further take the C*°(M)-tensor
product of these spaces with C>°(M; F'), obtaining the spaces S™(E; F), S*°(E; F)
and S (E; F ), satisfying analogous properties and results. Now becomes

CX(E;nm*F)C ST®(E;F), S*(E;F)CC>®(E;n"F),

where 7 : E — M is the vector bundle projection.

4. CONORMAL DISTRIBUTIONS

4.1. Differential operators tangent to a submanifold. Let L is a regular
submanifold of M of codimension n’ and dimension n’”, which is a closed subset.
Let X(M, L) C X(M) be the Lie subalgebra and C'*° (M )-submodule of vector fields
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tangent to L. Using X(M, L) instead of X(M ), we can define the filtered subalgebra
and C*°(M)-submodule Diff (M, L) C Diff (M) like in Section We have

(4.1) A € Diff(M, L) = A € Diff(M, L; ) .

By the conditions on L, every Diff™(M, L) (m € Np) is locally finitely C*°(M)-
generated, and therefore Diff (M, L) is countably C°°(M )-generated. The surjective
restriction map X(M, L) — X(L), X — X|r, induces a surjective linear restriction
map of filtered algebras and C°°(M)-modules,

(4.2) Diff(M,L) — Diff (L), A~ A|L .
Let (U,z) be a chart of M adapted to L; i.e., for open subsets U’ C R™ and
U’ c R"”,
r=(z',...,2") = (2',2"): U —=U xU",

, Lo:=LNU={2"=0}.

T :(Ill '”’x/n)’ I//:(Lliﬂl,...,x/m”)

If L is of codimension one, then we will use the notation (z,y) instead of (', z").
For every m € Ny, Diff ™ (U, L) is C°°(U)-spanned by the operators x’aaf,ag,/ with

8|+ |v| <m and |a| = |8|; we may use the generators 028, x' as well, with the
Y Yy g 'Yz
same conditions on the multi-indices.

4.2. Conormal distributions filtered by Sobolev order.

4.2.1. Case of compact manifolds. Suppose first that M is compact. Then the
space of conormal distributions at L of Sobolev order at most s € R is the LCS and
C*°(M)-module

(4.3) I(M,L) = {uec C~(M) | Diff(M,L)u C H*(M)},
with the projective topology given by the maps P : I8)(M,L) — H*(M) (P €
Diff (M, L)).
Proposition 4.1. I(S)(M, L) is a totally reflexive Fréchet space.
Proof. For any countable C'*°(M)-spanning set {P; | j € No} of Diff(M, L), the
space 1()(M, L) has the projective topology given by the maps P; : I®)(M, L) —
H*(M). Let

I(M,L) = {uec C™(M) | Pjuc H* (M), j=0,...,k},

with the projective topology given by the maps P; : I(®)(M,L) — H*(M) (j =
0,...,k). We can assume Py = 1, and therefore I(()s)(M, L) = H*(M). Every
1 ,Es)(M , L) is a Hilbert space with the scalar product

k
(u, V)s 1 = Z(Pju,Pjv>S ,
§=0
there are continuous inclusions I,if)(M, L)cC I,is)(M, L) (k< k'), and I®®)(M,L) =
an I,Es) (M, L). So I®)(M, L) is a totally reflexive Fréchet space [38, Theorem 4]. [
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We have continuous inclusions
(4.4) IO(M,L) c I¥)V(M, L) (s <s),
and consider the LCSs and C'*°(M)-modules
I(M,L) = JI1(M, L), 1(M,L)=(I""(M,L).

I(M,L) is an LF-space, and I(®)(M, L) is a Fréchet space and submodule of
I(M,L). The elements of I(M,L) are called conormal distributions of M at L
(or of (M, L)). The spaces I¢)(M, L) form the Sobolev order filtration of I(M, L).
From , it follows that there are canonical continuous inclusions,

(4.5) C®(M) c I™(M,L), I(M,L)c C~>(M);
in particular, I(M, L) is Hausdorff.

Since every I*)(M, L) is a Fréchet space (Proposition , the following analog
of Proposition holds true by the same reason.

Corollary 4.2. I(M, L) is barreled, ultrabornological and webbed.

4.2.2. Eztension to non-compact manifolds. If M is not assumed to be compact,
we can similarly define the LCHS I'7)(M, L) by using C,2°(M) and Hy, . (M).
Every I®)(M, L) is a Fréchet space, as follows like in the proof of Proposition
using the Fréchet spaces Hf (M). We can describe LES)(M7 L) = Ug I}?(M,L)
like in (2.2)), which is a strict LF-space because every IS)(M , L) satisfies an ana-
log of Proposition u Therefore I.(M,L) = |, IC(S)(M, L) is an LF-space [28]
Exercise 12.108]; moreover I.(M,L) = i Ix(M,L). We also have the Fréchet
space Lgoo)(M, L) =, LES)(M, L). All of these spaces are modules over C*°(M);

I.(M, L) is a filtered module and LSOO)(M, L) a submodule. The extension by zero
defines a continuous inclusion I.(U,LNU) C I.(M, L) for any open U C M. We
also define the space [ (OO)(M ,L) like in the compact case, as well as the space
U, I®®)(M, L), which consists of the conormal distributions with a Sobolev order.
But now let (cf. [I5, Definition 18.2.6])

(4.6) I(M,L)={ueC (M) | C(M)uc I.(M,L)},

which is a LCS with the projective topology given by the (multiplication) maps
fj + I(M,L) — I.(M, L), for a countable partition of unity {f;} C C°(M). We
have I(M, L) = |J, I*)(M, L) if and only if L is compact; thus the spaces I(*) (M, L)
form a filtration of I(M, L) just when L is compact. There is an extension of (|4.5))

for non-compact M, taking arbitrary /compact support; in particular, I.,.(M, L) is
Hausdorff.

4.3. Filtration of I(M, L) by the symbol order.

4.3.1. Local description of conormal distributions with symbols. Consider the no-
tation of Section [.1] for a chart (U,z = (2,2")) of M adapted to L. We use the
identity U” x R" = N*U”, and the symbol spaces S™(U” x R") = S™(N*U")
(Section [3). Define

(4.7) CX(N*U"Y - C>®WU), aw—u,

(4.8) CX(U) — C*(N*U"), ura,
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by the following partial inverse Fourier transform and partial Fourier transform:

u(w) = (20) " [ Oalar ) de

R"'
a(z”,€) :/ / e W Oy (! 2" da'
RTL

Proposition 4.3 ([15, Theorem 18.2.8], [25, Proposition 6.1.1], [27, Lemma 9.33]).
If s < —im—n'/2, then [&7) has a continuous extension S™(N*U") — I¢)(U, Ly).
If m > —s —n'/2, then (4.8) induces a continuous linear map IC(S)(U, Ly) —
S™(N*U").

Remark 4.4. The continuity of the maps of Proposition is not stated in [I5]

Theorem 18.2.8], [25, Proposition 6.1.1], [27, Lemma 9.33], but it follows easily
from their proofs.

When applying Proposition to M via (U, ), it will be convenient to use
aldé] € S™(N*U";QN*U") = S™(N*Lo; QN*Lg) .

4.3.2. Case of compact manifolds. Assume first that M is compact. Take a finite
cover of L by relatively compact charts (U;,z;) of M adapted to L, and write
L; =LNU,. Let {h, f;} be a C> partition of unity of M subordinated to the open
covering {M \ L,U;}. Then I(M, L) consists of the distributions v € C~*°(M)
such that hu € C*°(M \ L) and fju € I,(U;,L;) for all j. Then, according to
Proposition every fju is given by some a; € S®(N*L;; QN*L;). For

(4.9) m=m+n/4d—n'/2,

the condition a; € S™(N*Lj;QN*L;) describes the elements u of a C(M)-
submodule I"™(M,L) C I(M,L), which is independent of the choices involved
[27, Proposition 9.33] (see also [25, Definition 6.2.19] and [36, Definition 4.3.9]).
Moreover, applying the versions of semi-norms (2.1) on C*°(M \ L) to hu and ver-
sions of semi-norms (3.1) on S™(N*L;;QQN*L;) to every a;, we get semi-norms
on I"™(M, L), which becomes a Fréchet space |25, Sections 6.2 and 6.10]. In other
words, the following map is required to be a TVS-embedding:
(4.10)  I™(M,L) - C®(M\ L) & [[S™(N*L;; QN*L;) ,  urs (hu, (a;)) -
J
The version of (3.2) for the spaces S™(N*L;; QN*L;) gives continuous inclusions

(4.11) I'™(M,L) C I (M,L) (m<m').

The element o, (u) € S (N*L; QN*L) represented by > a; € S™(N*L;QN*L)
is called the principal symbol of w. This defines the exact sequence

0— I"™YM,L) — I™(M, L) 2= S™(N*L; QN*L) - 0.
From Proposition and , we also get continuous inclusions
(4.12) JEm=n/Ar O (©N Ly  T™(ML L) € 1T AT (ML)
for all m € R and € > 0 (cf. [25, Eq. (6.2.5)], [27, Eq. (9.35)]). So
I(M,L)=|JI™(M, L), I®(M,L)=I">(M,L):=()I"(M,L).
m

m
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The spaces I"™ (M, L) form the symbol order filtration of I(M, L). The maps (4.10)
induce a TVS-embedding

(4.13) I(M,L) —» C*(M\ L)& [[ S®(N*L;; QN*L;) .

J
Corollary 4.5. For m < m/,m/, the topologies of I (M, L) and I"™" (M, L) co-
incide on I"™(M, L).

Proof. Use Corollary and the TVS-embeddings (4.10). O

Corollary 4.6 ([25, Eq. (6.2.12)]). For m < m/, C*(M) is dense in I"™ (M, L)
with the topology of I'™ (M, L). Therefore C>°(M) is dense in I(M, L).

Proof. C*(M) is contained in the stated spaces by .

Let us prove the first density, and the second one follows like in Corollary
Given u € I"™(M, L), let a; € S™(N*L;; QN*L;) be the symbol corresponding to
fju by Proposition like in . By Corollary . there is a sequence b; ;, €
CP(N*Lj; QN*Lj) converging to a; in gm' (N*L;; QN*L;) (7’ = m’—l—n/4—n’/2).
Let v; 1, be the sequence in C*°(U) that correbpondb to b; i via ; it converges to
fjuin I™(U,L) as k — oo by Proposition Take functlons fj € C(U;) with
fj =1 onsupp f;. Then fjv;x — fjuin I (U L), and therefore hu + 3, fivjx €

C°°(M) is convergent to u in I"™ (M, L). O

Corollary 4.7. I(M, L) is an acyclic Montel space, and therefore complete, bound-
edly retractive and reflexive.

Proof. Like in Corollary [3.6, by Corollaries [ and -, it is enough to prove that
I(M, L) is semi-Montel. The TVS- embeddmg is closed because I(M, L) is
complete. Then I(M, L) is semi-Montel because C°° (M\L) and S®(N*L;; QN*L;)
are Montel spaces (Corollary, and this property is inherited by closed subspaces
and products [I6, Propositions 3.9.3 and 3.9.4], [28, Exercise 12.203 (c)]. O

Remark 4.8. The reflexivity of I(M, L) is also a consequence of the reflexivity of
I¢)(M, L) (Proposition and the regularity of I(M, L) (Corollary 4.7) [23].

4.3.3. Eztension to non-compact manifolds. When M is not assumed to be com-
pact, the definition of I" (M, L) can be immediately extended assuming {U;} is
a locally finite cover of L, obtaining an analog of . We can similarly de-
fine I (M, L) for all compact K C M, and take I7*(M,L) = |Jy IR (M, L) like
in . The space of conormal distributions with a symbol order is | J,,, I"™ (M, L),
and let 17,2°(M,L) =, I'},(M,L). There are extensions of (£.10)-(4.13) and
Corollaries and -, 6 with arbitrary/compact support (using direct sums instead
of products in the case of compact support). So (J,, I™(M,L) = I®)(M, L),
I(M,L) =, I7(M, L) and 1) (M, L) = I,°(M, L). Corollary [4.7) can be ex-
tended with (J,, I (M, L) and I.,.(M, L), except acyclicity in the case of (M, L).

4.4. Dirac sections at submanifolds. Let NL and N*L denote the normal and
conormal bundles of L. We have identity QNL® QL = QM. The transpose of the
restriction map C27 (M; E* @ QM) — C (L; E* ® QM) is a continuous inclusion
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(4.14) CoE(LE®QINL) C C (M E),

u—0p, (0f,v) =(w,v[r), veECH(M;E"®Q).
By restriction of (4.14)), we get a continuous inclusion [I1], p. 310],
(4.15) F(LE®QTINL) C C 2 (M; E) ;

in this case, we can write (0%,v) = [, uwv|p. This is the subspace of §-sections or
Dirac sections at L. Actually, the following sharpening of (4.15) is true.

Proposition 4.9. The inclusion (4.15)) induces a continuous injection
S(LEQQINL) C Hy, . (M;E) (s < —n'/2)
with )
S(LE®QINL)NH" P (M;E)=0.

loc/c

Proof. First, take M =R", L =R" x {0} = R"" and E = M x C (the trivial line
bundle). Let dp be the Dirac mass at 0 in R™ . For any ¢ € S(R"”), consider the
tensor product distribution ¢ ® §p € S(R™)’ [14], Section 5.1]. Its Fourier transform
ispRd = o1 If § # 0, then p @ 1 € L2R"™, (1 + |¢]?)* d€) if and only if
1€ L2(R™, (1 + |¢[?)® d€), which holds just when s < —n’/2. Moreover the map
SR™) = LAR™, (L+[¢°)° dg) . ¢ d®1,

is continuous if s < —n'/2. Thus (2.14) yields versions of the stated properties
using S(R™") and H*(R").

For arbitrary M, L and F, the result follows from the previous case by using

a locally finite atlas, a subordinated partition of unity, and diffeomorphisms of
triviality of F. O

For instance, for any p € M and u € E, ® Q;'M, we get 6% € H(M;E) if
s < —n/2, with (6,,v) = u-v(p) for v € C°(M; E* ® ), obtaining a continuous
map
MxC®(M;E@ Q") = H:(M;E),  (p,u) > 64®
As a particular case, the Dirac mass at any p € R" is §, = (5;,®|dz|_l € H(R™).

4.5. Differential operators on conormal distributional sections. Any A €
Diff*(M; E) induces continuous linear maps [25, Lemma 6.1.1]

(4.16) A IS, L B) — 1570 (M, L B)
which induce a continuous endomorphism A of I.,.(M, L; E). If A € Diff(M, L; E),
then it clearly induces a continuous endomorphism A of every I (/52 (M,L; E).

According to (4.14), for A € Diff(M, L; E) and u € C7 (L; E® Q7INL),

(4.17) ASY =o' A= ((AY|L)! e Diff(L; E®@ Q' NL)

where A' € Diff(M, L; E* ® Q) and (A")|, € Diff(L, E* ® QM) using the vector
bundle versions of (4.1) and (4.2)). In fact, for v € o, (M; E* ® Q),

(A8}, v) = (0, A') = (u, (A"0) 1) = (u, (A")[2(v])) = (A'u,v|L) = (67, 0) .



TOPOLOGY OF THE SPACE OF CONORMAL DISTRIBUTIONS 21

By (4.17)), Diff(M, L; E) preserves the subspace of Dirac sections given by (4.15]).
Thus the continuous inclusion of Proposition induces a continuous inclusion

(4.18) (L E@QTINL) C IS (M, LiE) (s < —n'/2).

4.6. Pull-back of conormal distributions. If a smooth map ¢ : M’ — M is
transverse to a regular submanifold L C M, then L' := ¢~ 1(L) C M’ is a regular
submanifold and (the trivial-line-bundle version of) (2.7) has continuous extensions

(4.19) ¢ I™(M,L) — I™T/4(M' L)) (meR),

where k£ = dim M — dim M’ [36, Theorem 5.3.8], [25, Proposition 6.6.1]. Taking
inductive limits and using (4.12)), we get a continuous linear map

(4.20) ¢*  I(M,L) — I(M', L) .

If ¢ is a submersion, this is a restriction of (2.10)).
If ¢ is a local diffeomorphism, then (2.7) also has continuous extensions

(4.21) ¢ I)(M,L) —» I®)(M',L') (se€R).

A more general pull-back of distributional sections can be defined under condi-
tions on the wave front set [14, Theorem 8.2.4], but we will not use it.

4.7. Push-forward of conormal distributional sections. Now let ¢ : M’ — M
be a smooth submersion, and let L € M and L’ C M’ be regular submanifolds
such that ¢(L') C L and the restriction ¢ : L’ — L is also a smooth submersion.
Then has continuous extensions

(4.22) Gu : I (M, L' Qaper) — ITF2R4M L) (meR),

where k = dim M’ — dim M and | = dim L' — dim L [36], Theorem 5.3.6], [25]
Proposition 6.7.2]. Taking inductive limits, we get a continuous linear map

(4.23) bu: Le(M', L Qpper) — I(M, L) ,

which is a restriction of ([2.9)).
If ¢ is a local diffeomorphism, then (2.8) also has continuous extensions

(4.24) Gu  I(M' L)) - I)(M,L) (seR).

4.8. Pseudodifferential operators. This type of operators is the main applica-
tion of conormal distributions (see e.g. [37, [I5] 26, [36]).

4.8.1. Case of compact manifolds. Suppose first that M is compact. The filtered
algebra and C°°(M?)-module of pseudodifferential operators, W(M), consists of
the continuous endomorphisms A of C*°(M) with Schwartz kernel K4 € I(M?, A),
where A is the diagonal. In fact, by the Schwartz kernel theorem, we may consider
U(M) = I(M?/A). Tt is filtered by the symbol order, ¥™(M) = I™(M? A)
(m € R), and U=°(M) = I~>°(M?,A) consists of the smoothing operators. The
analogs of and hold true using W*(M) instead of Diff*(M) for any
s € R. In this way, U(M) also becomes a LCHS satisfying the properties indicated
in Sections £.2.1] and 132

Taking the C°°(M?)-tensor product of W(M) with C*(M;F X E*), we get
W(M;E,F) (or ¥(M; E) if E = F) as in Section [2.7] satisfying the analog of (2.12).
U(M; E) is preserved by taking transposes, and therefore any A € U(M; E) defines
a continuous endomorphism A of C~*°(M; E) (Section , and sing supp Au C
sing suppu for all u € C~°°(M; E) (pseudolocality). The concepts of symbols and
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ellipticity can be extended to pseudodifferential operators via the Schwartz kernels
(see e.g. [24]), and the symbol map is multiplicative.

If A€ 9™ (M;E), it defines a bounded operator A : H¥*™(M; E) — H*(M; E).
This can be considered as a closable densely defined operator in H*(M; E), like in
the case of differential operators (Section . In the case s = 0, the adjoint of A
is induced by the formal adjoint A* € ¥ (M; E).

The class of pseudodifferential operators is preserved by transposition. So any
A € U™ (M) defines a continuous endomorphism A of C~°°(M) (Section , and
sing supp Au C singsuppu for all u € C;°°(M) (pseudolocality). The concepts
of symbols and ellipticity can be extended to pseudodifferential operators via the
Schwartz kernels (see e.g. [24]), and the symbol map is multiplicative.

4.8.2. Ezxtension to non-compact manifolds. If M is not assumed to be compact,
U (M) is similarly defined with the change that any A € ™ (M) defines continuous
linear maps A : CF*°(M) — C*>°(M) and A : H*™(M) — H (M). Thus ¥ (M)
is not an algebra in this case. However, if A € ¥ (M) is properly supported (both
factor projections M? — M restrict to proper maps supp K4 — M), then it defines
a continuous endomorphism A of C_°°(M;E); in this sense, properly supported
pseudodifferential operators can be composed. Pseudodifferential operators are
properly supported modulo ¥~°°(M). Like in the compact case, ¥(M) = I(M?, A)
becomes a filtered C°°(M?)-module and LCHS satisfying the properties indicated
in Sections [£.2.2] and [£.3.3]

In the setting of bounded geometry (Section , properly supported pseudo-
differential operators with uniformly bounded symbols, and their uniform ellipticity,
were studied in [19] 20].

5. DUAL-CONORMAL DISTRIBUTIONS
5.1. Dual-conormal distributions. Consider the notation of Sections[Z.2land .3l
5.1.1. Case of compact manifolds. Assume first that M is compact. The space of

dual-conormal distributions of M at L (or of (M, L)) is the strong dual space [25]
Chapter 6]

(5.1) I'(M,L) = I(M, L:; Q) .
Corollary 5.1. I'(M, L) is a complete Montel space.

Proof. Since I(M, L; ) is bornological (the version Corollary[£.2]with QM ), I'(M, L)
is complete [311, IV.6.1], [29, Corollary 6.1.18], [28, Theorem 13.2.13].

Since I(M, L; ) is a Montel space (the version Corollary [.7|with QM ), I'(M, L)
is a Montel space [I6, Proposition 3.9.9], 21} 6.27.2 (2)], [31}, IV.5.9]. O

Let also
(5.2) I'Y(M, L) =T1"9(M,L;Q), I'™(M,L)=1"(M,L;Q) .
Corollary 5.2. I'®)(M, L) is bornological and barreled.

Proof. Since I=%)(M, L;Q) is a reflexive Fréchet space (the version of Proposi-
tion with QM), I'(®)(M, L) is bornological [3I, Corollary 1 of IV.6.6], and
therefore barreled [31), IV.6.6]. O
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Transposing the versions of (4.4)) and (4.11)) with QM we get continuous restric-
tions, for 8’ < s and m < m/,
I')Y(M,L)—» ') (M, L), I'™(M,L)—I'" (ML) .

These maps form projective systems, giving rise to lim I/(S)(M, L) as s T 0o and
@I’ m™(M, L) as m + —oc. Transposing the versions of (4.5)) and (4.12)) with QM,
we get continuous inclusions

(5.3) C>°(M)D>I'(M,L) > C*®(M),

and, for all m € R and e > 0, continuous restrictions

(5.4) [EmAn/A=O (N L)« I'™(M, L) < I'Cmn/4+9 (A Ly
Thus

(5.5) lim I'¢)(M, L) = lim I'™(M, L) .

Corollary 5.3. I'(M,L) = @1/(5) (M, L).

Proof. This holds because I(M, L) is regular (Corollary [23, Lemma 1].
Alternatively, the following argument can be used. I'(M, L) is a Montel space
(Corollary ; in particular, it is barreled, and therefore a Mackey space [31],
IV.3.4]. On the other hand, every I'(®)(M, L) is bornological (Corollary , and
therefore a Mackey space [16], Proposition 3.7.2], [31), IV.3.4], [28, Theorem 13.2.10].
So the result follows applying [31, Remark of IV.4.5]. O

5.1.2. Extension to non-compact manifolds. If M is not supposed to be compact, we
can similarly define the space I (M, L) of dual-conormal distributions supported
in any compact K C M. Then define the LCHSs, I/(M,L) = |Jy I)x(M, L) like
in (2.2), and I'(M, L) like in using I/ (M, L) instead of I.(M, L). These spaces
satisfy a version of 7 interchanging arbitrary/compact support like in .
Given a smooth partition of unity {f;} so that every K; := supp f; is compact, the
multiplication by the functions f; defines closed TVS-embeddings

(5.6) I'(M, L) = [[ Ik, (M. L), I,(M,L) - @I, (M, L) .

Then, by the extension of Corollary for I.(M, L;Q), the obvious extension of
Corollary for every I }(](M ,L), (5.1) and (5.6), we get an extension of Corol-

lary Similarly, we can define the spaces I_//(j)(M, L) and If/T(M, L), which sat-

isfy (5.2) interchanging the support condition. Since I.(M, L) is an acyclic Montel
space (Section [4.3.3)), there are extensions of Corollaries and for I'(M, L).

5.2. Differential operators on dual-conormal distributional sections. For
any A € Diff(M; E), consider A® € Diff(M; E* ® ). The transpose of A* on
I.;.(M, L; E* ®Q) is a continuous endomorphism A of If/C(M, L; E), which is a re-
striction of the map A on C~*°(M; E) (Section. By (4.16), if A € Diff™(M; E),
we get induced continuous linear maps

(5.7) AT (M L E) — T

If A € Diff(M, L; E), the transpose of A? of Ié;s)(M,L;E* ® Q) is a continuous
endomorphism A of I,//(:) (M,L; E).

s—m) .
c (M7L7E) )
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5.3. Pull-back of dual-conormal distributions. If the conditions of Section 1]
hold, transposing the versions of (4.22) and (4.23) with E* ® QM and —m, we get
continuous linear pull-back maps

(5.8) ¢ I'™(M, L) — I'F2=K4\' L)) (m eR),

(5.9) ¢* I'(M,L) — I'(M', L) .

The map (5.9) is an extension of (2.7), a restriction of (2.10) and the projective
limit of the maps (5.8)).

If ¢ is a local diffeomorphism, we similarly get from (4.24]) continuous pull-back
linear maps

(5.10) ¢ I'(M,L) - T'(M', L") (s€R).

5.4. Push-forward of dual-conormal distributions. With the notation of Sec-

tion if ¢ is a submersion, transposing the versions of (4.19) and (4.20) with
QM and —m, we get continuous linear push-forward maps

(5.11) Gu: IL(M' L' @ Qpiper) — IL"M4M,L)  (m €R),

(5.12) Gu IL(M', L5 Qgver) — IL(M, L) .

The map (5.12) is an extension of (2.8)), a restriction of (2.9) and the projective
limit of the maps (b.11)).

If ¢ is a local diffeomorphism, we similarly get from (4.21) continuous linear
push-forward maps

(5.13) G I'(M' L) > T'O(M,L) (s €R).

6. CONORMAL DISTRIBUTIONS AT THE BOUNDARY

For the sake of simplicity, in this section and in Sections [7] and [8 we only
consider the case of compact manifolds unless otherwise stated. But the concepts,
notation and some of the results, can be extended to the non-compact case like in
Sections [4.2.2] [4.3.3| and [5.1.2] using arbitrary/compact support conditions. Such
extensions to non-compact manifolds may be used without further comment.

6.1. Some notions of b-geometry. R. Melrose introduced b-calculus, a way to
extend calculus to manifolds with boundary [24] 25]. We will only use a part of it
called small b-calculus. Let M be a compact (smooth) n-manifold with boundary;
its interior is denoted by M. There exists a function z € C*(M) so that > 0,
OM = {x =0} (i.e., z7(0)) and dz # 0 on M, which is called a boundary defining
function. Let . NOM C NOM be the inward-pointing subbundle of the normal
bundle to the boundary. There is a unique trivialization v € C*(OM;  NOM)
of {NOM so that dz(v) = 1. Take a collar neighborhood T' = [0,€p), x OM
of M, whose projection @ : T — OM is the second factor projection. (In a
product expression, every factor projection may be indicated as subscript of the
corresponding factor.) Given coordinates y = (y!,...,y" ') on some open V C
OM, we get via w coordinates (x,y) = (x,%',...,4" 1) adapted (to M) on the
open subset U = [0,e9) x V C M. There are vector bundles over M, "T'M and
T M, called b-tangent and b-cotangent bundles, which have the same restrictions
as TM and T* M to M, and such that 20, Oyt ..., 0yn—1 and z~td, dy', ... dy"~!
extend to smooth local frames around boundary points. This gives rise to versions
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of induced vector bundles, like "Q*M := Q*(*TM) (s € R) and PQM := PQLM.
Clearly,

(6.1) C>®(M; Q) = 2°C>°(M; Q%) .
Thus the integration operator [ 2 is defined on xC*°(M; bQ), and induces a pairing
between C>°(M) and xC°°(M; Q).

At the points of OM, the local section x0, is independent of the choice of
adapted local coordinates, spanning a trivial line subbundle PNOM C PTyy, M with
TOM = Ty M/PNOM. So *Q$,,M = Q*0M @Q°(PNOM), and a restriction map
C>(M;P0Q°%) — C>=(0M;?*) is locally given by

dr |5
u=a(z,y) };dy‘ = ulon = a(0,y) [dyl® .

A Euclidean structure g on PT'M is called a b-metric. Locally,

g=a (dx)2+2nz:1a de dy’ + ni:l ajp dy’ dy®
=ag| — 0j — dy ik QY )

r j=1 T jk=1 ’
where ag, ap; and a;, are C* functions, on condition that g is positive definite.
If moreover ag = 1+ O(z?) and ag; = O(z) as = | 0, then g is called ezact. In
this case, the restriction of g to T = (0, €9) x M is asymptotically cylindrical, and
therefore g| ; is complete. This restriction is of bounded geometry if it is cylindrical
around the boundary; ie., g = (%)% 4+ h on T for (the pull-back via w of) some
Riemannian metric h on M, taking g small enough; i.e., ap = 1 and ag; = 0 using
adapted local coordinates.

6.2. Supported and extendible functions. Let M be any closed manifold con-
taining M as submanifold of dimension n (for instance, M could be the double of
M), and let M’ = M\ M, which is another compact n-submanifold with boundary
of M, with dimension n and M’ = M N M’ = OM.

The concepts, notation and conventions of Section have straightforward ex-
tensions to manifolds with boundary, like the Fréchet space C*°(M). Its elements
are called extendible functions because the continuous linear restriction map

(6.2) R:C®(M) — C>®(M)
is surjective; in fact, there is a continuous linear extension map E : C®°(M) —
C>*(M) [34). Since C*(M) and C*>°(M) are Fréchet spaces, the map (6.2) is
open by the open mapping theorem, and therefore it is a surjective topological
homomorphism. Its null space is C33, (M).

The Fréchet space of supported functions is the closed subspace of the smooth
functions on M that vanish to all orders at the points of OM,
(6.3) C®(M) = (] 2™C®(M) c C*™(M),

m>0

The extension by zero realizes C*(M) as the closed subspace of functions on M
supported in M,

(6.4) C=(M) = CR(M) c C=(M) .
By (6.3),
(6.5) zmC®(M) =C>®(M) (meR),
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and therefore, by (6.1),
(6.6) C®(M;PQ%) = C®(M;Q*) (s€R).

We can similarly define Banach spaces C*(M) and C*(M) (k € Ny) satisfying
the analogs of (6.2)—(6.4)), which in turn yield analogs of the first inclusions of (2.6]),
obtaining C*°(M) = (N, C*(M) and C>=(M) =, C*(M).

6.3. Supported and extendible distributions. The spaces of supported and
extendible distributions on M are

C=°(M) = C®(M;Q), C~(M)=C>®(M;Q)".
Transposing the version of (6.2) with QM we get [25, Proposition 3.2.1]

(6.7) C™=(M) = O3°(M) C C™°(M) .

Similarly, and give rise to continuous linear restriction maps
(6.8) R:C~ (M) — C~=(M),

(6.9) R:C™(M) = C™°(M),

which are surjective by the Hahn-Banach theorem. Their null spaces are C}/7° (M )=
C~°°(M') and Ca_]fj[o(M) [25] Proposition 3.3.1], respectively. According to ,
the map is a restriction of . As a consequence of 7 there are dense
continuous inclusions [25, Lemma 3.2.1]

(6.10) C(M) € C(M) € C®(M) C C~(M) ,

the last one given by the integration pairing between C*° (M) and C*°(M;2). The
restriction of this pairing to C°(M; ) induces a dense continuous inclusion
(6.11) C®(M)cC (M) .

Moreover is the identity map on C'*°(M).

As before, from (6.5) and , we get
(6.12) 2O (M) =C"(M) (meR),

(6.13) C~°(M;"Q*) = C~°(M;Q*) (seR).

The Banach spaces C'~%(M) and C'~*(M) (k € Ny) are similarly defined and
satisfy the analogs of 7. These spaces satisfy the analogs of the second in-
clusions of (2.6)), obtaining |J, C’~%(M) = C=°°(M) and |J, C'"*(M) = C~>°(M).
6.4. Supported and extendible Sobolev spaces. The supported Sobolev space
of order s € R is the closed subspace of the elements supported in M,

(6.14) H*(M) = H3, (M) c H*(M) .

On the other hand, using the map , the extendible Sobolev space of order s is
H*(M) = R(H*(M)) with the inductive topology given by

(6.15) R:H*(M)— H*(M) ;

v

i.e., this is a surjective topological homomorphism. Its null space is Hy;, (M). The
analogs of (2.16)(2.19) hold true in this setting using C=>°(M) and C+>°(M).
Furthermore the analogs of (2.16) are also compact operators because is a
closed embedding and a surjective topological homomorphism.
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The following properties are satisfied [25, Proposition 3.5.1]. C°°(M) is dense in
H3(M), we have

(6.16) HS(M)=H*(M:;Q), H*(M)=H*M;Q),
and the map has a continuous restriction
(6.17) R:H*(M)— H*(M),

which is surjective if s < 1/2, and injective if s > —1/2. In particular, HO(M) =
HO(M) = L?*(M). The null space of is Hgy (M).

Since H*(M) and H®(M) form compact spectra of Hilbertian spaces, we get the
following result.

Proposition 6.1. C"_‘X’(M) and C~°(M) are barreled, ultrabornological, webbed,
acyclic DF Montel spaces, and therefore complete, boundedly retractive and reflex-
we.

Proposition 6.2. The maps and are surjective topological homomor-
phisms.

Proof. We already know that these maps are linear, continuous and surjective.
Since C~°°(M) is webbed, and C~°°(M) and C~°°(M) are webbed and ultra-
bornological (Proposition , the stated maps are also open by the open mapping
theorem [22], 7.35.3 (1)], [28] Exercise 14.202 (a)], [7, Section IV.5], [5]. O

6.5. The space C; ¥ (M). Propositionmeans that the following are short exact
sequences in the category of continuous linear maps between LCSs:

0— C™°(M') 5 c—° (1) & ¢ () -0,

(6.18) 0— Cpe(M) 4 C°(M) B ¢=>(M) - 0.
From , we get
(6.19) Cooe(M) = Cgf (M) € C~>°(M) .

~ The analogs of the second inclusion of (2.6), (2.16) and (2.18) for the spaces
C'~*(M) and H*(M) yield corresponding analogs for the spaces Cj7 (M) and
Hg,,(M). Thus the spaces CéXf(M) and H3,,(M) form spectra with the same
union; the spectrum of spaces Hj,,(M) is compact.

Proposition 6.3. Cgfj(M) is a limit subspace of the LF-space C~°°(M).

Proof. By Propositions and C==(M)/Cof (M) = C=>°(M) is acyclic,
which is equivalent to the statement. ([l

The following analog of Proposition hold true with the same arguments,
applying Proposition and using that the Hilbertian spaces Hj,,(M) form a
compact spectrum.

Corollary 6.4. C(;AZO(M) is barreled, ultrabornological, webbed acyclic DF Montel
space, and therefore complete, boundedly retractive and reflexive.

A description of C;¥ (M) will be indicated in Remark
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6.6. Differential operators acting on C~°°(M) and C~°°(M). The notions of
Section [2.7] also have straightforward extensions to manifolds with boundary. The
action of any A € Diff (M) on C°°(M) preserves C>(M). Taking the version of
this property with QM, we get that A* acts on C*°(M;Q) and C>°(M; Q). Using
the transpose again, we get extended continuous actions of A on C~*°(M) and
C=°°(M). They fit into commutative diagrams

C~2(M) —2— C—°(M) C~%(M) —2— C~=(M)

(6.20) Rl lR T T

C~®(M) —2— C—°(M)  C®(M) —2— C®(M).

However the analogous diagram

(6.21) T T

C>(M) —2— C=(M)
may not be commutative. Let us use the notation u — wuc for the injection
C>®(M) C C~>°(M) (see (6.10))). (Following Melrose, the subscript “c” stands for
“cutoff at the boundary.”) We have A(uc) — (Au). € Cy,y7 (M) for all u € C°°(M)
[25, Eq. (3.4.8)]. For instance, if M = [zg, 1], where 29 < z1 in R, and A = 0y,
integration by parts gives
Oz (tc) — (Opu)e = w(z1) Oy — u(20) Oy

for all uw € C*°([zo, x1]), using the Dirac mass at z; (j =0,1).

Using (6.2)) and its version for vector fields, we get a surjective restriction map
(6.22) Diff (M) — Diff (M), A~ Ay .

For any A € Diff(M) with A|y = A, we have the commutative diagrams
C=®(M) —2— C™2(M)  C~®(M) —"— C~=(M)

(6.23) R| | ] E

O=2(M) —"— C7(M),  C7X(M) " OT®(M),
where the left-hand side square extends the left-hand side square of (6.20]).
If A € Diff™"(M) (m € Ny), its actions on C~>°(M) and C~°°(M) define con-
tinuous linear maps,

(6.24) A:HS(M) — H*™(M), A:H(M)— H*™(M).

The maps (6.17) and (6.24) fit into a commutative diagram given by the left-hand
side square of (6.20).

6.7. Differential operators tangent to the boundary. The concepts of Sec-
tion 4| can be generalized to the case with boundary when L = dM [25, Chapter 6]
(see also [24], Section 4.9]), giving rise to the Lie subalgebra and C'°° (M )-submodule
Xp(M) C X(M) of vector fields tangent to OM, called b-vector fields. There is a
canonical identity X,(M) = C®(M;PTM). Using X,(M) like in Section we
get the filtered C°°(M)-submodule and filtered subalgebra Diffy, (M) C Diff (M) of
b-differential operators. It consists of the operators A € Diff (M) such that is
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commutative [25, Exercise 3.4.20]. The extension of Diff, (M) to arbitrary vector
bundles is closed by taking transposes and formal adjoints.
Clearly, the restriction map (6.22) satisfies

(6.25) Diff (M, 9M)| s = Diffy, (M) .

For all a € R and k € Z, we have [25, Egs. (4.2.7) and (4.2.8)]

(6.26) Difff (M) ® = 2° Difff (M) .

Since Diff (M) is spanned by 9, and Diff, (M) as algebra, it follows that

(6.27) Diff* (M) 2@ ¢ 29~ * Diff* (M) .

6.8. Conormal distributions at the boundary. The spaces of supported and

extendible conormal distributions at the boundary of Sobolev order s € R are the
C*°(M)-modules and LCSs

A(M) = {u € C=(M) | Diffy,(M)u C H*(M)},
AS (M) = {u e C™(M) | Diffy,(M)u C H* (M)},
with the projective topologies given by the maps P : A (M) — H*(M) and
P : A®) (M) — H*(M) (P € Diff,(M)). They satisfy the analogs of the contin-

uous inclusions (4.4]), giving rise to the filtered C°*°(M)-modules and LF-spaces of
supported and extendible conormal distributions at the boundary,

(6.28) Ay = JAD (), AM) = A (M) .

S S

By definition, there are continuous inclusions
(6.29) AM) c C™°(M), AM)cC C~>(M).

Thus A(M) and A(M) are Hausdorf.
The following analogs of Propositions and hold true with formally the
same proofs.

Proposition 6.5. A®) (M) and A®) (M) are totally reflexive Fréchet spaces.
Corollary 6.6. A(M) and A(M) are barreled, ultrabornological and webbed.

We have
(6.30) (VAW (M) =C>M), (VAW (M) =C>M),

s s

obtaining dense continuous inclusions [25, Lemma 4.6.1 and the proof of Proposi-
tion 4.1.1]
(6.31) C®(M)c AM), C®(M)c AM).
By elliptic regularity, we also get continuous inclusions [25, Eq. (4.1.4)]
(6.32) A(M)|, A(M) € C=(M) .
Using , and the commutativity of the left-hand side square of , we

get the continuous linear restriction maps

(6.33) R:A® (M) — AW (M),
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which are surjective for s < 1/2 and injective for s > —1/2 because this is true for
the maps (6.17). In particular, there is a dense continuous inclusion

(6.34) Cc=(M) c AO(M) .
The maps (6.33]) induce a continuous linear restriction map
(6.35) R:AM)— AM) .

This map is surjective [25, Proposition 4.1.1], which is a consequence of the existence
of corresponding partial extension maps [25, Section 4.4]; the precise statement is

recalled in Proposition for later use in this work. The maps (6.33)) and (6.35))
are restrictions of .

The following analog of Proposition holds true with formally the same proof,
using that A(M) is webbed and A(M) ultrabornological (Corollary .

Proposition 6.7. The map (6.35)) is a surjective topological homomorphism.

6.9. The spaces ™ L>°(M). For m € R, consider the weighted space ™ L> (M)
(Section [2.11)). From (6.12)) and since L>®°(M) C C~>°(M), it follows that there is
a continuous inclusion

" L®(M) C CT(M) .
Moreover, for m’ < m, from 2™ ™ € L (M), we easily get a continuous inclusion
(6.36) 2™ L®(M) C 2™ L>®(M) ,
Proposition 6.8. For m’ < m, C2(M) is dense in 2™ L (M) with the topology
of 2™ L>°(M).
Proof. Given u € 2L (M) and € > 0, let B be the ball in 2™ L>(M) of center
u and radius e. Let S = sup,; ™™ > 0. Since C°°(M) is dense in L>°(M),
there is some f € C°°(M) so that |f — 2 "u| < min{e/2,¢/S} (Lebesgue-) almost
everywhere. (Recall that the sets of Lebesgue measure zero are well-defined in any
C! manifold [I2, Lemma 3.1.1].) There is some 0 < § < 1 so that dz~™|u| < ¢/4
almost everywhere. Take some A € C®(R) so that A > 0, A(r) < r™ if r > 0,
A(r) =0 if 7= < §/2, and A(r) = ™ if 7™ > 6. Let h = Az)f € C(M).
If g™ < 6§, then, almost everywhere,

x™™ |h—ul < S (|l + [ul) < 5(|f| + 2" ul)
€ ¢
<5(|f —a -m (5+5) <e.
<O(|f —z 7 "ul+ 227" ul) < 6 2—1-25 <e
If g > 6§, then, almost everywhere,
2| h —ul =2 e (@) f — 2| < S|f —a Ml < e
Thus h € BN CX(M). 0
6.10. Filtration of A(M) by bounds. For every m € R, let
A™M(M) ={ue C™ (M) | Diff ,(M)u C 2™L>*(M)} .

This is another C°°(M)-module and LCS, with the projective topology given by
the maps P : A™(M) — 2™ L (M) (P € Diff,(M)).
Example 6.9 ([25, Exercises 4.2.23 and 4.2.24]). Via the injection of R! into its
stereographic compactification S}, = {x € S' | 2/*! > 0}, the space A~™(S)
corresponds to the symbol space S™(R') (Section .
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Note that (6.36] yields a continuous inclusion

(6.37) A™(M) € A™ (M) (m/ <m) .

Moreover there are continuous inclusions [25, Proof of Proposition 4.2.1]
(6.38) A (M) ¢ A™(M) ¢ AmnImON (A (m < s —n/2—1).
Hence

(6.39) AM) = JA™(M) .

Despite of defining the same LF-space, the filtrations of A(M) defined by the spaces
A (M) and A™(M) are not equivalent because, in contrast with (6.30]),

C=(M) =) A™M) .

Let {P; | j € No} be a countable C'°°(M)-spanning set of Diff},(M). The
topology of A™(M) can be described by the semi-norms ||-||x.m (k € Ng) given by

(6.40) l[ullk.m = [ Peu

zm oo = €SSSup |x*mPku| = sup ‘x*mPku| ,
M M

using ((6.32)) in the last expression. From ({2.1)) and (6.32)), we also get the continuous
semi-norms ||- ||k k,m (for any compact K C M and k € Ny) on A™(M) given by

(6.41) 1wl 7 m = sup | Prul .

Other continuous semi-norms |||}, ,,, (k € Nog) on A™ (M) are defined by

(6.42) Jullgrm =lim sup |2~ Pyul .
0 fo<z<e}

The proofs of the following results are similar to the proofs of Propositions
and and Corollaries to using (6.32)).

Proposition 6.10. The semi-norms (6.41)) and (6.42)) together describe the topol-
ogy of A™(M).

Proposition 6.11. For m,m’,k € No, if m" <m, then [|-[[} ., =0 on A™(M).
Corollary 6.12. If m’ < m, then the topologies of Am/(M) and C"X’(]\;[) coincide
on A™(M). Therefore the topologies of A(M) and C*°(M) coincide on A™(M).
Corollary 6.13. For m’ < m, C°(M) is dense in A™(M) with the topology of
A™ (M). Therefore C>°(M) is dense in A(M).

Corollary 6.14. A(M) is an acyclic Montel space, and therefore complete, bound-
edly retractive and reflezive.

Remark 6.15. Proposition[6.8 provides an alternative direct proof of Corollary
Actually, it will be shown that C°(M) is dense in every A™(M) with its own

topology (Corollary and Remark [6.38]).
The obvious analog of Remark [3.8 makes sense for (6.32)) and Corollary
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6.11. A(M) and A(M) vs I(M,0M). Using (6.8), (6.15), (6.25) and the commu-

tativity of the left-hand side square of (6.23)), we get continuous linear restriction
maps

R:I®(M,0M) — A® (M),
which induce a continuous linear restriction map

(6.43) R:I(M,0M) — A(M) .

By (6.14)), (6.25) and the commutativity of the right-hand side square of (6.23]),
we get the TVS-identities

(6.44) A () = 13 (31, 0M)
inducing a continuous linear isomorphism
(6.45) AM) S5 1 (M, 0M) .

By (6.45) and Proposition the map (6.43)) is also surjective. Then the fol-

lowing analog of Proposition follows with formally the same proof, using that
I(M,dM) is webbed (Corollary 4.2)) and A(M) ultrabornological (Corollary.

Proposition 6.16. The map (6.43) is a surjective topological homomorphism.

The null space of (6.43) is Ins (M, dM). The following analog of Proposition
follows with formally the same proof, using Proposition and Corollary

Proposition 6.17. IM(M, OM) is a limit subspace of the LF-space I(M, OM).
Corollary 6.18. The map is a TVS-isomorphism.

Proof. Apply 7 and Propositionm O
6.12. Filtration of A(M) by the symbol order. Inspired by , let

(6.46) A™(M) = IT.(M,dM) c I™(M,dM) (m €R),

which are closed subspaces satisfying the analogs of and (4.12)). Thus

A(M):UAM(M), OOO(M):nAm(M)v
m m
and the TVS-isomorphism (6.45)) is also compatible with the symbol filtration.
The following is a consequence of Corollary applied to (M ,OM).

Corollary 6.19. Form < m/,m”, the topologies of A™ (M) and A™" (M) coincide
on A™(M).

The following result follows like Corollary [3.6] applying Corollary [6.19and using
that A(M) is barreled (Corollary and a closed subspace of the Montel space
I(M,dM) (Corollary [4.7).

Corollary 6.20. A(M) is an acyclic Montel space, and therefore complete, bound-
edly retractive and reflexive.
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6.13. The space K(M). Using the condition of being supported in 9M, define the
LCHSs and C*° (M )-modules

KO(M) = AG) (M), K™ (M) = Ay (M), K(M) = App (M) .

These are closed subspaces of A(®) (M), Am(M) and A(M)7 respectively; more
precisely, they are the null spaces of the corresponding restrictions of the map (6.35)).

They satisfy the analogs of (4.4), (4.11)) and (4.12)). So
W = k() .
Proposition [6.7] means that the following sequence is exact in the category of
continuous linear maps between LCSs:
(6.47) 0— K(M) 5 AM) E AM) - 0.

The following analog of Proposition [6.9] holds true with formally the same proof,
using Proposition [6.7] and Corollary [6.14}

Proposition 6.21. IC(M) is a limit subspace of the LF-space A(M)
From the definition of A®) (M) (Section [6.8), we get
K@ (M) = {u € Cyyp (M) | Diffy, (M)u C Hjp (M)}

with the projective topology given by the maps P : K()(M) — Hg,, (M) (P €
Diff,(M)). Hence the following analogs of Propositions and hold true with
formally the same proofs.

Proposition 6.22. K()(M) is a totally reflexive Fréchet space.
Corollary 6.23. K(M) is barreled, ultrabornological and webbed.

Now the following analogs of Corollaries [6.19] and [6.20] hold true with formally
the same proofs, using Corollaries [6.19] [6.20] and [6.23

Corollary 6.24. Form < m’,m”, the topologies of K™ (M) and K™ (M) coincide
on K™(M).

Corollary 6.25. (M) is an acyclic Montel space, and therefore complete, bound-
edly retractive and reflexive.

By Corollary
(6.48) K(M) = I (M,0M) |

which restricts to identities between the spaces defining the Sobolev and symbol

order filtrations, according to (6.44)) and (6.46)).
A description of K(*)(M) and K (M) will be indicated in Remark

6.14. Action of Diff(M) on A(M), A(M) and K(M). According to Section
and using , 7 Proposition and locality, any A € Diff (M) defines
continuous endomorphisms A of A(M), A(M) and K(M). If A € Diff*(M), these
maps also satisfy the analogs of . If A € Diff,(M), it clearly defines continu-
ous endomorphisms of A®)(M), A®)(M), A™(M) and K&)(M).

According to Section , and , the maps of this subsection
are restrictions of the endomorphisms A of ¢~ (M), C~°°(M) and C>(M), and
extensions of the endomorphisms A of C°°(M) and C>(M).
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6.15. Partial extension maps.

Proposition 6.26 (Cf. [25] Section 4.4]). For all m € R, there is a continuous
linear partial extension map E,, : A™(M) — A®) (M), where s = 0 if m > 0, and
m>seZ ifm<0. Form>0, E, : A"(M) — A®(M) is a continuous
inclusion map.

Remark 6.27. By (6.38]) and Proposition for any A € Diff*(M), the endomor-
phism A of A(M) is induced by the continuous linear compositions

A™(M) Ems A9 (M) 2 AR (ar) By AR (M) ¢ A™ R (M)
where m’ = s —n/2 — 1 for m and s satisfying the conditions of Proposition
6.16. L? half-b-densities. By ,
C(M; Q7% @PQ2) = C(M; Q7 2) @ce(ar) C°(M;°Q2)
= C(M; Q%) ®c(ary v 2 C(M;Q3)
=2 2C®(M;Q 2 @02) =2 2C(M) .
So
LA(M;°Q?) = L*(M; Q) ®c(ar) C(M; Q72 ©°Q2)
(6.49) = L2(M; Q%) @y @ 2C%(M) = 2~ 3 L3(M; Q%) .

This is an identity of Hilbert spaces, using the weighted L? space structure of
Y2 L2(M;Q"?) (Section [2.11)) and the Hilbert space structure on L?(M;PQ/?)
induced by the canonical identity

(6.50) L2(M;Q7) = L*(M;"Q?) .
6.17. L*° half-b-densities. Like in (6.49)), we get
(6.51) L®(M;°Q%) = 27 3 L (M;Q7)

as LCSs endowed with a family of equivalent Banach space norms.

Equip M with a b-metric g (Section , and endow M with the restriction of
g, also denoted by g. With the corresponding Euclidean/Hermitean structures on
QY20 and PQY/2M, we have the identity of Banach spaces

(6.52) L®(M;Qz) = L=(M;PQ3) .

6.18. b-Sobolev spaces. For m € Ny, the b-Sobolev spaces of order +m are de-
fined by the following analogs of (2.15)), (2.20) and ([2.21]):

H'(M;PQ2) = {u € L*(M;°Q2) | Diff(M;*Q2)u C L*(M;"Q7) }
Dffy (M;"Q2) L*(M;*Q2) = Hy™(M; Q%) = H]'(M;°Q2)' .
These are C°°(M)-modules and Hilbertian spaces with no canonical choice of
a scalar product in general; we can use any finite set of C°°(M)-generators of
Diff* (M;PQ'/?) to define a scalar product on Hbim(M; P()1/2). The intersections

and unions of the b-Sobolev spaces are denoted by Hbi‘x’(M :PQY/2). In particular,
He(M;PQY2) = AO (M PQ1/2).
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6.19. Weighted b-Sobolev spaces. We will also use the weighted b-Sobolev space
H"(M;PQY?) (a € R), which is another Hilbertian space with no canonical
choice of a scalar product; given a scalar product on H[*(M bt/ %) with norm
||| ez, we get a scalar product on z®H™(M;"Q2) with norm ||| g, like in
Section 219l Observe that

(6.53) () = H (M;PQ3) = C=(M;PQ7) .

6.20. Action of Diff}'(M) on weighted b-Sobolev spaces. Like in (2.12)),
(6.54) Diff" (M; Q) = Diff* (M) = Diff{"(M;Q?) .

By (6.26), for all k € Ny, m € Z and a € R, any A € Difff(M; Q/?) defines a
continuous linear map [24, Lemma 5.14]

A HP(M;PQ3) — aHF(M; Q%) .
Thus it induces a continuous endomorphism A of 2% H=>°(M;PQ1/2).

6.21. A description of A(M). Now, unless the contrary is indicated, assume the
following properties:
(A) M is of bounded geometry with g.
(B) The collar neighborhood T' of OM can be chosen so that:
(a) every A € X(OM) has an extension A’ € X,(T") such that A’ is w-
projectable to A, and A’|; is orthogonal to the w-fibers; and
(b) %ub(]\Z)hﬁ is C’Sﬁ(l\ol)h:—generated by 20, and the restrictions A’|; of
the vector fields A’ of [(&)] for A € X(0M).
For instance, these properties hold if T is cylindrical with g (Section .

Lemma 6.28. X,(M)|r is C°(M)|r-generated by x0, and the vector fields A’
of [B)]. for A € X(0M).

Proof. For every A € X(OM), there is a unique A” € X(T') such that A” is w-
projectable to A and dx(A”) = 0. Since A" — A” is tangent to the w-fibers and
vanishes on M, we have A" — A" = fz0, for some f € C°°(T). Then the result
follows because Xy, (M)|r is C°°(M)|p-spanned by xd,, and the vector fields A”. O

Consider the notation of Sections [2.12.2|to [2.12.4] for M with g.

Corollary 6.29. The restriction to M defines a continuous injection C*°(M) C

o

Cx(M); in particular, Sf)(M) becomes a C*°(M)-module.

Proof. 1t is enough to work on a collar neighborhood T of the boundaryo satisfy-
ing and But, by (2.22), @and Lemma the restriction to T' defines
an injection of C*°(M)|7 into Coy(M)| .- O

o

Proposition 6.30. There is a canonical identity of Coy (M )-modules,

Diff} (M) = Diff" (M) ®ce (ar) Co5 (M) .
Proof. We have to prove that Diff™ (M) is CS2(M)-spanned by Diff{"(M). Tt is
enough to consider the case m = 1 because the filtered algebra Diff ,1,(M) (respec-
tively, Diffy,(M)) is spanned by Diffl, (M) (respectively, Diff{,(M)). Moreover it is
clearly enough to work on a collar neighborhood T' of the boundary satisfying
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and By @ Lemma and Corollary the restriction to 7" defines an

injection of Diff}, (M)|r as a C’fl’g(]\ol)h:—spanning subset of Dlﬂlllb(M)|T O
Corollary 6.31. There is a canonical identity of Cffg(]\oi)-modules,

Diff 7, (M; Q22) = Diff (M; "Q% ) @ce (ar) Cop (M) -
Proof. This follows from for M , and Proposition m O

Corollary 6.32. H™(M;Q'/2) = H™(M;"QY2) (m € Z) as C°°(M)-modules
and Hilbertian spaces, and therefore HT>°(M;QY/?) = HE>(M;>Q1/?).

Proof. We show the case where m > 0, and the case where m < 0 follows by
taking dual spaces. For any m € Ny, let {P;} be a finite C°°(M)-spanning set
of Diff{"(M;PQ'/2), which is also a O (M)-spanning set of Diff} (M;Q'/2) by
Corollary Then, by (6.50)),
H™(M;Q%) = {u e L*(M;Q?) | Pou e L*(M;Q2) Vk}
= {u e L*(M;*Q?) | Pou € L*(M;°Q2) Vk } = H™(M;"Q3?) .

Moreover {P;} can be used to define scalar products on both H™(M;Q'/?) and
H]"(M;PQ'2), obtaining that the above identity is unitary. O
Proposition 6.33. A™(M;QY?) = 2™ TV2H(M;PQY2) (m € R).

Proof. By (6.51)), (6.52)), Proposition and Corollary we get the following

identities and continuous inclusions:
HE*(M;PQ2) = H*(M; Q) C C(M;Q3)
C L®(M;Q2) = L®(M; Q) =2 2 L™ (M; Q%) .

So, according to Section |6.20, every A € Diff,(M;”Q/?) induces a continuous
linear map

2™ (M PQY?) & o (M PQE) € ™ L (M; QF)
Hence there is a continuous inclusion
a3 HO(M;PQ7) € A™(M;Q3) .
On the other hand, by and the version of with Q'/2M, for all @ € R,
2 A (M;Q3) C 2C™®°(M;Q32) = C~®(M;Q2) = C~®(M;"Q3) .
Moreover, by and , every A € Diﬁb(M;le/2) induces a continuous

linear map
A™(M;Q3) 25 2™ L (M;Q3) C a™LA(M;Q3) = 2™ T3 L2(M;PQ3) .
Hence, by and , A induces a continuous linear map
A:a I A (M Q2) — L2(M;PQ3) |
It follows that there is a continuous inclusion
27T AM(M;Q3) C HﬁQ(M;bQ%) ,
or, equivalently, there is a continuous inclusion

A™(M;Q3) C 2™ 2 H®(M;PQ?) . O
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Corollary 6.34. H™(M) = e V2HP (M) (m € Z) as C(M)-modules and
Hilbertian spaces, and therefore H¥>°(M) = x~ Y2 HE>(M).
Proof. By (6.1]) and Corollary

o

H™(M) = H™(M; Q%) ©ce () Ca(M; 27 2)
= Hm(M;Q%) B (1) (C"”(M;Q_%) ®coo (M) Cﬁﬁ(M))
= H™(M;Q7) @coe (ar) C™(M; Q7 7)
= H"(M;*Q%) @coeany 2 2C®(M;PQ72) =2 S HM (M) . O
Corollary 6.35. A™(M) = 2™ H®(M) = ™ /2H™(M) (m € R).
Proof. The second identity is given by Corollary By Propositionand ,
e H (M) = 2™ HE® (M;PQ2) @ e ay 772 C% (M PQ72)
= A™(M; Q%) @coe(ary CF(M; Q7 3) = A™(M) . O
By and , we get the following consequences of Corollary
Corollary 6.36. C>°(M) is dense in every A™(M) and A (M).
Corollary 6.37. AM)=U,,2"H*(M) =U,, a™H>(M).

Remark 6.38. Corollary and the first identities of Corollaries [6.35| and are
independent of g. So they hold true without the assumptions and Observe

that Corollary is stronger than Corollary

6.22. Dual-conormal distributions at the boundary. Consider the LCHSs
[15, Section 18.3], [25, Chapter 4]

K'(M)=K(M;Q), A(M)=AM;Q) , AM)=AM;Q).

The elements of A’ (M) (respectively, A’'(M)) will be called extendible (respectively,
supported) dual-conormal distributions at the boundary. The following analog of
Corollary holds true with formally the same proof, using the versions with QM

of Corollaries [6.14] [6.20] [6.23] and [6.25)
Proposition 6.39. K'(M), A'(M) and A’ (M) are complete Montel spaces.
We also define the LCHSs
KO M) = KEIMQ) K™ (M) = K7™ (M3 Q)
AOO) = ALY, AT(M) = A (M)
A (M) = AT M), A™(M) = A7 (M;Q)
Transposing the analogs of and for the spaces K (M;Q), K™(M;Q),
AB)(M; Q) and A™(M; ), we get continuous linear restriction maps
K'CO(M) — KO (M),  K'™(M) = K'™ (M),
Ay — A (M), A™(M) — A™ (M),
for s < s’ and m < m/. These maps form projective spectra, giving rise to projective

limits. The spaces K’ (*)(M), K'™(M), A'(®)(M) and A’ ™ (M) satisfy the analogs
of (5.4)). So the corresponding projective limits satisfy the analogs of (5.5)).
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Similarly, transposing the analog of (4.4) for the spaces A®)(M;Q) and the
version of with QM , by Corollary and Remark we get continuous
inclusions

A M)y c A& M)y, A™ (M) c A™M),
for s < 8/ and m < m’. The version of with QM yields continuous inclusions

(6.55) A (M) > A™(M) > A @dmOD AN (m>s+n/2+1).
Therefore
(6.56) (VA @) = A™M) .

The following analogs of Corollaries [5.2] and [5.3] hold true with formally the
same proofs, using the versions with QM of Propositions and and Corol-
laries [6.14] [6.20] and [6.25], or Proposition for an alternative proof.

Corollary 6.40. K')(M), A’ (M) and A’ ) (M) are bornological and barreled.
Corollary 6.41. We have
K'(M) =1im KO (M), A'(M) =lim A (M), A(M)=()A(M).

S

Transposing the versions of (6.3)), (6.29)), (6.31) and (6.34) with QM, we get
continuous inclusions [25, Section 4.6]

(6.57) C=®(M) c A'(M) C C~(M),C~>=(M),
(6.58) C®(M) c A'(M) C C~(M),C~>=(M),
and R : C~°(M) — C~°°(M) restricts to the identity map on A’(M) and A’(M).

6.23. Dual-conormal sequence at the boundary. Transposing maps in the
version of (6.47)) with QM , we get the sequence

(6.59) 0 K'(M) <= A (M) 2 A(M) <0,
which will called the dual-conormal sequence at the boundary of M.

Proposition 6.42. The sequence (6.59) is exact in the category of continuous
linear maps between LCSs.

Proof. By Proposition and [39, Lemma 7.6], it is enough to prove that the
map ((6.35)) satisfies the following condition of “topological lifting of bounded sets.”

Claim 6.43. For all bounded subset A C A(M), there is some bounded subset
B C A(M) such that, for all 0-neighborhood U C A(M), there is a 0-neighborhood
V C A(M) so that ANV C R(BNU).

Since A(M) is boundedly retractive (Corollary[6.14)), A is contained and bounded
in some step A™(M). For any m’ > m, let Ep, : A™(M) — A®)(M) be the
partial extension map given by Proposition Then B := E,,/(A) is bounded in
AE) (M), and therefore in A(M). Moreover, given any 0-neighborhood U c A(M),
there is some O-neighborhood W C A™ (M) so that E,, (W) c UN A®)(M). By
Corollary there is some 0-neighborhood V' C A(M) such that V N A™(M) =
W N A™(M). Hence E,, (VN A™(M)) c UnA® (M), yielding

ANV = R(Bp (ANV)) C R(Em (A) N By (VAA™(M))) € R(BAU). O
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Remark 6.44. Proposition does not agree with [25, Proposition 4.6.2], which
seems to be a minor error of that book project.

6.24. A(M) and A(M) vs A'(M). Using (6.29), (6.31) and (6.57), we have [I5]
Proposition 18.3.24], [25] Theorem 4.6.1]

(6.60) AM)N A (M) =C>®(M) .

(Actually, the a priori weaker equality A(M) N A'(M) = C*(M) is proved in [25,
Theorem 4.6.1], but it is equivalent to becase R =1 on A'(M).)

6.25. A description of A'(M).

Corollary 6.45. A'™(M) = 2™ H, (M) = 2™ 2 H-*(M) (m € R).

Proof. Apply the version of Corollary with QM. O
Corollary 6.46. A'(M) =, «™H; (M) =), «™H >(M).

Proof. Apply and Corollaries and ]

Corollary 6.47. C>°(M) is dense in every A'™(M) and in A'(M). Therefore the
first inclusion of (6.58)) is also dense.

Proof. Since C°(M) is dense in H=°°(M), we get that C2°(M) = 2™C>®(M) is
dense in every 2™ H~>°(M) = A'™(M) (Corollary , and therefore in A’(M)
(Corollary [6.46)). O

Remark 6.48. Like in Remark [6.38] Corollary and the first identities of Corol-
lary are independent of g, and hold true without the assumptions and

6.26. Action of Diff(M) on A'(M), A'(M) and K'(M). According to Sections
and any A € Diff(M) induces continuous linear endomorphisms A of A’(M),
A'(M) and K'(M) [25, Proposition 4.6.1], which are the transposes of A’ on
A(M;Q), A(M;Q) and K(M;Q). If A € Diff*(M), these maps satisfy the analogs
of (5.7). If A € Diff,(M), it induces continuous endomorphisms of A’(*)(M),
A (M), A (M) and K’ 5)(M).

7. CONORMAL SEQUENCE

7.1. Cutting along a submanifold. Let M be a closed connected manifold, and
L C M be a regular closed submanifold of codimension one. L may not be con-
nected, and therefore M \ L may have several connected components. First assume
also that L is transversely oriented. Then, like in the boundary case Section [6.1}
there is some real-valued smooth function x on some tubular neighborhood T' of
L in M, with projection w : T — L, so that L = {z = 0} and dx # 0 on L.
Any function x satisfying these conditions is called a defining function of L on T.
We can suppose T' = (—e¢,€), x L, for some € > 0, so that @ : T — L is the sec-
ond factor projection. For any atlas {V},y;} of L, we get an atlas of T of the form
{U; = (—€,€)x xVj, (z,y)}, whose charts are adapted to L. The corresponding local
vector fields 0, € X(U;) can be combined to define a vector field 9, € X(T'); we can
consider 9, as the derivative operator on C*°(T) = C*°((—¢,€),C*°(L)). For every
k, Diff(U;, LNUj) is spanned by x0,, le», e 8;“1 using the operations of C*°(U;)-
module and algebra, where 0 = 9/0y5. Using T' = (—¢,¢€), x L, any A € Diff (L)
induces an operator 1® A € Diff (T, L), such that (1® A)(u(x)v(y)) = u(z) (Av)(y)
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for u € C®°(—¢,€) and v € C*°(L). This defines a canonical injection Diff (L) =
1 ® Diff (L) C Diff(T, L) so that (1 ® A)|r = A. (This also shows the surjectivity
of in this case.) Moreover Diff(T") (respectively, Diff(T, L)) is spanned by
0y (respectively, 20,) and 1 ® Diff (L) using the operations of C'°°(T)-module and
algebra. Clearly,

(7.1) [0, 1 @DIfF(L)] =0, [0, 20,] = 8y ,
yielding
(7.2) [0,., Diff*(T, L)] ¢ Dift*(T, L) + Diff* (T, L) 9, .

Diff*(T, L) and Diff*(T) satisfy the obvious versions of and (6.27).

For a vector bundle F over M, there is an identity Er = (—¢,€) X Ef over
T = (—¢,€) x L, which can be used to define 9, € Diff'(T; E) using the above
charts. With this interpretation of 9, and using tensor products like in Section
the vector bundle versions of the properties and spaces of distributions of this
section is straightforward.

Let M be the smooth manifold with boundary defined by “cutting” M along
L; i.e., modifying M only on the tubular neighborhood T' = (—¢,¢€) x L, which is
replaced with T' = ((—¢,0] U [0,¢€)) x L in the obvious way. (M is the blowing-up
[M, L] of M along L [25, Chapter 5].) Thus 9M = LU L because L is transversely
oriented, and M=M \ L. A canonical projection = : M — M is defined as
the combination of the identity map M — M \ L and the map T — T given by
the product of the canonical projection (—e,0] U [0,€) — (—e¢,€) and idy. This
projection realizes M as a quotient space of M by the equivalence relation defined
by the homeomorphism h = hg x id of OM = 0T = ({0} U {0}) x L, where hg
switches the two points of {0} L/ {0}. Moreover 7w : M — M is a local embedding
of a compact manifold with boundary to a closed manifold of the same dimension.

Like in Section we have the continuous linear pull-back map

(7.3) 7t C®(M) = C®°(M) ,

which is clearly injective. Then the transpose of the version of with QM and
QM = 7*QM is the continuous linear push-forward map

(7.4) T C7®°(M) — C~>=(M),

which is surjective by a consequence of the Hahn-Banach theorem [3I, Theo-
rem I1.4.2].

After distinguishing a connected component Ly of L, let M and L be the quo-
tients of M UM = M X Zy and OM LU OM = OM x Zs by the equivalence
relation generated by (p,a) ~ (h(p),a) if w(p) € L\ Lo and (p,a) ~ (h(p),a + 1) if
7(p) € Ly (p € #~1(L) = OM in both cases). Let us remark that M may not be
homeomorphic to the double of M, which is the quotient of M X Zs by the equiv-
alence relation generated by (p,0) ~ (p,1), for p € M. Note that M is a closed
connected manifold and L is a closed regular submanifold. Moreover T := T Uy T
becomes a tubular neighborhood of Li in M. The combination 7wlim : MUM — M
induces a two-fold covering map 7 : M - M, whose restrictions to L and T are
trivial two-fold coverings of L and T', respectively; i.e., L=LUL and T TurT.

The group of deck transformations of # : M — M is {1d o}, where o : M — M is
induced by the map og : M X Zo — M X Zsy defined by switching the elements of
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Zs. The composition of the injection M — M X Za, p — (p,0), with the quotient

map M UM — M is a smooth embedding M — M. This will be considered as

an inclusion map of a regular submanifold with boundary, obtaining M = L.
Since 7 is a two-fold covering map, we have continuous linear maps (Section

Tt C®°(M) — C®(M), 7 :C®(M)— C>®(M),

(7.5) L OT®(M) = C®(M), #:CT®(M) = C™®(M)
both pairs of maps satisfying
(7.6) AT =2, TR =A,,

where A, : C*®(M) — C*>(M) is given by A,u = u + o.u. Using the con-
tinuous linear restriction and inclusion maps given by (6.2) and (6.7), we get the
commutative diagrams

C®(M) —2 co(M)  C°(M) —— C~=(M)
(7.7) %*T T,,* ml lfr*

C¥(M) == C=(M), M) == C">M),

the second one being the transpose of the density-bundles version of the first one.

7.2. Lift of differential operators from M to M. For any A € Dift(M), let
A € Diff (M) denote its lift via the covering map # : M — M. The action of A
on C*>*(M) corresponds to the action of A on CE®(M) via #* : CE>(M) —
C*°(M) and 7, : C¥°(M) — C*>°(M). According to (6:22), Al € Diff (M)
is the lift of A via the local embedding w : M — M, also denoted by A. The
action of A on C°°(M)) (respectively, C~°°(M)) corresponds to the action of A
on C(M) (respectively, C~>°(M)) via w* : C*°(M) — C*(M) (respectively,
7, 1 C°(M) — C~>°(M)). If A € Diff(M, L), then A € Diff(M,L) and A|ps €
Diffy, (M) by (6.25).

7.3. The spaces C*>(M, L). Consider the closed subspaces,

(7.8) C®(M,L)c C®(M), C*M,L)cC*(M) (keNy),

consisting of functions that vanish to all orders at the points of L in the first case,

and that vanish up to order k at the points of L in the second case. Then let
C™°(M,L) = C>®(M,L;Q) , C'®M,L)=C"M,L;Q) .

Note that restricts to a TVS-isomorphisms

(7.9) 7 C®(M, L) = C®°(M), = :CFM,L) S CF(M) .

Taking the transposes of its versions with density bundles, it follows that (7.4
restricts to a TV S-isomorphisms

o

(7.10)  w, :C™®(M) = C~(M,L), . :C'*M)= "5 M,L).
So the spaces C>°(M, L), C*(M, L), C=>°(M, L) and C' ~*(M, L) satisfy the analogs
of (2.6)), and

C™(M,L)=(\C"M,L), C~>*(M,L)=JC""M,L).
k k
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On the other hand, there are Hilbertian spaces H" (M, L) (r > n/2) and H'*(M, L)
(s € R), continuously included in C°(M, L) and C~>°(M, L), respectively, such that
the second map of for k = 0 and the first map of restrict to a TVS-
isomorphisms

(7.11) 7 H"(M,L) = H" (M), =, :H*(M)= H'*(M,L).

By (6.16)),

(7.12) H'~"(M,L)= H"(M,L;Q) , H"(M,L)=H""(M,LQ) .

Now, the second identity of can be used to extend the definition of H" (M, L)

for all » € R.

Alternatively, we may also use trace theorems [I, Theorem 7.53 and 7.58] to
define H™(M, L) for m € ZT, and then use the first identity of (7.12) to define
H' —™(M, L

From , , and the analogs of - mentioned in Sec-

tion [6.4] we get
(7.13) C™(M,L)=(\H"(M,L), C~>*(M,L)=|JH"*(M,L),

as well as a continuous inclusion and a continuous linear surjection,

(7.14) C=(M) C ﬂH’S ML)y,  C™(M)« | JH"(M,L).
By (T12) and (T13).
(7.15) C®(M,L) = C~>(M,L; Q) .

Proposition and (7.10)) have the following consequence.

Corollary 7.1. C~°°(M, L) is a barreled, ultrabornological, webbed, acyclic DF
Montel space, and therefore complete, boundedly retractive and reflexive.

The transpose of the version of the first inclusion of ([7.8)) with QM is a continuous
linear restriction map

(7.16) R:C~®(M)— C~(M,L),

whose restriction to C*° (M) is the identity. This map can be also described as the
composition

C=°(M) =5 0= (M) & (M) == ¢—>°(M, L) .

The canonical pairing between C*° (M) and C*°(M, L; Q) defines a continuous in-
clusion

(7.17) C®(M)cC C™>°(M,L)

such that is the identity on C'°°(M). We also get commutative diagrams
C®(M) +-— C=(M) C—o(M) —2— Cc—=(M)

(7.18) ,,*T MT"* ml %lﬂ'*

C®(M) «—— C=(M,L), (M) —2— Cc=°(M,L).

the second one being the transpose of the density-bundles version of the first one.
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7.4. The space C;°°(M). The closed subspaces of elements supported in L,
Cp>(M)c C™=(M), Cp*M)cc'~"(M), Hi(M)cCH* (M),

are the null space of restrictions of ([7.16]). These spaces satisfy continuous inclusions
analogous to @ , (2.16]) and (2.18).

According to (6.19)) and Section |7.1}
CoRe(M) = C=(M) = C=(T) = C7(T) & C7(T)
(7.19) Cr=(M) e Cp™(M),
The maps (7.4) and (7.5 have restrictions

(720)  mo =7 : Cp2(M) = Cp2 (M), 7 : C7°(M) = Cyre (M) .

Using ([7.19)), these maps are given by 7, (u,v) = v+ v and 7*u = (u, u).
From ([7.19)), Proposition and Corollary we get the following.

Corollary 7.2. C; (M) is a limit subspace of the LF-space C~>°(M).

Corollary 7.3. C (M) is a barreled, ultrabornological, webbed, acyclic DF Mon-
tel space, and therefore complete, boundedly retractive and reflexive.

Moreover the right-hand side diagram of (7.18)) can be completed to get the

commutative diagram

0= Co2 (M) —— C—°(M) —2— C=°(M) -0

(7.21) ml ml %l”*
0= C®(M) ——s C=°(M) —2— C=(M,L) —0.

Proposition 7.4. The maps (7.4]) and (7.16)) are surjective topological homomor-
phisms.

Proof. In , the top row is exact in the category of continuous linear maps
between LCSs by , the left-hand side vertical map is onto by , and the
right-hand side vertical map is a TVS-isomorphism. Then, by the commutativity
of its right-hand side square, the map is surjective, and therefore the bottom
row of of is exact in the category of linear maps between vector spaces.

By the above properties, chasing , we get that is surjective. Since
C~ (M) is webbed (Proposition and C'~°°(M) ultrabornological, by the open
mapping theorem, it also follows that is a topological homomorphism.

To get that is another surjective topological homomorphism, apply the
commutativity of the right-hand side square of and the above properties. [

By Proposition the bottom row of ([7.21]) is exact in the category of contin-
uous linear maps between LCSs.

The surjectivity of (7.16)) (Proposition and the density of C*°(M) in C~°°(M)
yield the density of (7.17).

7.5. A description of C*(M). According to Sections and and (4.14]),
we have the subspaces

(7.22) mC=(L;QINL) € C7>(M)
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for m € Ny, and continuous linear isomorphisms
(7.23) O Cm®(L;QY'NL) = 9™ C~(L;Q 'NL) .

They induce a continuous linear injection
(7.24) Py — =),
m=0

where CY, = C=(L; Q"' NL) for all m.

Proposition 7.5. The map (7.24)) is a TVS-isomorphism, which restricts to TVS-
isomorphisms

k
(7.25) P cmHrLiaINL) S 0 R (M) (ke N)
m=0

Proof. In the case where M = R"™ and L is a linear subspace, it is known that
is a linear isomorphism [I4, Theorem 2.3.5 and Example 5.1.2], which is easily seen
to be continuous. This can be easily extended to arbitrary M by using charts of
M adapted to L. Then we get the continuous linear isomorphism by taking
the locally convex inductive limit of (7.25) as k 1 co. Since @, CY, is webbed and
C; *°(M) ultrabornological (Corollar, the map is a TVS-isomorphism
by the open mapping theorem. O

Remark 7.6. Proposition [7.5] reconfirms Corollary

Remark 7.7 (See [25, Exercise 3.3.18]). In Section for any compact manifold
with boundary M, the analog of Proposition for C5y7 (M) follows from the
application of Proposition to Coup (M)

Corollary 7.8. Every map (7.23)) is a TVS-isomorphism.

7.6. Action of Diff(M) on C~°°(M, L) and C *°(M). For every A € Diff(M), A*
preserves C(M, L; Q), and therefore A induces a continuous linear map A = A% on
C~°(M, L). By locality, it restricts to a continuous endomorphism A of C; *°(M).

7.7. The space J(M,L). According to Sections and there is a LCHS

J(M, L), continuously included in C~°°(M, L), so that (7.10) restricts to a TVS-

isomorphism

(7.26) m, A(M) = J(M, L) ,

where A(M) is defined in (6.39). By (6.32)), there is a continuous inclusion
J(M,L) C C®*(M\L).

We also get spaces J*) (M, L) and J™(M, L) (s,m € R) corresponding to A®) (M)

and A™ (M) via (7.26]). Let & be an extension of |z| to M, which is positive and

smooth on M \ L. Tts lift 7w*x is a boundary defining function of M, also denoted

by @. Using the first map of (7.10) and second map of (7.11)), and according to
Section we can also describe

(7.27) JEO(M,L) = {ue C™(M,L) | Diff (M, L)u c H'*(M,L)} ,
J™M,L) = {ueC™>(M,L) | Diff(M,L)u C £™L>(M)},
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equipped with topologies like in Sections [6.8] and These spaces satisfy the

analogs of (4.4]), (6.28]) and (6.37)—(6.39). By (7.14) and (7.27)), there are continuous

inclusions,

(7.28)  C®(M)C J)(M,L):=(J®(M,L), JM,L)CC>M,L);

in particular, J(M, L) is Hausdorff. Moreover the following analogs of Proposi-
tion [6.5] and Corollaries [6.6] and [6.12] to [6.14] hold true.

Corollary 7.9. J®) (M, L) is a totally reflexive Fréchet space.
Corollary 7.10. J(M, L) is barreled, ultrabornological and webbed.

Corollary 7.11. If m' < m, then the topologies of J™ (M, L) and C>(M \ L)
coincide on J™ (M, L). Therefore the topologies of J(M, L) and C*°(M\L) coincide
on J™(M,L).

Corollary 7.12. Form' <m, C(M\ L) is dense in J™(M, L) with the topology
of J™ (M, L). Therefore C*(M \ L) is dense in J(M,L).

Corollary 7.13. J(M,L) is an acyclic Montel space, and therefore complete,
boundedly retractive and reflexive.

The analog of Remark makes sense for J(M, L).

7.8. A description of J(M, L). Take a b-metric g on M satisfying and
and consider its restriction to M. Consider also the boundary defining function x
of M (Section . Corollaries [6.35| to [6.37| and ([7.26)) have the following direct
consequences.

Corollary 7.14. J™(M,L) = ™ H>®(M) = 2™/2H™(M) (m € R).

Corollary 7.15. C®(M \ L) is dense in every J™(M, L) and J) (M, L).

Corollary 7.16. J(M,L) =, ™ H (M) =J,, x"H>(M).
The analog of Remark makes sense for J(M, L).
7.9. I(M,L) vs A(M) and J(M,L). According to Sections and we have

the continuous linear maps

(7.29) 7 :I(M,L)— I(M,L), #,:I(M,L)— I(M,L),

which are restrictions of the maps (7.5)), and therefore they satisfy ([7.6]). According
to Sections [4.6] and [4.7} these maps are compatible with the symbol and Sobolev
filtrations because 7 : M — M is a covering map (Sections and .

Using the TVS-embedding A(M) c I(M, L) (Corollary [6.18), which preserves
the Sobolev and symbol order filtrations, the map 7, of (7.29) has the restriction

(7.30) m,  A(M) — I(M,L) .
On the other hand, the map (|7.16|) restricts to a continuous linear map
(7.31) R:I(M,L)— JM,L),

which can be also described as the composition
I(M, L) =5 1(M, L) & A(M) == J(M, L) .
According to (4.5) and (7.28)), the map (7.31)) is the identity on C*°(M).
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7.10. The space K (M, L). Like in Section the condition of being supported
in L defines the LCHSs and C°*°(M)-modules
KO(M,L) = 1)(M,L), K™M,L)=I(M,L), K(M,L)=Ir(M.L).

These are closed subspaces of I(*) (M, L), I7*(M, L) and I(M, L), respectively; more
precisely, they are the null spaces of the corresponding restrictions of the map (7.31)).
According to Corollary the identity ([7.19)) restricts to a TVS-identity

(7.32) KM)=K(M,L)y® K(M,L) .
Furthermore the maps ([7.20)) induce continuous linear maps
(7.33) e K(M)—» KM,L), #:K(M,L)—K(M).

Using ([7.32) these maps are given by ., (u,v) = v+ v and 7*u = (u, u)

By (6.44] and ), K)(M, L) and K™ (M, L) satisfy analogs of (7.32 usmg
KE) (M ) and ICm( ) Thus we get the following consequences of Proposwlons
and [6.:22] and Corollaries [6.23] to [6.25

Corollary 7.17. K(M, L) is a limit subspace of the LF-space I(M,L).
Corollary 7.18. K)(M, L) is a totally reflexive Fréchet space.

Corollary 7.19. K(S)(M7 L) is barreled, ultrabornological and webbed, and there-
fore so is K(M,L).

Corollary 7.20. For m < m',m”, the topologies of K™ (M,L) and K™ (M, L)
coincide on K™ (M, L).

Corollary 7.21. K(M,L) is an acyclic Montel space, and therefore complete,
boundedly retractive and reflezive.

Example 7.22. With the notation of Section Diff(M) = K(M?, A) becomes
a filtered C°(M?)-submodule of (M), with the order filtration corresponding to
the symbol filtration. This is the reason of the involved choice of m in . In
this way, Diff (M) also becomes a LCHS satisfying the above properties. If M is
compact, it is also a filtered subalgebra of ¥ (M).

7.11. A description of K(M,L). By - ) and (| -7
(7.34) OmMC®(L; O 'NL) c KC~™(M,L) (s < —1/2),
and restricts to a continuous linear isomorphism
(7.35) O C®(L:Q'NL) = 9mC®(L;Q"'NL) .
Lemma 7.23. For all m € Ny,

OC®(L; Q' NL)N K 2™ (M, L) = 0.

Proof. We proceed by induction on m. The case m = 0 is given by Proposition [£.9}
Now assume m > 1, and let v € C°(L; Q' NL) with u = 9™6% € K(~2="™)(M, L).
Take any A € Diff>(L;QNL) such that —92 + B € Diff*(T) is elliptic, where
B = (1 ® A")* € Diff*(T, L); for instance, given a Riemannian metric on M, A
can be the Laplacian of the flat line bundle QNL. By , ug == Oy €
K(%*m’e)(M, L) for 0 <e<1. By , given any By € Diff (M, L), there is some
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Bi,By,Bs € D1ff M, L) such that [02, Bg] = By + B20, + B39?. So, according to
Section [.5] (4.17) and . for all By € Diff (M, L),

( 82 + B)BQU() = —ByOyu — Biug — Bou — B30,u + 8m 1(5 [B7 Bo]uO
e K2 ™(M, L)+ K™ )(M,L) = K3~ (M, L) .

By Av

Hence Byug € H %*m(M ) by elliptic regularity. Since By is arbitrary, we get ug €
KGE-m) (M, L). So up = 0 by the induction hypothesis, yielding v = d,up =0. O

By Proposition the TVS-isomorphism ([7.24)) restricts to a linear injection

(7.36) é cl — K(M,L),

m=0

where Ol = C(L; Q="' NL) for all m € Ny, which is easily seen to be continuous.

Proposition 7.24. The map (7.36) is a TVS-isomorphism, which induces TVS-
isomorphisms

(7.37) P b= EDML) (s<-1/2).

m<— 3_,

Proof. To prove that ([7.306) is surjective, take any u € K(M, L). By Proposition
we can assume u € 07'C'~°(L; QNL) for some m. For any A € Diff(L; QNL), let
B = (1® A" € Diff(T, L). Since u € K(M, L) and B is local, it follows from the
definition of I(M, L) and (2-18) that Bu € H;*(T) < O}, *(T) for some k > m.
On the other hand, v = 97*} for some v € C~*°(L; QNL). Then (4.17) and (7.1)
yield
Bu = BI™6Y = 9" B8y = 9P = 9reiv
Therefore, by Proposition
Bu € O, F(M)namC==(L;QNL) = 9mC"™ *(L; QNL) .

This means that Av € C'™ ¥(L; QNL). So v € C®(L;QNL) because A is arbi-
trary, and therefore u € 9*C*°(L; QN L).
The surjectivity of follows from Lemma and the surjectivity of .
Finally, is open like in Proposition using that C*®°(L;Q INL) is
webbed and K (M, L) ultrabornological (Corollary[7.19)). So is also open. O

Remark 7.25. Proposition reconfirms Corollary

Remark 7.26. In Section [6.13] for any compact manifold with boundary M, the
analog of Proposition for (M) follows from ((6.48) and the application of
Proposition |7.5/to K (M,0M).

7.12. The conormal sequence. The diagram ([7.21]) has the restriction

0= K(M) —— AM) —LE5 AM) =0

(7.38) ml ml %lﬂ'*

0— K(M,L) —~— I(M,L) —%— J(M,L) > 0.
The following analog of Proposition [7.4 holds true with formally the same proof,

using (7.38).
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Proposition 7.27. The maps (7.30) and (7.31) are surjective topological homo-
morphisms.

By Proposition the bottom row of is exact in the category of con-
tinuous linear maps between LCSs; it will be called the conormal sequence of M at
L (or of (M, L)).

The surjectivity of can be realized with partial extension maps, as stated
in the following analog of Proposition [6.26]

Corollary 7.28. For all m € R, there is a continuous linear partial extension map

Ep : J™(M,L) — I®) (M, L), where s =0 if m >0, and m > s € Z~ if m < 0.
Proof. By the commutativity of (7.38)), we can take F,, equal to the composition

a ! . P
J™(M, L) T A™(M) 22 A (M) T2 19 (M, L)
where this map FE,, is given by Proposition [6.26 O
Corollary 7.29. C>*(M) is dense in J(M,L).

Proof. Apply (7.28)), Corollary and Proposition O

7.13. Action of Diff (M) on the conormal sequence. According to Section [1.5]
every A € Diff (M) defines a continuous linear map A on I(M, L), which preserves
K (M, L) because A is local. Therefore it induces a linear map A on J(M, L), which
is continuous by Proposition This map satisfies the analog of .

The map A on J(M, L) can be also described as a restriction of A on C~*°(M, L)
(Section . On the other hand, according to Section the lift A € Diff (M)
defines continuous linear maps on the top spaces of ([7.38)) which correspond to the
operators defined by A on the bottom spaces via the maps m.. If A € Diff(M, L),
then it defines continuous endomorphisms A of J(*)(M, L) and J™ (M, L).

7.14. Pull-back of elements of the conormal sequence. Consider the notation
and conditions of Section By locality, the map has a restriction ¢* :
K(M,L) — K(M',L'"). So it also induces a linear map ¢* : J(M,L) — J(M',L’),
which is continuous by Proposition These maps satisfy the analogs of
and .

7.15. Push-forward of elements of the conormal sequence. Consider the
notation and conditions of Section As above, the map has a restric-
tion ¢, : K (M',L';Qgper) — Ke(M,L). Thus it induces a linear map ¢, :
Je (M, L'; Qgper) — Jo(M, L), which is continuous by Proposition These
maps satisfy the analogs of and .

7.16. Case where L is not transversely orientable. If L is not transversely
orientable, we still have a tubular neighborhood T of L in M, but there is no
defining function x of L in T trivializing the projection w : T — L. We can cut
M along L as well to produce a bounded compact manifold, M, with a projection
7 : M — M and a boundary collar T" over T.

By using a boundary defining function & of M, we get the same definitions,
properties and descriptions of C*>°(M, L) and J(M, L) (Sections 7.7)and [7.8]).

C; (M) and K(M, L) also have the same definitions (Sections and 7.10).
However and are not true because the covering map 7w : M — L is
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not trivial, and the descriptions given in Propositions [7.5] and [7.:24] need a slight
modification. This problem can be solved as follows.

Let 7 : L — L denote the two-fold covering of transverse orientations of L, and
let & denote its non-identity deck transformation. Since the lift of NL to L is trivial,
7 on L = {0} x L can be extended to a two-fold covering 7 : T := (—¢,€), x L — T,
for some ¢ > 0. Its non-identity deck transformation is an extension of & on
L = {0} x L, also denoted by . Then L is transversely oriented in 7% i.e., its
normal bundle NL is trivial. Thus C;*°(T) and K (T, L) satisfy (7.19), and

Propositions and Since NL = #*NL, the map & lifts to a homomorphism
of NL, which induces a homomorphism of Q' NL also denoted by &. Let L_; be
the union of non-transversely oriented connected components of L, and L; the union
of its transversely oriented components. Correspondingly, let L4 = 7~ Li1) and
Ty = (—€,€) x L.,. Since 6*z = 4z on Ty, Propositions and become
true in this case by replacing C"(L; Q" 'NL) (r € Z U {£o00}) with the direct sum
of the spaces
{u€C(Lyy; QU 'NLyy) | 6*u==+u}.

Now the other results about C'[*°(M) and K (M, L), indicated in Sections

and can be obtained by using these extensions of Propositions [7.5

and instead of (7.19) and (7.32). Sections to also have strightforward

extensions.

8. DUAL-CONORMAL SEQUENCE

8.1. Dual-conormal distributions. Consider the notation of Section [/ assuming
that L is transversely oriented; the extension to the non-transversely orientable
case can be made like in Section Like in Sections and let

K'(M,L)= K(M,L;Q)" , J(M,L)=J(M,L;Q) .
By and ,
(8.1) K'(M)=K'(M,L)® K'(M,L), A(M)=J(M,L).
Let also
K'G(M, L) = K&9)(M,L; Q) , K'™M,L) =K ™(M,L;Q),
52 { J' (M, L) = JCN(M,L;Q), J™M, L) =J"(M,L;Q)
which satisfy the analogs of . Like in Section for s < s and m < m/, we

get continuous linear restriction maps
K'C)(M,L) = K'®(M,L), K'™M,L)— K™ (M,L),
and continuous injections
JENM, LYy c T, L)y, J™(M,L)C J™M,L),

forming projective spectra. By (8.1]), its analogs for the spaces (8.2)) and according
to Section the spaces K'(*)(M, L) and K'™(M, L) satisfy the analogs of (5.4]

and (5.5), and the spaces J'(*)(M, L) and J'™ (M, L) satisfy the analogs of (6.55
and (6.56). Using (8.1), we get the following consequences of Proposition [6.39
and Corollaries and [6.41]

Corollary 8.1. K'(M,L) and J (M, L) are complete Montel spaces.
Corollary 8.2. K'(®)(M,L) and J'®)(M, L) are bornological and barreled.
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Corollary 8.3. K'(M,L) = @K“S)(M, L) and J'(M,L) =, J'®(M,L).
Like in Section the versions of (7.15)), (7.28) and Corollary with QM

induce continuous inclusions

(8.3) C~>°(M)> J'(M,L) > C>®(M,L) .

8.2. A description of J'(M,L). With the notation of Section the iden-
tity and Corollaries to have the following consequences.

Corollary 8.4. J'™(M, L) = x™H; (M) = ™ 2 H->°(M) (m € R).

Corollary 8.5. J'(M,L) =, " H, *(M) =), x™H >(M).

Corollary 8.6. C°(M \ L) is dense in every J'™(M, L) and in J (M, L). There-
fore the first inclusion of (8.3)) is also dense.

The analog of Remark makes sense for J'(M, L).

8.3. Description of K'(M, L). The version of Proposition with QM has the
following direct consequence, where we set

C2 =C®(L;Q 'NL® QM) = C>(L;Q) = C~>°(L)
for every m € Np.

Corollary 8.7. The transposes of (7.36) and (7.37) are TVS-isomorphisms,

K'mLD) = J[ek. E9mn = [ ¢4 (s>1/2).
m=0 m<s—1/2

8.4. Dual-conormal sequence. The transpose of the density-bundles version of ([7.38)
is the commutative diagram

0 K'(M) «“— AM) < i) —o

(8.4) "*T ﬂﬁ ﬂﬁg

0 K'(M,L) «“— I'(M,L) « ™ J(M,L)+0.
Its bottom row will be called the dual-conormal sequence of M al L (or of (M, L)).
The following analog of Proposition [6.42] holds true with formally the same proof,

using Proposition and Corollaries [7.11] [7.13] and [7.2§

Proposition 8.8. The bottom row of (8.4) is exact in the category of continuous
linear maps between LCSs.

8.5. Action of Diff(M) on the dual-conormal sequence. With the notation
of Section consider the actions of A* and A’ on the bottom and top spaces of
the version of ([7.38) with QM and QM. Taking transposes again, we get induced
actions of A and A on the bottom and top spaces of , which correspond one
another via the linear maps 7v*. These maps satisfy the analogs of .

8.6. Pull-back of elements of the dual-conormal sequence. With the nota-
tions and conditions of Section besides , we get continuous linear pull-back
maps ¢* : K'(M,L) — K'(M',L') and ¢* : J'(M,L) — J'(M',L"). The analogs
of and in this setting are also true.
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8.7. Push-forward of elements of the dual-conormal sequence. With the
notations and conditions of Section besides (5.12), we get continuous linear
push-forward maps ¢. : KL(M', L"; Qaper) = KL(M, L) and ¢ : JL(M', L"; Qpper) —
JI(M,L). The analogs of (5.11) and (5.13)) in this setting are also true.

8.8. I(M,L) vs I'(M, L).

Lemma 8.9. For allm € N, m#*(H~™(M)NI'(M,L)) ¢ H-™(M)n A'(M).
Proof. Using a volume form on M and its lift to M to define a scalar product
of L?(M) and L?*(M), it follows that 7* : C>°(M) — C°°(M) induces a unitary
isomorphism 7* : L?(M) — L?*(M). Hence the statement is true for m = 0 because

L*(M) = H°(M) (Section . Then, for arbitrary m, by (2.21)) and (6.24)), and

according to Section [7.1
o (H™™(M)NI'(M,L))
=m*(Diff ™ (M) L*(M) N I'(M, L)) C Diff " (M) w*L*(M) N A" (M)
= Diff" (M) H* (M) N A (M) c H™(M)n A (M). O
Lemma 8.10. 7*(I(M,L)NI'(M,L)) C C>*(M).
Proof. For every u € I(M,L) N I'(M, L), there is some m € Ny such that u €
1™ (M, L). Then, by Lemma [8.9] for any B € Diff(M, L),
Br*u=m"Bucm* (H™M)NI'(M,L) c H™(M)n A (M) .

Since the operators B (B € Diff(M, L)) generate Diff(M, L) as COO(M)—module, it
follows that u € A(M) N A'(M) = C>(M) by (6.60). O
Theorem 8.11. I(M,L)NI'(M,L) = C*(M).

Proof. Suppose there is some non-smooth u € I(M,L)NI'(M,L). However w*u €
C°°(M) by Lemma[8.10] Then there is a chart (V, y) of L such that, for the induced
chart (U = (—e€,¢) x V, (z,y)) of M, the function u is smooth on ((—e,0) U (0,¢€)) x
V, and has smooth extensions to (—e,0] x V and [0,€) x V, but 97'u(0,yg) #
d™ (0T, yo) for some m € Ny and yo € V. After multiplying u by a smooth function
supported in U whose value at yq is nonzero, we can assume u is supported in
(—€/2,€/2) x V. Then there is some v € C*°(L; ) such that suppv C V and

(8.5) / ((079) — 0 ) () £0.

On the other hand, there is a sequence ¢, € C°(—¢, €) so that the restrictions

of mth derivatives d)fcm) to (—€/2,€/2) are compactly supported and converge to dg
in C~*°(—¢/2,¢/2) as k — oo. For instance, we may take

or(t) = h(t) / t / R / " fulto)dto - dt s |

where h, fr, € C°(—¢€,€) with h = 1 on (—¢/2,¢/2), supp fr C (—€/2,€/2), fx is
even, and fi — dop in C;°(—€/2,¢/2) and f(0) — oo as k — oco. Thus

(8.6) (™ (0) = f1(0) = o0,

0 oo
50w wa "2 [Tawem a1
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for all @ € C(—00,0] and b € C°[0, c0).
The sequence wy, = ¢r(z) v(y) @ |dx| € C(T; ) C C™(M;Q) satisfies

= ¢I(c7n) (x)v(y) ® |dz| = do(x) v(y) ® |dz| = 67,

in I(M, L; Q) as k — oo. Since u € I'(M, L) and 8™ 1wy, € I(M, L;Q), it follows
that (u, 0™ twy) — (u,0,6Y) as k — co. But

(u, 87w l/V//2 2,9)) 6" (@) v(y) do
ye —€

Lw/’ w(z, 1)) 6" (@) v(y) da

= g <0)/;V(u«),y>—wmo+,y»> o(y)
[ﬂ u(, ) 60 (@) v(y) da

0

n
€/2
/W Byu(z, ) 6™ (2)) v(y) dz,
()

which is divergent by (8.5)—(
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