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method of walks on ordinals, we will show it is consistent with ZFC that there
is a Kurepa tree and every Kurepa tree contains an Aronszajn subtree, if there is
an inaccessible cardinal. This is stronger than Komjath’s theorem in [5], where he
proves the same consistency from two inaccessible cardinals. Moreover, we prove

MSC: it is consistent with ZFC that there is a Kurepa tree T such that if U C T is a
03E05 Kurepa tree with the inherited order from T, then U has an Aronszajn subtree. This
03E10 theorem uses no large cardinal assumption. Our last theorem immediately implies
03E35 the following: If MA,, holds and wy is not a Mahlo cardinal in L then there is a
Kurepa tree with the property that every Kurepa subset has an Aronszajn subtree.
Keyworc.ls: Our work entails proving a new lemma about Todorcevic’s p function which might
Aronszajn trees be useful in other contexts.
Kurepa trees © 2024 The Authors. Published by Elsevier B.V. This is an open access article

‘Walks on ordinals

Inaccessible cardinals under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

In this paper we aim to compare Kurepa trees and Aronszajn trees. Moreover, we analyze the effect of
large cardinal assumptions on this comparison. We are interested in the question that to what extent do
Kurepa trees contain Aronszajn subtrees. The first result regarding this question is due to Jensen. He showed
that there is a Kurepa tree in the constructible universe L, which has no Aronszajn subtrees. Todorcevic
showed that there is a countably closed forcing which adds a Kurepa tree with no Aronszajn subtree. Both
Jensen’s and Todorcevic’s results are in the negative direction. In the positive direction, Komjath proved
the following theorem.
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Theorem 1.1. [5] It is consistent relative to the existence of two inaccessible cardinals that there is a Kurepa
tree and every Kurepa tree has an Aronszajn subtree.

It is natural to ask whether or not the large cardinal assumptions in Theorem 1.1 are sharp. In other
words, assume every Kurepa tree has an Aronszajn subtree, then is it consistent that there are at least two
inaccessible cardinals?

Let’s call an wi-tree Aronszajn free if it has no Aronszajn subtree. Without the use of large cardinals,
there are various ways to show the consistency of the existence of Aronszajn free Kurepa trees. It is natural
to ask, if there are no large cardinals, do Kurepa trees have to have Aronszajn free Kurepa subtrees? In
other words, do we need large cardinals in order to show the existence of a Kurepa tree with no Aronszajn
free Kurepa subtree?

Our work reveals a new fact about Todorcevic’s p function. Based on this fact about p and a notion of
capturing which was introduced in [3], we find Aronszajn subtrees in some canonical Kurepa trees without
any large cardinal assumptions. It is worth mentioning that although we analyze some wi-trees to prove
this fact about p, the function p is defined in terms of ordinals with no reference to wi-trees.

In this paper we will show the following theorem, which is stronger than Komjath’s Theorem.

Theorem 1.2. Assume there is an inaccessible cardinal. Then it is consistent that there is a Kurepa tree and
every Kurepa tree contains an Aronszajn subtree.

Regarding the existence of a Kurepa tree with no Aronszajn free Kurepa subtree, we show the following
theorem. It is worth mentioning that the following theorem does not need any large cardinal assumption.

Theorem 1.3. It is consistent that there is a Kurepa tree T such that whenever U C T is a Kurepa tree when
it is considered with the inherited order from T, then U has an Aronszajn subtree.

In [7] by using p, Todorcevic introduces a forcing which satisfies the Knaster condition and which adds
a Kurepa tree. We use this forcing to prove Lemma 4.3, which reveals a new inequality about p. We use
Lemma 4.3 to find Aronszajn subtrees and show Theorem 1.3. Since the tree T' can be forced to exist in
any model of O, using a ccc forcing, the following corollary trivially follows from Theorem 1.3.

Corollary 1.4. Assume MA,, holds and wy is not a Mahlo cardinal in L. Then there is a Kurepa tree with
the property that every Kurepa subset has an Aronszajn subtree.

The following question still remains unanswered.

Question 1.5. Is the large cardinal assumption in Theorem 1.2 sharp? In other words, assume every Kurepa
tree has an Aronszajn subtree. Then is it consistent that there is an inaccessible cardinal?

2. Preliminaries

We will be using the following notation and terminology. Assume T is an wi-tree. For any o € wy, T,
denotes the set of all elements of T" which have height a. T« is the set of all members of 7" which have
height less than a. T<, is defined similarly. B(T) is the set of all cofinal branches of T. If b is a cofinal
branch in T and « € wy, b(a) refers to the element in b which is of height . If t € T and o € wy then t | «
refers to the set of all elements x <p t whose height is less than a. For any x € T, T, is the set of all t € T
that are comparable with z. In particular the predecessors of x are in 7.

If z is a finite set of ordinals and i € |z| then x(i) refers to the i’th element of x. For z,y finite sets of
ordinals we say = < y if every element in x is less than every element in y. Assume z is a finite set of ordinals
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and (T : « € z) are wy-trees, then @ 7T = (J [] T¢. It is easy to see that the component-wise order

aEx fcw; aEx
on this product makes it an w;-tree. With this product, for every n € w we can define 71" = &Q T. Assume
S
T is an wi-tree and (v; : ¢ € n) are pairwise distinct elements of 7' with the same height, then @ T, is
1En

called a derived tree of T' with dimension n.

In [3] a notion of capturing is defined for linear orders. This notion can be used for wi-trees as well. We
will use this notion and Proposition 2.3 in order to characterize when an wi-tree contains an Aronszajn
subtree.

Definition 2.1. [3] Assume T is an ws-tree, & is a large enough regular cardinal, t € T U B(T), and N < H,
is countable such that T' € N. We say that N captures t if there is a chain ¢ C T in N which contains all
elements of T« v, below ¢, or equivalently ¢ | (dn) C c.

The following definition is a modification of Definition 3.1 in [3].

Definition 2.2. Assume T = (wq, <) is an wi-tree, x € T U B(T) and N < Hy is countable with T'€ N. We
say that = is weakly external to N if there is a stationary ¥ C [He1)+]¥ in N such that

VM € NN, M does not capture z.

Note that there is a major difference between the definition above and Definition 3.1 in [3]. If we require
¥ to be a club we obtain the definition of external elements in [3]. This is why we call z weakly external in
our definition. The purpose of this definition is to find Aronszajn suborders. It turns out that the existence
of weakly external elements is enough for an w;-tree to have Aronszajn subtrees. This should be compared
with Theorem 4.1 in [3], where the existence of external elements is required for finding Aronszajn suborders.
The proof we present here uses the ideas in the proof of Theorem 4.1 in [3], but we will include it for more
clarity.

Proposition 2.3. Let T = (w1, <) be an wi-tree, k = (2°1)" and ¥ C [Hx]¥ be stationary. Assume for all
large enough regular cardinal 6 there are x € T and countable N < Hy such that x is weakly external to
N, witnessed by 3. In other words, for all M € X NN, M does not capture x. Then T has an Aronszajn
subtree.

Proof. Fix 6 as in the proposition. For each t € T let Wy be the set of all countable N’ < Hy such that
3, T are in N’ and there is s > ¢ such that for all M € ¥ N N’, M does not capture s. Let A be the set of
all t € T' such that W; is stationary. We will show that A is Aronszajn.

First note that A is downward closed. This is because if ¢t < ' then Wy C W;. Moreover, if t € T, § € wy
and ht(t) < § then Wy = [J{W; : s > t and ht(s) = ¢}. In other words, if A # () then A is uncountable. So
it suffices to show that A # () and A does not contain any uncountable branch of T'.

First we will show that A # . Fix a regular cardinal A > 2% such that 6 is definable in H). Let P < H,
be countable such that for some z € T' ¥ witnesses that z is weakly external to P. Let t e TN P and t < .
Then PN Hy € W; € P. By the fact that P < Hy, W; intersects every closed unbounded subset of [Hy]*
which means that it is stationary and A # 0.

In order to see A contains no uncountable branch of T', assume for a contradiction that b C A is a cofinal
branch. Let M < H, be countable such that T, A, b, are in M and M € ¥. Let § = M Nw; and t = b(¢). Let
N < Hy be countable such that N € W; and M € N. This is possible because t € A and W; is a stationary
subset of [Hy]¥. Let s > t be the element in T such that for all Z € ¥ N N, Z does not capture s. But
M € ¥N N and it captures s via b. This is a contradiction. O



4 H. Lamei Ramandi, S. Todorcevic / Annals of Pure and Applied Logic 175 (2024) 103452

If T is an wy-tree with an Aronszajn subtree A, N < Hy is countable with A € N, and z € A\ N, then
x is external to V. This makes the following corollary immediate.

Corollary 2.4. Assume T = (w1, <) is an wy-tree. Then the following are equivalent:

e T has an Aronszajn subtree.

e For all large enough regular cardinal 6 there are x € T and countable N < Hy such that x is external
to N.

e For all large enough regqular cardinal 6 there are x € T and countable N < Hy such that x is weakly
external to N.

We will use the following facts from [4] which are due to Jensen and Schlechta. For more clarity we will
include the sketch of their proofs.

Fact 2.5. [/] Assume A € V is a countably closed poset, I C A is V-generic, B € V is a ccc poset and
G C B is V[F]-generic. Let T € V[G] be a normal wi-tree.

(1) If b € V[F][G] is a cofinal branch in T, then b € V[G].
(2) If S € V[F][G] is a downward closed Souslin subtree of T then S € V[G].

Proof. Assume for a contradiction that b € V[F][G]\ V[G] is a branch in T', and let b be the name which is
forced by 1 to be outside of V[G]. For k € 2, let ji : A x B — A% x B be the injections which take (p, q)
to (1,p,q) and (p,1,q). Obviously, these injections naturally induce injections on (A x B)-names. We will
abuse the notation and use jj for the injections on names too. Let j,(b) = 74 for k € 2. Since b ¢ V[G],
Lazxp IF 10 # 71

Note that the set D = {(ag,a1) € A? : Ja € w; (ag,a1,15) Ik T9(a) # 71(a)} is dense in A2. This
uses an argument similar to the proof of fullness lemma and the fact that countably closed posets do not
add new countable subsets of the ground model. Similarly, the set D, = {a € A: for some B-name i,
(a,15) IF b(a) = @} is dense in A. Now construct an increasing sequence ay,,n € w and ay, i for s € 2<¢
such that:

o (as,1) I b(ays) = &5 where i, is a B-name in V,
e as0,as~1 are both below as; and (as~g, as~1,1) IF &s~0 # Ls~1.

For each r € 2 NV let a, be the lower bound for (a, : s C 7). In V[G] let y, be the element which is forced
by a, to be the element on top of (x5 : s C 7). This means that T' has an uncountable level in V[G] which
is a contradiction.

The proof of the statement for Souslin subtrees uses similar ideas and the following facts, which we briefly
mention. First note that if X is a countable subset of V which is in V[F][G] then X € VI[G]. Also, if S is
a Souslin subtree of T in V[G] then it is Souslin in V[F][G]. If S € V[F]|[G] \ V[G] is a downward closed
Souslin subtree of T then there is downward closed Souslin S’ C S such that every cone S, is outside of
VI[G] for all x € 5.

Now assume for a contradiction that S is a Souslin subtree of T which is in V[F|[G]\ V[G]. Without loss
of generality we can assume that every cone S, is outside of V[G], for every z € S. Assume S is the name
which is forced by 1 to be outside of V[G]. Again let 73 be the corresponding names ji(S) as above.

Let S;. be the Souslin tree for 74, for k € 2, in the extension by (Fy, F},G) C A% x B which is V-generic.
Note that SyNS; C T, for some a € wy. In order to see this assume SyNS7 is uncountable. Then SpNST is an
uncountable downwards closed subtree of SyUS:. But SqUS, is a Souslin tree. So SpN.S; contains a cone from
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So U S1. Then for some x € Sy NSy, (So)z = (S1)s. But then (Sp), = (S1). € V[F][G] N V[F1][G] = V]G],
which is a contradiction. Choose an increasing sequence (o, : n € w) and a sequence (as, @5 : § € 2<%) such
that:

e (as,1)IF SOT<Q|S‘ = &g, where &, is a B-name in V,
® as-0,05~1 are both below ag,
L] (asﬂo,asﬂl, 1) ‘F Tas N .’i's,ﬂo N is,—\l = @

For each r € 2 NV, let a, be a lower bound for (as : s C 7). Also let a = sup{e, : n € w}. Now we work

in V[G]. For each r let z, = |J @s[G]. Note that if » # ¢’ then there is no t € T, such that the set of
sCr
predecessors of ¢ is contained in x, N z,,. For each r, let y, € T, such that {t € T : ¢t < y.} C x,. But this

means that T, is uncountable which is a contradiction. 0O

In this paper coll(wi, < A) refers to the usual Levy collapse forcing with countable conditions which
collapses every cardinal less than A to w;. Fact 2.5 immediately implies the following lemma.

Lemma 2.6. Let A € V be an inaccessible cardinal, F' C coll(wy,< \) be V-generic, P be a ccc poset of size
Ry in V[F]|, G C P be V[F]-generic and U € V[F][G] be an wi-tree. Then U has at most Ry many Souslin
subtrees and cofinal branches in VvE.

Proof. For every a € A, let F,, = F Ncoll(wy, < o). Let kK < X be a regular uncountable cardinal such that
P € V[F,] and U € V[F,][G]. Fact 2.5 implies the following.

o If b € V[F][G] is a cofinal branch of U then it is in V[F,][G].
o If S € V[F][G] is a Souslin subtree of U then it is in V[F,][G].

It is obvious that |B(T) N V[F][G]| = N1, in V[F][G]. Similarly the conclusion follows for Souslin subtrees
of U. O

The following Lemma from [1] is useful in finding club embeddings between w;-trees.

Lemma 2.7 (Lemma 8.2 of [1]). Assume R and all its derived trees are Souslin, A is an Aronszajn tree and
R’ is a derived tree of R whose dimension is n. Moreover assume forcing with R’ adds a new branch to A
and R’ has the least dimension with respect to this property among the derived trees of R. Then R’ club
embeds into A.

Lemma 2.8. For every Aronszajn tree A there is a forcing Pa which

e adds an uncountable antichain to A,
e preserves cardinals and
e adds no new cofinal branch to wy-trees of the ground model.

Proof. For every wi-tree A, let P4 be the poset consisting of all finite antichains in A. Based on the work
in [2], if A is Aronszajn and W is an uncountable collection of pairwise disjoint finite antichains of A, then
there are distinct x,y in W such that xUy € P4. Moreover, P4 is ccc if and only if A is Aronszajn. Since Py
is a ccc poset of size Ny, it preserves cardinals. Usual density arguments, show that P4 adds an uncountable
antichain to A.



6 H. Lamei Ramandi, S. Todorcevic / Annals of Pure and Applied Logic 175 (2024) 103452

First we show that P4 does not add branches to the Aronszajn trees of the ground model. Assume U is
an Aronszajn tree. Without loss of generality assume U, A are disjoint. Obviously A U U with <4 U <y is
an Aronszajn tree. Define ¢ from P4 x Py to Payy by ¢(a,b) = a Ub. Observe that ¢ is an isomorphism.
Therefore P4 x Py is ccc. Hence U remains Aronszajn after forcing with Pj4.

Now we show that P4 does not add new cofinal branches to wi-trees of the ground model. To this end,
let U be an wi-tree in the ground model, to which P4 adds a new branch. Since P4 is ccc, the possible
points of the new branch form a Souslin subtree of U. In particular, there is a Souslin tree in the ground
model to which P4 adds a cofinal branch. But this is impossible because of what we just showed above. O

It is worth pointing out that in the presence of CH there are posets which in addition to satisfying the
requirements of Lemma 2.8, do not add new reals. This is the poset introduced in Remark 5.2 of [6]. Let
Qs be the poset consisting of all ¢ = (X4,U,) such that:

e X, is a countable downward closed subset of S which has a last level of height a,

e U, is a non-empty countable set and for every U € U, there exists n € w such that U is a pruned
downwards closed subtree of S,

o for every U € U, there is a ¢ € U which is a subset of the last level of X.

We let p < q if (Xp)<a, = Xq and U, C U,.
Observe that for every g € Qg and s € S there are ¢t > s and p < ¢ such that a;, > ht(¢) and ¢ ¢ X,. This

shows that if G C Qg is generic then |J X, does not contain any cone Ss. Obviously, |J X, is uncountable
peG peG
downward closed. Therefore, the minimal elements of S\ |J X, form an uncountable antichain in S.
peEG
Lemma 5.3 of [6] asserts that there exists a poset which projects onto Qg and which does not add new

branches to wi-trees of the ground model. Therefore, Qs does not add new branches to w;-trees of the
ground model. The fact that Qg preserves cardinals follows from Remark 5.2 in [6]. CH is only used for
preserving wo. The same remark also explains why Qg does not add new reals.

We will use [J,,, in order to have the structure of walks on ordinals up to ws. The following is the standard
definition of [, .

Definition 2.9. A sequence (C,, : a is limit and wy < o < ws) is said to be a O, -sequence if

e (, is a closed unbounded subset of «,
o otp(Cy) < o and
o if a is a limit point of Cg then Cg Na = C,.

The assertion that there is a [,,,-sequence is called [, .
The following proposition is obtained from standard argument using [, -sequences.

Proposition 2.10. If O, holds then there is a sequence (Cy : « € wa) such that

o (4 is a closed unbounded subset of o,

o Cop1={a},

o 0tp(Cy) <wi and if cfla) = w then otp(Cy) < wi,
o if a€ Cg and B is limit then cfla) <w,

e if o is a limit point of Cg then CgNa = C,,.
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We only consider [, -sequences which have the properties mentioned in the proposition above. We will
also use the following standard fact.

Fact 2.11. Assume A is a regular cardinal which is not Mahlo in L. Let G C coll(w1, < A) be L-generic. Then
O, holds in L[G].

Now we briefly review some definitions and facts about walks on ordinals, from sections 7.3, 7.4, and 7.5
of [7] unless otherwise is mentioned. We fix a O, -sequence (C, : a € wo) which satisfies the properties in
Proposition 2.10.

We will use the following notation in the rest of the paper. For all X, ax = sup(X Nws). For each o € wy
we let L, be the set of all S € wy such that « € lim(Cp). For each o < 8 in wy, let A(ay, 5) be the maximal
limit point of Cg N (o + 1) when such a limit point exists, otherwise A(«, 8) = 0.

Definition 2.12 (See section 7.3 in [7]). The function p : [wa]? — w; is defined recursively as follows: for
a < B3,

p(avﬁ) = maX{Otp(CB N a),p(a,min(C@ \a)),p(f,a) :£eCgn [A(O{,ﬂ),@)}.

We define p(a, a) = 0 for all @ € we. When the order between «, 8 is not known we use p{«, 8} instead of
pla, B). More precisely, p{a, 3} = p(a, 8) if a < 3 and p{a, 8} = p(B,a) if B < a.

Lemma 2.13 (Lemma 7.3.6 of [7]). Assume £ € « and « is a limit point of Cg. Then p(&, «) = p(&, B).

Lemma 2.14 (Lemma 7.3.11 of [7]). If « < B, a is a limit ordinal such that there is a cofinal sequence of
¢ € a, with p(&,B) < v then p(a, B) < v.

Lemma 2.15 (Lemma 7.3.8 of [7]). For all v € w1 and a € wa, the set {£ € a: p(§, ) < v} is countable.

Lemma 2.16 (Lemma 7.3.7 of [7]). Assume oo < 8 < ~y. Then

o pla,v) <max{p(a,B),p(B,7)},
o pla, B) < max{p(a,v), p(B,7)}

The following lemma can be obtained in the same way as Lemma 3.1.3 of [7].

Lemma 2.17. [7] Assume oo < 8 < . We have p(a, ) = p(e, B), if p(8,7) < max{p(a, B), p(a,7)}.

B). The other half of the statement can
p(a,7). On the other hand, p(a,vy) <
nd this finishes the proof. 0O

Proof. We only prove that if p(a,vy) > p(5,7) then p(a,v) =
be proved by similar argument. p(«, 8) < max{p(a,~), p(8,7)
max{p(a, 8), p(B,7)} and p(a,y) > p(B,7). So p(a,y) < pla,

pla
}
)- A
Lemma 2.18 (Lemma 7.5.10 of [7]). Assume B € lim(ws), and v > . Then there is ' € B such that for all
a € (B,8), ple,y) = pla, B).

Lemma 2.19 (Lemma 7.4.7 of [7]). Assume A is an uncountable family of finite subsets of wa and v € wy.
Then there is an uncountable B C A such that B forms a A-system with root r and for all a,b in B:

o pla,B} > v foralla€a\band f €b\a,
o p{a, B} > min{p(c,7),p(B,7)} for alla € a\b, B €b\a andy € anb.
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The following forcing is from the proof of Theorem 7.5.9 in [7].

Definition 2.20. [7] Assume A C ws. @ 4 is the poset consisting of all finite functions p such that the following
holds.

(1) dom(p) C A.

(2) For all a € dom(p), p(a) € [w1]<¥ such that for all v € wy, p(a) N[, + w) has at most one element.
(3) For all a, § in dom(p), p(a) N p(B) is an initial segment of both p(a) and p(B).

(4) For all & < 8 in dom(p), max(p(a) Np(B)) < p(e, B) or p(a) Np(B) = 0.

We let ¢ < p if dom(p) C dom(g) and Vo € dom(p), p(a) C g(a). We use @ in order to refer to Q. The
poset @, consists of all conditions p in @ with the additional condition that for all & € dom(p), cf(a) < w.

Definition 2.21. Assume G is generic for Q). Then for each & € wq, be = J{p(§) : p € G}.

Recall that a poset P satisfies the Knaster condition if every uncountable subset A of P contains an
uncountable subset B such that the elements of B are pairwise compatible. Note that Knaster condition is
stronger than ccc. Moreover, if P satisfies the Knaster condition then it does not add new cofinal branches
to wy-trees and its iteration with any ccc poset is ccc.

Proposition 2.22 (Theorem 7.5.9. in [7]). The poset Q satisfies the Knaster condition.

We finish this section by some simple observations regarding the poset Q). Let G C @ be generic. For
t € s € wy, welet t < s if there is & € we and p € G such that a € dom(p) and ¢,s are in p(a). By
Condition 3 of Definition 2.20, < is transitive and T' = (wq, <) forms a tree. Also note that for all o € wo
and v € {0} Ulim(w) the set of all conditions ¢ € @ such that o € dom(q) and ¢(a) N[y, v+ w) # 0 is a
dense subset of Q. So for each a € we and v € {0} Ulim(w1), |bo N [V, v +w)| = 1. This means that for each
@ € wy, b, is a maximal uncountable branch of T'. Similar arguments show that if s # ¢ have limit heights
in T then they have different sets of predecessors. In particular 7' is normal.

Moreover, it is easy to see that for all ¢ € T, the set of all ¢ € @ such that for some « € dom(q), t € g(a)
forms a dense subset of (). This means that for each ¢t € T there is a € wy such that t € b,. Therefore, for
each v € {0} Ulim(wy), the set [v,v + w) is a level of the tree T'. In particular T is an w;-tree whose levels
are countable sets that are in the ground model.

3. Complete suborders of Q

When we analyze subtrees of the generic tree T', which is added by @, it will be useful to know if there
is a complete suborder of () which adds the tree T but does not add certain branches. In this section we
will find some subsets of () which are complete suborders of it.

Lemma 3.1. The poset Q. is a complete suborder of Q. Moreover, if X C ws is a set of ordinals of cofinality
w1, then Qu,\x s a complete suborder of Q.

Proof. We only prove the first part of the lemma. The second part can be verified by a similar argument.
Assume g € Q. We will show that there is ¢’ € Q. such that for all extensions p < ¢’ in Q., the conditions
p,q are compatible. Without loss of generality we can assume that g has the following extra property:
For all £ < 7 in dom(q) there are distinct m,n in w such that max(q(&) N q(n)) +w +m € q(§) and
max(q(&) Ngq(n)) +w +n € q(n). In particular, ¢ decides max(be Nb,) in the generic tree.
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Assume {f; : i € n} is the increasing enumeration of all ordinals in dom(q) which have cofinality w.
Also let C be the set of all ordinals in dom(g) which have countable cofinality. Define 3., for each i € n, to
be the least ordinal ¢ such that:

(1) €

(2) & is strictly above all elements of dom(q) N B;,
(3) for all a € dom(q) \ﬂu P(fa a) Z p(ﬂla Oé),

(4) otp(Ce¢) > max(q(5;))

is a limit point of Clj,,

Note that the third requirement can easily be arranged by Lemma 2.15. Let ¢’ be the condition in Q. such
that dom(q’) = CU{B. :i € n}, ¢'(a) = q(a) for all & € C, and ¢'(5]) = q(B;) for each i € n. It is easy to
see that ¢’ € Q..

Now let p < ¢’ be in Q.. Let r be the condition in ) such that:

(1) dom(r) = dom(p) U{p; : i € n},
(2) r(a) = p(a) for each o € dom(p), and
(3) 7(8:) = p(B7) N (max(g(B)) + 1).

It is easy to see that r is a common extension of p and ¢, provided that it is in (). We only show that
Condition 4, of Definition 2.20 holds for r. Assume « € dom(p) and S is one of the 3;’s. If a < ' then
pla, 8') = p(a, B). Therefore, max(r(a)Nr(8)) < max(p(a)Np(8')) < p(a, 8') = p(a, B), which was desired.
If 5/ < a < 3, then

pla, B) = otp(Cpr) > max(q(f)) = max(r(5)) > max(r(8) Nr(a)).

If 8 < a note that by Lemma 2.17 either p(8,a) > p(B’, @) or p(5',8) = p(f’,@). In the first case there is
nothing to show, and for the second case we have p(f’, o) = p(f’, ) = otp(Cp/) > max(q(p)).
Now assume that o < 8 are both in {8; : © € n}. Then

max(r(a) N 7(8)) < max(p(a) Np(B')) = max(q'(e) N q'(8")).

Here the inequality is obvious. The equality follows from the facts that ¢'(8}) = ¢(8;), for each i € n, and ¢
satisfies the extra property in the beginning of the proof. Moreover,

max(q'(e') N ¢’ (")) = max(q(a) N q(B)) < p(a, B).
This assures us that r satisfies condition 4 of Definition 2.20. O

It is well known that if there is a ccc poset P which adds a branch b to an wy-tree U, then {u € U :
dJpePplkue b} is a Souslin subtree of U. Here, @) is a ccc poset and Q. is a complete suborder of Q.
Moreover, if G C Q is generic then G N Q. knows the generic tree T'. Since there is a ccc poset R such that
Q is equivalent to Q. * R, T has lots of Souslin subtrees in any extension by Q.. This leads to the following
corollary. In the next section we prove a stronger statement which we will use to prove a fact about p. For
now, this corollary helps us to have a better picture of the forcing Q.

Corollary 3.2. The generic tree for Q. has Souslin subtrees.

Lemma 3.3. Assume CH. Let (N¢ : £ € wy) be a continuous €-chain of countable elementary submodels of
Hy where 0 is a regular large enough cardinal, N,, = Ugewl N¢, and p = sup(N,,, Nwa). Then Q, is a
complete suborder of Q.
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Proof. We need to show that for all ¢ € () there is p € @, such that if r < p and r € @, then r is compatible
with ¢. Let R = |Jrange(q), L = dom(q) Nu, and H = dom(q) \ i = {B; : i € k} such that 3; is increasing.
Fix v € w; which is above all elements of R and all p(«, ) where a, 8 are in dom(g). Using Lemma 2.15,
fix po € p above max(L) such that for all § € H and for all v € p\ po, p(7,8) > v. For each f € H and
vevlet Ay g={a € uo:pla,B) =v}

Again by Lemma 2.15, for all v € v and 8 € H, A, g is a countable subset of 19. Since CH holds, we can
fix N = N¢ such that po,v,L,R,(A, g : 8 € H,v € U) are in N. By elementarity, there is H' = {5} : i € k}
which is in N and

(1) B} is increasing,

(2) min(H') > po

(3) foralli € kand for all v € v, A, 5, = {a € po : p(e, B) = v}, and
(4) for all i < jin k, p(Bi, B;) = p(Bi, B})-

Let p be the condition such that dom(p) = L U H’, for all £ € L, p(§) = ¢q(¢) and for all i € k,
p(B;) = q(B;). Suppose r < p is in Q,. We will find s € @ which is a common extension of r, ¢. Pick s such
that dom(s) = dom(r) U H, s [ dom(r) = r, and for all i € k s(8;) = r(8}) N (max(¢(5;)) + 1).

We need to show that s is a condition in @Q. All of the conditions in Definition 2.20 obviously hold,
except for condition 4. If o < 8 are in H, by the last requirement for H' and the fact that r is a condition,
max(s(a) N 5(8)) < p(a, A).

Now assume that a € dom(r) and 8 = 8; € H. If p(«, 8) > v, everything is obvious because max(s(5)) <
v. Assume p(o, f) = v < v. So a € A, g. Since r € Q,,, we have max(s(a) N s(f;)) < max(r(a) Nr(f;)) <
v. 0O

Lemma 3.3 shows that for many ordinals ;1 with cofinality wi, @, is a complete suborder of Q. It is
natural to ask the same question for ordinals of countable cofinality. The following fact shows that quite
often @, is not a complete suborder of @), when 1 varies over ordinals of countable cofinality.

Fact 3.4. Assume cf(n) = w, p € wa, for some B> p, p is a limit point of Cg and the set of all limit points
of Cy, is cofinal in p. Then Q,, is not a complete suborder of Q.

Proof. Assume > p such that p is a limit point of Cjg and cf(8) = w. Let v = otp(Cp) and ¢ = {(8,{v})}.
We claim that for all p € @, there is an extension p < p in @, such that p is incompatible with ¢. Fix
p € Qu. Without loss of generality v € |Jrange(p) and p is compatible with ¢. Let & € dom(p) such that
v € p(§). Then pU{(B,p(§) N (r+ 1))} € Q. Let o be a limit point of C),, which is above all elements of
dom(p). Then p = pU {(a,p(§) N (v + 1))} is a condition in Q. But p(«a, ) = otp(Cy) < v and v € p(«).
Hence p, g are incompatible. 0O

Lemma 3.5. Assume [ € wa, x C wo s finite and Q, < Q. Then Q, < Quue < Q.
Proof. Obviously @, < @ implies Q. < Quuz- It suffices to show Q,u, <@ for all i € wy with @, <@ and
finite  C [p, w2). Let ¢ € Q. We need to show there is p € Q,u, such that every extension p’ of p in Q,uz

is compatible with ¢. Without loss of generality, by extending ¢ if necessary, we can assume that

o x C dom(q),
o ¢ forces that b, A bg = max(g(a) N ¢(B)) for all a, B in dom(g),

L Py < P; denotes that P, is a complete suborder of P;.
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o if a, f are in dom(q) and v € {0} Ulim(w; ), then g(a) intersects [v,v + w) if and only if ¢(8) does.

It is easy to see that if » <g_ ¢ [ = then r is compatible with ¢. This already shows that for all finite y C wa,
Qy < Q. Aside from the extra assumptions on ¢, we can also assume that y is infinite.”

Let po € @, such that for all extensions p; of po in @),, the conditions p;,q are compatible. Since p is
infinite, by extending py if necessary, we can assume |Jrange(q) C |Jrange(pg). Consequently, for every
a € dom(q) there is o’ € dom(pg) such that g(a) C po(a’). Define p on dom(pg) Uz as follows:

o If v € x let p(a) = po(a’) N (max(g(a)) + 1), where o’ € dom(pg) such that g(a) C po(a’).
o If & € dom(pp) let p(ar) = po(a).

By Condition 3 of Definition 2.20, for all « € z, p(«) is independent of the choice of o’. Compatibility of
po and ¢ implies that p is a condition in Q,u.. Let p’ be an extension of p in Quuz. Then p’ [ p is an
extension of pg in @, hence it is compatible with ¢. Also the conditions p’ [  and ¢ are compatible in @,
since p' [ x <, ¢ | x. This means that p’ = (p' [ u) U (p’ | z) is compatible with ¢ and we are done. O

4. Climbing Souslin trees to see p

In this section we analyze the external elements of the generic Kurepa tree that is added by the poset
Q.- The aim is to prove Lemma 4.3, which is a general fact about the function p. We use Lemma 4.3 to find
more weakly external elements in the tree which is generic for Q.

Proposition 4.1. Fiz k a regular cardinal greater than (21)%. Assume S is the set of all X € [wa]® such
that Co,y C X and Um(Cy, ) is cofinal in X. Define ¥ = {M < H,, : M Nwa € S A |Ly,,| =Ro}. Then &
is stationary in [H,]*.

Proof. Let E C [H,]” be a club. Fix 6 a regular cardinal above (2%)*. Let (M : £ € wy) be a continuous
€-chain of countable elementary submodels of Hy such that for all £ € wy, M¢ Nwy € S and M N H,, € E.
Let ae = sup(Mg Nwy) and o = sup{ae : & € wy}. By thinning out if necessary, without loss of generality
we can assume that for all £ € wy, a¢ is a limit point of C,.

Let f:{n € wy : |Ly| < N1} — wo by f(n) = sup(Ly), and Cy be the set of all ordinals that are
f-closed. Obviously f € My and for all §, ag € Cy. But for any § € wy, sup Lo, ¢ Me11. So, for all § € wy,
McnH,e ENY. O

Lemma 4.2. Assume G C Q. is generic and T is the Kurepa tree that is added by G. Assume Q/G is the
quotient poset such that Q is equivalent to Q. * (Q/G). For each « of cofinality w1, let A, ={x €T :3q €
Q/G qlF “x € b "}. Then each Ay is a Souslin subtree of T. Moreover, there is o € wa of cofinality wy
such that for all x € Ay, T, contains Ro many be with cf(§) = w.

Proof. It is trivial that A, is a Souslin subtree of T'. For the rest of the lemma, let § > (2¢1)* be a regular
cardinal, and assume S is the set of all X € [wq]“ such that Cy, C X and lim(C,, ) is cofinal in X. Let
(Mg : € € w1) be a continuous €-chain of countable elementary submodels of Hy such that for all £ € wy,
Me Nwg € S. Let ag = sup(Me Nws) and a = sup{ag : £ € wy}. Also fix ¢ € Q with a € dom(g), ¢ € ¢(«),
and v € we. We find n > v and p < ¢ such that cf(n) = w, n € dom(p), and ¢ € p(n). Find o € lim(C,,)
such that:

2 In fact we can assume that p is uncountable. This is because there is no countably infinite A C ws with Q4 < Q. This is trivial
from the ideas in the proof of Lemma 3.5 and we are not going to use it.
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(1) dom(q) N[/, a) =0,

(2) otp(Cy) is above all elements of | Jrange(q) and all p({a, 5}) for 5 € dom(q),
(3)

(4)

3) for all 8 € dom(q) \ «, p(e, B) < p(, B),
4) |Lar| = Ro.

Now pick n € Lo which is above v and all elements of dom(q) with cf(n) = w. Define p by dom(p) =
dom(q) U {n}, ¢(¢) = p(¢), for all ¢ € dom(q) and p(n) = ¢(a) N (t + 1). We show that for all ¢ € dom(p),
max(p(¢) N p(n)) < p(¢,n). I ¢ < o,

max(p(¢) N p(n)) < max(q(¢) Ng(a)) < p(¢,a) = p(¢, ') = p(¢,n).

Also max(p(a) Np(n)) = max(g(a) Ng(n)) =t < otp(Co) < p(r,n). When ¢ is above «,

max(p(¢) Np(n)) < max(q(¢) Ng(a)) < p(a,() <otp(Cor) < p(¢,n). O

Now we are ready to prove the main lemma of this section.

Lemma 4.3. Let (290)" < ko < & < 0 be regular cardinals such that (2°°)" < k, and (2°)T < 0. Let S
be the set of all X € [wa]¥ such that Co,, C X and im(Cy, ) is cofinal in X. Assume A is the set of
all countable N < Hy with the property that if N Nwy € S then there is a club of countable elementary
submodels E C [Hy,]* in N such that for all M € EN N,

plam,an) <M Nw;.
Then A contains a club.

Proof. Assume G is the V-generic filter over Q. and T be the tree that is introduced by G. Assume A is
a Q.-name for an Aronszajn subtree of T' with the property that for all t € A, the set {€ € wy : cf(€) <
wy and t € be} has size Ny, Fix N < Hp, in V, with A e N and N Nwy € S. Suppose for a contradiction
that

(%): for all clubs E C [Hy,]¥ in N there is M € E N N such that p(aa,an) > M Nw;.

Let dps,dn be M Nw;y and N Nw; respectively. Fix ¢t € [0n,dn + w), ¢ € Q. such that ¢ forces that ¢ € A.
Obviously, ¢ forces that ¢ is external to N[G]. In other words, ¢ forces that there is a club E C [H,, [G]]¥
in N[G] such that for all Z € EN N[G], Z does not capture t. Let F be a name for the witness E above.
So ¢ forces that for all Z € ENN [G], 7 does not capture t. In order to reach a contradiction, it suffices to
show (*) implies that there are M < H,, in N and p < ¢ in Q. such that:

(1) E € M and
(2) p forces that M[G] captures t.

We consider three cases. First, consider the case where ¢ ¢ (Jrange(q). Let v € (N Nws) \ dom(q), with
cf(y) = w. Let M < H, be in N such that v, E are in M. Let p be the condition such that dom(p) =
dom(q) U {7}, V¢ € dom(q) (5) = q(&), and p(y) = {t}. It is obvious that p is an extension of ¢ and it
forces that M[G] captures ¢ via b.,.

Now suppose for some ¢ € dom(g) N N, t € ¢(§). In this case assume M < H, is in N such that E, € are
in M. Then ¢ forces that M[G] captures ¢ via be.

For the last case, suppose t € (Jrange(q) but V¢ € dom(q) NN t ¢ q(£). Since any element of A is an
element of Ny many branches b C T with cf(§) < w1, by extending ¢ if necessary, we can assume that there
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is 7 € dom(q) \ ay such that ¢ € ¢(7). We consider the partition dom(gq) = HULUR where R = dom(¢)NN
(rudimentary ordinals w.r.t. N), L = (dom(q)Nay)\ R (low ordinals), and H = dom(q)\an (high ordinals).
Let B; be the set of all £ € dom(q) such that t € ¢(¢). So B;N R ={ and T € B;. By Lemma 2.18 we have
the following about the ordinals in H:

Fo € NNwe Yy € N\ v VE € H p(v,€) > p(v, an) (1)

For ordinals in L, let 41 = max{min((N Nwz) \ §) : £ € L}. Then

Vye N\m V¢ €L p(€,7) > on. (2)

In order to see (2), fix £ € L and let & = min(N Nwy) \ €. Observe that cf(¢') = wy. Let v € N be above 7;.
We show that p(§,y) > N Nw;. Note that there is o € ¢’ such that for all n € (a,¢’) the ordinal otp(Ce N7)
appears in the definition of p(n,~). Since 7,&" are in N, by elementarity, the witness a exists in N. Since
€ € (a,¢’) the ordinal otp(Cer N E) appears in the definition of p(§, 7). But otp(Cer N &) > dn, which shows
(2).

Now using (*) choose M < H,; in N such that p(ans, an) > 0pr and such that M has o, 71, R, |Jrange(g)N
N, E as elements. Let 73 > max{7o,y1} be in M such that for all ¥ € M that are above 73, p(7y, an) > 6.
The ordinal 3 is guaranteed to exist by Lemma 2.14.

For every £ € R and n € B; by the initial segment requirement on the conditions in @, max(q(§)Ng(n)) =
max(q(7) Ng(§)). If max(q(§) Ng(7)) ¢ M for some & € R, we are done. Assume max(q(§) Ng(7)) € M, for
all £ € R. By elementarity, fix v > 3 in M such that cf(y) = w and

V& € R p(§,7) > max(q(1) N q(€))- 3)
Now define p < q as follows:

o dom(p) = dom(q) U {v},

+ V¢ € dom(q) \ B: p(§) = q($),
« V&€ B p(§) = q(§) U{om},
« p(v) =p(7) N (Oar +1).

Obviously, p forces that M [G] captures t via 1-77, provided that p € Q.. It is obvious that p fulfills the initial
segment requirement. Moreover, | Jrange(p) \ Jrange(q) = {dn} because |Jrange(q) N N € M. We show
for all £,7n in dom(p), p{&,n} > max(p(§) N p(n)). This can be done by managing the following six cases.

First assume that &, 7 are in dom(q) and at least one of them is not in B;. Equivalently, 7 € dom(g) and
¢ € dom(q) \ B. Then ép ¢ p(§) and p(§) = q(£). Hence max(p(§) N p(n)) = max(q(&) Na(n)) < p{&,n}
because ¢ is a condition in Q.

For the second case assume £, 7 are both in B;. Recall 5y < ¢ and ¢ € ¢(€)Nq(n). Then max(p(€)Np(n)) =
max(q(§)Ng(n)) < p{&, n}. So far we have shown that condition 4 of Definition 2.20 holds for pairs of ordinals
in dom(q).

For the fourth case assume £ € H and 5 = v. The way we chose ~v3, and (1) guarantees that p(vy,&) >
p(v, an) > 6p = max(p(7)).

For the fifth case assume £ € L and 7 = . Then (2) implies that p(&,v) > dy > max(p(7y)).

For the sixth case assume £ € R and 7 = 5. Then (3) implies that p(§,v) > max(q(r) N ¢(§)) =
max(p(y) N p(&)). Therefore, p € Q.. O
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5. p introduces Aronszajn subtrees everywhere in T

In this section we will use Lemma 4.3 to show that every Kurepa subset of the generic Kurepa tree has
an Aronszajn subtree. Here a subset Y of T is said to be a Kurepa subset if it is a Kurepa tree when it is
considered with the order inherited from T'. Note that Y is not necessarily downward closed. The theorems
in this section are not using any large cardinal assumption.

Lemma 5.1. Assume X C wq is uncountable, Qx < Q and T is the generic tree for Qx. Then {b¢ : £ € X}
is the set of all cofinal branches of T in the forcing extension by Qx .

Proof. Assume P = Qx and 7 is a P-name for a branch that is different from all b¢, £ € X. Inductively
construct a sequence (p, : 7 € wy) as follows. The condition py € P is arbitrary. If (p, : < «) is given, find
Pa € P such that:

o po decides min(m \ [J{b¢ : £ € U{dom(p,) : n € a}}) to be t,,,
* tp, € Urange(pa),
o for every 3 € dom(p,), ht(max(p,(3))) > ht(t,, ).

Let A = {ps : @ € w1}. By going to a subset of A if necessary, we may assume that {dom(p) : p € A} forms
a A-system with root d. Also {|Jrange(p) : p € A} forms a A-system with root c. Moreover, we may assume
that elements of A are pairwise isomorphic structures and the isomorphism between them fixes the root.
By Lemma 2.19 there is an uncountable set B C A such that for every p,q in B if a € dom(p) \ dom(q),
B € dom(g) \ dom(p), and v € d, then

o p{a, B} > max(c) and
+ pla, B} = min{p{y, a}, p{v, B}}-

Note that for all p € B, | Jrange(p) C wy. So without loss of generality, by replacing B with an uncountable
subset if necessary, we can assume the following: Whenever p, ¢ are in B either

o ¢ <a=|Jrange(p) \ c < b= Jrange(q) \ c or
o ¢ <b=Jrange(q) \ ¢ < a =range(p) \ c.

We claim that the elements of B are pairwise compatible. In order to see this, fix p, ¢ in B. By symmetry,
we can assume that

c<a= Urange(p) \e<b= U range(q) \ c.

We define the common extension r of p, ¢ on dom(p) U dom(q) as follows: For v € d let r(y) = p(y) U q(7),
and for a € dom(p) \ dom(g) let r(o) = p(«). For 5 € dom(g) \ dom(p) we have two cases. Either for all
v € d, max(q(y) Nq(B)) € c or there is a unique 7 € d such that max(q(y) N ¢(8)) € b. In the first case let
r(8) = q(B) and in the second case let () = p(y) Uq(B). In order to see that there is no possibility outside
of these two cases, assume for a contradiction that v, are in d and for ¢ € 2, max(q(v;) Ng(B)) € b\ c. In
other words, both ¢(7o), ¢(71) intersect ¢(5) above max(c). So there is v € b\ ¢ such that v € ¢(v9) Ng(y1)-
Recall that the elements of B are isomorphic structures via the isomorphisms which fix the roots. Therefore,

3 Note that the levels of the generic tree are in the ground model.
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for each s € B there is v € | Jrange(s) \ ¢ such that v € s(y0) N s(71). But this contradicts the fact that
p(70,71) is countable, since {| Jrange(s) : s € B} is an uncountable A-system with root c.

First we will show that r satisfies Condition 3. Note that if v, v2 are both in d then p(y1) Np(y2) C ¢
and ¢(y1) Ng(y2) C ¢. In order to see this, assume this is not the case. Then by the fact that the conditions
in B are pairwise isomorphic, sup{max(s(v1) Ns(y2)) : s € B} = wy which implies that p(v1,72) > w1. But
this is absurd. Now assume ¢ € (p(v1) Ug(m)) N (p(y2) Ug(r2)), 7 <iand j € (p(y1) Ugq(n)). We will show
that j € p(y2) U g(72). Note that j € ¢. Then j € p(y1) N ¢ = ¢(7y1) N e. Since p, g both satisfy Condition 3
and i € p(y2) U g(7y2), we have j € p(y2) U ¢(v2). If o € dom(p) \ dom(g) and ~y € d note that

r(a)Nr(y) = ple) N (p(y) Ug(y)) = pla) Np().

But p(a) Np(y) is an initial segment of both p(«) and r(y) because a < b. If € dom(q) \ dom(p) and
for all v € d, max(q(y) N ¢(B)) € c the argument is the same. So assume that for a unique g € d,
max(q(8) Nq(ys)) € b. Then it is easy to see that r(8) Nr(vs) = p(v5) U (¢(8) Ng(vp)) is an initial segment
of both 7(B),r(vs). If B € dom(q) \ dom(p) and v € d\ {73}, in order to see r(3) Nr(7) is an initial segment
of both r(5),r(v), note that

r(B)Nr(y) = (p(ys) Ua(B)) N (p(y) Ug(y)) C e

Then r(8) Nr(y) = p(vys) N p(y) which makes Condition 3 trivial. We leave the rest of the cases to the
reader.

For Condition 4, we only verify the case o € dom(p) \ dom(q) and 8 € dom(q) \ dom(p). If for all v € d,
max(q(y) N ¢(B)) € ¢, there is nothing to prove. Assume for some unique vy € d, max(q(vy) N ¢(B)) € b.

Obviously, r(a)Nr(8) = (p(a) Np(y))U(p(a) Ng(B)). But max(p(a) Ng(B)) < max(c) < p{a, 8}. Moreover,

max(p(a) N p(7y)) < max(a) < min(b) < max(q(B) Ngq(y)) < p{v, B}

This means that max(p(a) N p(v)) < min{p{e, v}, p{B,7}} < p{e, B}. Therefore, max(r(a) N r(B)) <
pla, B}

We have two possible cases: either there is an uncountable C' C B such that for all p € C, there is v € d
with ¢, € p(v), or there are only countably many p € B such that for some v € d, ¢, € p(y). If such an
uncountable C' exists, let s € P such that s forces that the generic filter intersects C' on an uncountable set.
Then for some « € d, s IF |7 N by| = R;. But this contradicts the fact that 7 was a name for a branch that
is different from all b¢’s.

Now assume that there is a countable set D C B such that if p € B and for some v € d, t, € p(7y) then
p € D. We can choose p,q in B\ D such that:

(1) for some a € dom(p) \ dom(q), t, € p(a),

(2) for some § € dom(q) \ dom(p), t, € q(5),

(3) p forces that ¢, is not in the branches that are indexed by the ordinals in d, and
(4) max(c) +w < t, and ¢, +w < t,.

Obviously, (1), (2) are automatically true for any p, ¢ in B\ D. We claim that there is at most one p, € B
which does not force that ¢, is not in the branches that are indexed by the ordinals in d. In order to see this,
assume for a contradiction that {( < n < wy and p,,p¢ are counterexamples to our claim. Then p, decides
min(7 \ J{b; : i € U{dom(p;) : j € n}}) to be t,, . In particular, p, forces that ¢, ¢ (J{b;:i € dom(p¢)} D
(U{b: : i € d}. Therefore, p, satisfies Condition (3), which is a contradiction. By the same argument, if p # ¢
are in B then t, # t;. Therefore, it is easy to choose p, ¢ in B such that the four conditions above hold.
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Let a,b,c,d be as above. We will find a common extension of p,q which forces that ¢, is not below ;.
This contradicts the fact that 7 was a name for a branch.

First consider the case in which for all v € d, max(q(8) Nq(y)) € c. Let r be the common extension
of p,q described as above. Recall that r(8) = ¢(8) in this case. Let £ € (tp,t, +w) \ (a Ub). Note that
¢ > max(c). Let X = {n € dom(r) : max(r(8) Nr(n)) > &}. Obviously, X Ndom(p) = 0 and 8 € X. Extend
r to r’ such that dom(r’) = dom(r), r and 7’ agree on any element of their domain which is not in X, and
r'(n) = r(n) U{&} for all n € X. Checking ' is a condition is routine. The condition ' forces that in the
generic tree ht(£) = ht(t,) and they are distinct. Therefore, it forces that £ < ¢, and that t,, is not below t,.

Now assume for some v € d, max(¢(8) N ¢(vy)) € b. Again assume that r is the common extension
described above. So 7(8) = p(y) U q(8), and r forces that max(p(y)) is below ¢, in the generic tree. Recall
that ht(max(p(7y))) > ht(t,) and p forces that ¢, is not in the branches indexed by the ordinals in the root
d. Hence p forces that ¢, is not below max(p(7y)). Since r < p, it forces that ¢, is not below ¢, in the generic
tree. O

Now we are ready to prove the main theorem of this section.

Theorem 5.2. It is consistent that there is a Kurepa tree T such that every Kurepa subset of T has an
Aronszajn subtree.

Proof. Assume G is a generic filter for the forcing @), and T is the tree introduced by G. Since @ is ccc, it
preserves all cardinals and T is a Kurepa tree.

Assume U is a Kurepa subset of T', and X is the set of all £ € wy such that b N U is uncountable. Let
(Ng : € € wi) be a continuous €-chain of countable elementary submodels of Hy such that U € Ny and for

all £ € w1, N¢ € A, where A is the same club as in Lemma 4.3. Let N,,, = | N¢, p = N, Nwo. Fix
{ewr
n € X above u. By Proposition 2.3, it suffices to show that for some £ € w, the first element of b, N U

whose height is more than N¢ Nwy is weakly external to N¢ witnessed by some stationary set .
Without loss of generality we can assume that for all £ € wy:

e an, =sup(Neg Nws) is a limit point of C,,
. NE Nwo D CaNg and
. lim(CaN&) is a cofinal in ay,.

In order to see this, let f from w; to p be the function which is defined as follows: For each £ € wq,
f(§) is the least ¢ € wy with N¢ D €, Nay,. Now observe that if £ is f-closed then it satisfies the second
condition. For the other two conditions, note that the sets {an, : £ € w1} and the set of all v € C}, which
are limit of limit points in C, are clubs in p.

Let £ € wy be such that otp(CaNs) > p(p,m) and for all ¢ > &, p(an.,n) > p(u,n). Then note that
p(p,m) € N¢. Use Lemma 4.3 to find E € N¢ which is a club of countable elementary submodels of H.,,
such that for all M € EN Ng, p(p,m) € M and p(anr,an,) < M Nwi. Now let ¥ be the set of all M € E
such that M Nwy D Cy,, and lim(Cy,,,) is a cofinal subset of ajs. Obviously, ¥ is stationary and in N¢. Let
M € ¥ N N¢. We want to show that M does not capture b, as a branch of 7. Equivalently, for all b € M
which is a cofinal branch of T', A(b,b,) € M. By the lemma above, it suffices to show that for all v € M,
p(v,m) < M Nw;. Recall that:

p(v,m) < max{p(y, an), plan, i), p(p,n)}-

Fix 8 which is a limit point of C,,, and which is above v. Since 8 € M and p(v, 8) = p(vy, anr), we have
that
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p(v,an) € M.

Since M € E and ay, € lim(C},), we obtain

planr, 1) = plan, ane) < M Nwi.

Recall that p(u,n) € M. Therefore, p(v,n) < M Nws.

Now assume M € ¥ N Ng, t is the first element of b, whose height is more than N¢ N w;. It suffices to
show that M does not capture t as an element in U. Assume b C U is a cofinal branch of U which is in M
and b contains {s e UNM : s < t}. Since t ¢ M, the set {s € UNM : s < t} has order type M Nwy. Let
b, be the downward closure of b in T'. Then obviously v € M. But then the order type of by, N b, is at least
M N wy, which is a contradiction. O

We finish this section by a corollary which relates the theorem above to Martin’s Axiom.

Corollary 5.3. Assume MA,,, holds and wy is not a Mahlo cardinal in L. Then there is a Kurepa tree with
the property that every Kurepa subset has an Aronszajn subtree.

6. Taking Komjath’s inaccessible away

In this section we will show that if there is an inaccessible cardinal in L. then there is a model of ZFC in
which every Kurepa tree has an Aronszajn subtree. We will be using the following notation. If G C @ is a
generic filter and X C wo with Qx <@, we use G x in order to refer to GNQx. If X C Aand Qx <Q4<Q,
Rx 4 refers to the ccc poset such that Q4 = Qx * RX,A. Note that the generic tree T is in V[Gx] if X is
uncountable and Qx < Q. Then Rx 4 can be described more explicitly in the forcing extension by Gx as
follows. Let T' be the generic tree for Qx and be be the set of all ¢ € T' such that ¢ € ¢(&) for some ¢ € Gx.
Recall that be is an uncountable downward closed branch of T'. Moreover, every branch of 7" in the forcing
extension by G'x has to be b for some £ € X. The poset Rx 4 consists of finite partial functions p from
A\ X to T such that:

(1) for every a € dom(p) and £ € X, (p(a) Abe) < p{€,a} and
(2) for all @ < 8 in dom(p), (p(a) Ap(B)) < p(a, B).

In Rx 4, ¢ <p if dom(q) D dom(p) and p(a) <r ¢(«) for all a € dom(p). We sometimes use the notation
RA(B) in order to refer to Ra aup if A, B are disjoint.
Also, for finite  C [y, ws), let S#[x] be the set of all (v; : i € |z|) € TI?! such that for some ¢ € R,

e dom(q) Dz and
o forallie |z, ¢(x(7)) = v;.

So in particular every condition in R, , force that & b, C S*[z]. For a € wy \ 1, we use S*[a] instead of

s{{a}].

Lemma 6.1. Assume w; < pp < wz, Q, < Q in'V and G C Q is V-generic. Let K be an wi-tree in V[G,,]
and b C K be a cofinal branch in V|G]. Then there is a finite x C [, w2) such that b € V|G uz).

Proof. Work in V[G,]. Let T be the generic tree that is introduced by G, r € R, ,, NG, 7 C K x {q €
R, ¢ <7} bean R, ,,-name. Assume for all finite z C [u, ws),
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rlrg, , “7 is a cofinal branch of K which is not in V[G, * H,]|” (4)

where H, is the canonical name for the V|G ,]-generic filter of R,,(x). For every u € K, let C,, = {g < r:
qlrr,,, w €} and let £, C C, such that:

(e1) E, is an antichain that is maximal in C,,.
(e2) If ¢ € E, and « € dom(q) then htr(g(a)) > htg (u).
(e3) If g € E, then q is a one-to-one function whose range consists of the elements of the same height in 7T'.

The condition (e;) implies that E, is countable because R, is ccc. Let 7/ = [J{{u} x Cy, : u € K} and
7" =U{{u} x By : v € K}. Observe that r IF 7 = 7/ = 7”. Without loss of generality, we assume 7 = 7",
or in other words 7[{u}] = E, for all u € K. Let U be the set of all u € K such that for some ¢ < r in
R, ., the condition ¢ forces that v € 7. R, ., is ccc, so U is a Souslin tree in V[G,,].

Let T’ C range(7) be uncountable such that {dom(p) : p € '} forms a A-system with root w. By thinning
I' out if necessary, we can assume the conditions in I' have the same cardinality k& + |w| € w. Note that
r € R,(w) and U = dom(7”) = dom(7). Also note that an important consequence of (e3) is that if p € T’
and p [ w € Guuw then p is compatible with every condition in G-

By (e2), the set I'y = {p | w : p € T'} is an uncountable subset of R, (w) consisting of conditions
extending r. Therefore R, (w) has an extension 1’ of  which forces that I',, N H,, is uncountable. In order
to contradict (4), we need to work in V[G,, * H,] and some specific forcing extensions of this model. Here
H, C R,(w) is a V|G ]-generic filter which contains " and consequently intersects I',, on an uncountable
set. Due to similarity of arguments and for easier notation let’s assume

|Fw ﬂ GMU'WI — Nl

and work with V[G 1| instead of V[G,, * H,).

Let A € V]G uw] be the set of all p [ (dom(p) \ w) such that p € T and p [ w € G,uw. Note that A is
uncountable. Here we use (e2) and the fact that 'y, N Gy, is uncountable.

For each p € A, let d, : k — dom(p) be the unique strictly increasing bijection. Let ([; : 0 < [ <
w + 1) be a sequence listing all I C k with 0 < |[I| < 2 such that all singletons are listed before pairs.
We are going to find (V, A; : 1 < @ + 1), by induction on [, such that:

o Vo= VI[Guuwl
e V41 is an Aronszajn tree preserving and ws-preserving forcing extension of V.
e A; € V; is uncountable for all [.
. .A1+1C./41CA0=.A.
If {p,q} C A;j then p | {d,(n) :n € I;} and ¢ | {d4(n) : n € I;} are compatible in R,y w,-

We proceed by finding V;, A; when V;_1, A;_1,I; are given. Work in V;_;. First assume 0 < [ < k, which
means I; = {n} for some n € k. This task can be done by managing the following cases:

(1) The map p — p(d,(n)) is constant on some uncountable subset of A;_1.

(2) The map p — p(d,(n)) is countable-to-one and the downward closure of {p(d,(n)) : p € A;_1} has an
uncountable branch.

(3) The map p — p(dp(n)) is countable-to-one and the downward closure of {p(d,(n)) : p € Ai_1} is
Aronszajn.
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For the first case, fix uncountable B C A;_; such that p — p(d,(n)) is constant on B. Let v = p(d,(n)) for
some (any) p € B. Let A; C B be uncountable such that if p # ¢ are in A; then p{d,(n),dq(n)} > v. It is
easy to see that A; together with V; = V;_; works.

For the second case let W be the downward closure of {p(d,(n)) : p € A;—1} in T. By Lemmas 2.8 and
5.1, let £ € pUw such that be C W. Let (p; : i € w1) be a sequence in A;_; such that (p;(d,, (n))Abe 1 i € wy)
is strictly increasing. Let I'y C wy be uncountable such that (a; = dp,(n) : ¢ € T'g) and (p{a;,£} i € Tp) are
both strictly increasing. Recall that p{c;, £} > be Ap;i(a;), so this is possible. Find uncountable I'; C I'g such
that p(a;, ;) > min{p{a;, &}, p{a;, &} for i < jin T'y. In order to see A; = {p; : 1 € I'1} and V; = V;
work, assume for a contradiction that p;(c;) A p;(a;) > p(ei,a;) for some i < j in I'y. Then

P&, ai} > pilaq) Nbe = pi(aq) Apjlaj) > plag, az) > plag, &},

which obviously is a contradiction.

For the third case, let W be a pruned downward closed uncountable subtree of the downward closure
of {p(dy(n)) : p € Ai—1} in T. Let V; be a forcing extension of V;_; which adds an antichain A C W as
in Lemma 2.8. From now on we work in V;. Fix v > sup{d,(n) : p € A1} inwy and (¢; : 4 € wy) in A
such that if ¢ < j then ht(¢;) < ht(¢;). Since W is pruned, for every t € W there are uncountably many
p in A1 with t <p p(dp(n)). Since wy is preserved, the square sequence of V;_; is a square sequence in
V. Therefore, for each ¢ € wy there is p; € A;_1 such that t; € p(dp,(n),v) and t; <r pi(d,,(n)). Let
a; = dp,(n). Find uncountable I'y C wy such that (a; : ¢ € Ty) and (p(a;,) : i € T'y) are both strictly
increasing. Find uncountable I'y C T'g such that

p(ai7aj) > min{p(aivv)vp(ajvfy)}

whenever ¢ < j in I'y. In order to see A; = {p; : i € I'1} works, assume ¢ < j are in I';. Then

pi(cv) /\pj(aj) <t; < plag,y) = min{ﬂ(aiﬁ)vp(@jﬁ)} < P(Oéi,@j),

as desired. This finishes our induction for the singleton sets I;.
Before we deal with the induction steps in which I; is a pair, let’s make an observation.

Observation 6.2. Assume V is a forcing extension of V|G| by a forcing described in Lemma 2.8. Let
m < n < k and assume in V, B C A is uncountable such that the maps p — p(dp(n)) and p — p(dp(m))
are countable-to-one on B. Then either

(a) there are incomparable s,t in T and uncountable By C B such that for all p € By, s <p p(dy(m)) and

t <7 p(dy(n)), or
(b) {p(dy(m)) A p(dp(n)) : p € B} is uncountable.

Proof of Observation 6.2. Assume {p(d,(m)) A p(d,(n)) : p € B} is countable. Assume u € T such that for
uncountably many p € B, p(d,(m)) A p(dy(n)) = v and let § = ht(u) + 1. Then there are incomparable s, t
above u in Ts such that

B'={p e B: (p(dy(m)) I (0 +1),p(dp(n)) I (6 +1)) = (s,1)}

is uncountable. Since both maps p — p(d,(m)) and p — p(dp(n)) are countable-to-one, there is an uncount-
able By C B’ as desired in (a). Therefore, the dichotomy in Observation 6.2 holds. O

Assume V;_1, A;_1,I; are given and I; = {m,n} is a pair. Based on Observation 6.2, we can assume at
least one of the following cases holds:
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(0) At least one of the maps p — p(d,(n)) or p — p(d,(m)) is not countable-to-one on A;_;.

(a) There are incomparable s, ¢ in T and uncountable By C A;_1 such that for all p € By, s <r p(d,(m))
and t <7 p(dp(n)). Moreover, the maps p — p(dp(n)) and p — p(d,(m)) are countable-to-one on
Ai_1.

(b.1) The downward closure of {p(d,(m)) A p(dp(n)) : p € A;—1} in T has an uncountable branch and the
maps p — p(dp(n)) and p — p(d,(m)) are countable-to-one on A;_1.

(b.2) The downward closure of {p(d,(m)) A p(d,(n)) : p € Ai—1} in T is an Aronszajn tree and the maps
p — p(d,y(n)) and p — p(d,(m)) are countable-to-one on A;_;.

For case (0), the forcing extension is the trivial forcing extension. Find uncountable B C 4,1 and t € T
such that one of the maps p — p(d,(n)) or p — p(d,(m)) is constantly ¢t on B. Let v = ¢t + 1 and let
A; C B be uncountable such that for p # ¢ in A;, p{d,(n),ds(m)} > v. So for all distinct p,q in A,
p(dp(n)) Ag(dg(m)) < v < p{d,(n),d,(m)}. By the symmetry and since we have already dealt with the one
element subsets of k, this finishes case (0).

For case (a), the forcing extension is the trivial forcing extension. Fix s, t, By as in (a) of Observation 6.2.
Let A; C By be uncountable such that for p # g in A;, t < p{dy(n),ds(m)}. Then for all p # ¢ in A,
p(dp(n)) Ap(dg(m)) = s At <t < p{dy(n),ds(m)}. Because of symmetry and the fact that we dealt with
the one element sets in the previous steps, this finishes case (a).

For case (b.1), the forcing extension is the trivial forcing extension. Assume W is the downward closure
of the uncountable set {p(d,(m)) Ap(d,(n)) :p € Aj_1} in T. Using Lemmas 2.8 and 5.1, let £ € pUw such
that be C W. We can find {p; : ¢ € w1} C A;_1 such that (p;(dp,(m)) A pi(dp,(n)) Abe : i € wy) is strictly
increasing. Find uncountable I'y C wy such that the sequences

% (n) :i € Ty),

Bi (m) NS F0>,

{(piai) Nbe), (pi(Bi) Abe)} i € To),
{p{ai, &}, p{Bi, E}} - i € To)

= sz
= dpi

o~ o~~~

are all strictly increasing. Find uncountable I'y C I'y such that

p{aiaﬁj} Z min{p{ai,f},,ﬂ{ﬂj,g}}, (5)

for i # j in I'y.
Assume i < j are in I';. Then

pi(ai) Apj(B;) = pi(ai) Nbe < plai, £} = min{p{ai, }, p{B5, &} }-

From (5) it follows that p;(cu) Ap;(B;) < p{as, 5;}. Again, by symmetry and the fact that we have already
dealt with the one element sets before, A; = {p; : i € I'1} and V; = V;_; works. This finishes case (b.1).

In case (b.2), let W be the downward closure of the uncountable set {p(d,(m)) Ap(dp(n)) : p € Ai_1} in
T. Let W’ be an uncountable downward closed pruned subtree of W. Let V; be a forcing extension of V;_;
in which W’ has an uncountable antichain A as in Lemma 2.8. Work in V; and let {¢; : i € w1} C A such that
(htr(#;) : 7 € wy) is strictly increasing. Let v € wy be above all ordinals in {p(d,(n)) +p(d,(m)) : p € A_1}.
For each i € wy, find p; € A;_1 such that

o t; <7 (pi(cow) A pi(Bi)) where a; = dp,(n) and §; = dp, (m),
e 1; € p(ah’Y)a and
o ti € p(Bi;7)-
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This is possible because the maps p — p(d,(n)) and p — p(d,(m)) are countable-to-one and W’ is pruned.
Let I'g C wy be uncountable such that:

o p{ay, B} > min{p(e,7), p(B;,7)} for all distinct ¢, j in T'g, and
o {plai,y), p(Bi,v)} 1 i € Ty) is strictly increasing.

Now we show that A; = {p; : i € Ty} works. Assume ¢ < j in I'g. Then

pi(ai) Ap;(B;) < ti € p(ei,y) = min{p(as, ), p(B5,7)} < plai, Bj).

As in the previous case, by symmetry and the fact that we have already dealt with the one element I;’s,
this finishes the work for case (b.2).
Let z = @ +1, A/ = A,. In V, define

I“={pel:plweG,uy and p | (dom(p) \ w) € A'}.

By the refinement process above, A’ € V. is uncountable and consists of pairwise compatible elements. So
by (e3), I'* is uncountable and consists of pairwise compatible elements. Again by (e3), every condition in
I'* is compatible with every condition in G-

Define o = {u € U : Ip € T"* (u,p) € 7}. Since elements of I'* are pairwise compatible, the elements of
b’ are pairwise comparable. By (e1) and the fact that T'* is uncountable, b’ is uncountable. Therefore, the
downward closure of b’, which we call b, is an uncountable branch of U in V[G,u.]. Here we use the fact
that V., is a forcing extension of V|G ) using forcings which satisfy the properties listed in Lemma 2.8.
Let 7 = {(u,p) € 7 : Vg € Guuw p is compatible with ¢}. Note that 7 is the natural transition of 7 from
V[G,] to V[Guuw]. Recall that r € G, and it forces that 7 is an uncountable branch. So in V|G uw),
the trivial element of R, ., forces that m is an uncountable branch. By (e;), {p € range(w) : Ju € b
(u,p) € w} is uncountable. Let s € R, Uw,w, which forces that the generic filter of R,uww, intersects
{p € range(w) : Ju € b (u,p) € 7} on an uncountable set. In particular in V[G ], the condition s forces
that the downward closure of 7, 7 is the same as b. In other words, the condition s forces that 7 is a branch
in V[G,uw]. But this contradicts (4) because s is compatible with 7. O

Now we are ready to prove Theorem 1.2. Assume A is the first inaccessible cardinal in L. and V is the
generic extension of L by the Levy collapse forcing with countable conditions which makes A the second
uncountable cardinal. Note that V is a model of O, . Assume G C @ is V-generic and T, (b : £ € A\) are the
generic tree and branches that are defined from G as usual. We show for every Kurepa tree K in V[G] there
is a Kurepa subtree of T" which club embeds into K. By Theorem 5.2, this finishes the proof of Theorem 1.2.

Assume for a contradiction that K € V[G] is a Kurepa tree, K is a Q-name for K, and py € G forces that
K is a Kurepa tree such that no Kurepa subtree of 7' club embeds into K. Let po € ws such that Quo 1Q,
K and T are in V[G,,] and py € G,,,. Note that in V[G,,],

Ry IF “no Kurepa subtree of T' club embeds into K.” (6)

Let Y € V[G,,] be the set of all (7,p,x, A) such that:

(ap) x is a finite subset of [ug,ws),

(a1) 7 is an Ry, (x)-name,

(a2) p IR, @) “Tisa coﬁpal branch of K which is not in V|G, * Hy/|, for any finite 2" which is a proper
subset of 2”, where H,/ is the canonical name for the V[G,|-generic filter of R, (z'),

(a3) pis a one-to-one function, dom(p) = = and range(p) consists of the elements of the same height in T,
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(as) A={ue K:3q€ Ry, (z) g<pAqlFuerT}

For i € {1,2,3,4} let Y; be the projection of Y on the ¢’th component. By Lemmas 2.6 and 6.1, |Y3| = Ra.
Let (z¢ : £ € we) be an enumeration of Ys.

Let n € w and I’y C wy be of size Ry such that {z¢ : £ € T'o} is a A-system with root w and |z¢| = n+ |w|
for £ € Ty. By thinning I'y out if necessary we can assume that (ye = z¢ \ w : £ € I'g) is strictly increasing.
For every £ € I'g let 7¢, pg, Ag be such that (7, p}, z¢, A;) € Y. By thinning I'g out again we assume that
for all i € n + [wl, p;(z¢(i)) does not depend on &. There is a condition r € Ry, .., which forces that for Ng
many & € [y, 10’g is in the generic filter Hy,, ..y, where H[,, .., is the canonical name for the V|G, ]-generic
filter of R, w,. In order to contradict (6), we need to work with a V|G, ]-generic filter of R, ., which
intersects {p; : £ € '} on a set of size Ny. Due to similarity of arguments and for easier notation let’s
assume without loss of generality that

G N {ps: € € To}| =Ny, (7)

Fix 1 € wy\ o above max(w) such that @, <@Q. From now on, we work in V[G ] unless otherwise stated.
Define I'1 € V[G ] to be the set of all { € I'g such that min(ye) > p and p; [ w € G, Obviously [I'1| = R,
by (7). For each £ € T'y let p¢ = pg | ye. Note that by (a3) and the definition of I'1, p¢ is compatible with
every condition in G,. Via the natural transition of objects 7{, A} from V|G ,] to V]G], we can find 7¢, A¢
in V[G,,] such that for all £ € T';y the statement (a;) above implies (b;) below:

(b1) 7¢ is an Ry, (ye)-name,

(b2) pe € Ry(ye) forces that ¢ is a cofinal branch of K which is not in V[G,],

(b3) pe is a one-to-one function and the elements in range(p¢) have the same height in T,
(by) A ={ue K:3qg€ R,(ye) g <peNql-ta e e}

We only show how we obtain (b2). Assume for a contradiction that £ € I'y, r € G, N Ry, is an extension
of pfg- [ wand pe € Ry, is an extension of pe such that:

7% pe Ik R, ., T¢ is a cofinal branch in V|G, * H,p -
Since 7 * pg extends pg, by (az),
rx e bR, ., T is a cofinal branch in V(G * Hy, ] N V(G * Hy, ).

This contradicts (a2) because by Lemma 5.1, for every V[G,,,]-generic filter H C R, .,, V]G, * Hz] N
V(G * Hyuy.ul = VG, * Hynp) and @e N p is a proper subset of z¢. Hence (bg) holds.

Note that by Lemma 2.6, all finite powers of 7" and K have at most X; many cofinal branches and Souslin
subtrees in V[G,]. Let I'y C I'; be of size Ry such that for all £ and 7 in I'y the following hold:

o SHye(i)] = S*[yy(1)] for all i € n,

o« S"[yel = 5"[yn],
. Ac= A,

Observe that if y € {ye : £ € T2} and v = (v; : ¢ € n) is an element of S#[y|, and v;’s are pairwise distinct
then @ (S*[y(i)])v; = (S*[y])s. Moreover, this tree does not depend on the choice of y. For i € n, let

i€n
ti = pe(ye(4)) for some & € T'y. The properties of I'y guarantee that ¢; does not depend on the choice of §.
Let I's C T'y with |T's| = Ry such that if £ < nare in I's, a € ye, f € yy, then p(o, f) > max{t; : i € n}.
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For every ¢ € T's define ¢, from @ (S*[y(4)]), to the poset consisting of all extensions of pe = {(y¢ (%), ;) :
€N
i € n}in R,(yc) as follows. For every § = (s; : ¢ € n) in Q) (S*[y(%)])¢,, let v (S) be the function defined
€N
on y¢ which sends y¢ (i) to s;. It is easy to see that ¢, is an isomorphism from its domain to a dense subset
of the set of all extensions of pc in R, (y¢). Let S = J (S*[y(i)])+, and U = A¢. Obviously, U is Souslin in
i€n

V[G,.]. Also V|G| thinks that there is a derived tree of S, namely &) (S*[y(i)]),, which adds a branch to
i€n
U.

Claim 6.3. All derived trees of S are Souslin in V[G,].

Proof. Assume <53 11 € nAj € m) are pairwise distinct elements of S with the same height ¢ such that

t; < s% for all 4, j. We will show that H{Ss'; :i €nAj € m}is the set of all possible points of a branch of

Tt which is added by a ccc poset in V[G,,]. Let (¢ : j € m) be a strictly increasing sequence in I's such
that for all j <k <m if o € y¢, and B € yg, then p(a,f) > 6 +w. Let z; = y¢,. Definep: |J z; — T
JjEM
by p(z;(i)) = sé By the requirement on I's and the fact that ¢¢, is an isomorphism, p [ z; € R, (z;) for all
j € m. The way we chose the z;’s implies that p € R,( U z;).
jEM
Obviously, the set of all extensions of p in R, ( |J #;) is a ccc poset in V[G,,] and it adds a new branch
JjEM
to TI™". We show that the set H{Ssj. 14 €nAj € m}is the set of all possible points of this branch. In
order to see this, assume a’ > s’ is in S#[y(i)]. Then the function 7 on |J z; defined by r(z;(i)) = d} is a
JEM
condition in R, ( |J z;). This can be seen in the same way as we showed p € R, ( |J z;). Moreover, r forces
jeEmM JjeEM
that (a} : i € nAj € m) is in the new branch that is added by R,,( U z;). Therefore, H{SS;; ti€EnANj € m}
JEM
is the set of all possible points of the new branch that is added by R, ( |J z;), which is a ccc poset in V|G ,].
jEM

L:i€nAj€m)isa Souslin tree. O

This shows the derived tree of S generated by (sj
Claim 6.4. Assume (v; : j € k) is a sequence of pairwise distinct elements of the same height in S. Then in

VI[G,], there is a condition q in R, ., which forces that each S, is Kurepa.

Proof. Fix I'y C I's such that [I'y| = Ry and for all £ < nin I'y, for all o € yg, for all § € y,,
pla, B) > max{v; : i € k}.

For every increasing o = (§; : 1 € k) in I'y, let g, : |J yg, — S be a function such that g, (ye, (7)) = v; if v,
lek
is the I’th ordinal in (v; : j € k) that is above ¢; in T'. If there is no I’th ordinal in (v; : j € k) that is above

t; in T, let ¢ (ye, (1)) = t;. The same argument as in Claim 6.3 shows that ¢, € R, .

Let T's C [T4]* be a collection of pairwise disjoint sets with ['s| = N,. Since R, is ccc, there is a
condition ¢ € R, ., which forces that for Ny many o € I's, ¢, is in the generic filter. But then ¢ forces that
Sy, is Kurepa for all j € k. O

In V[G,], let @ S,, be a derived tree of S which adds a branch to U and which has the minimum

i€k
dimension with this property. Such a derived tree exists because ) S, adds a branch to U. By Lemma 2.7
SV
and Claim 6.3, there is a club embedding f from @) S,, to U in V[G,]. By Claim 6.4, there is a condition

ick
q € R, ., which forces that all S,,’s are Kurepa subtrees of 7' in V[G]. Let j € k and ¢; € V[G] be a cofinal
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branch of S,,, for i € k\ {j}. In V[G] let g be the restriction of f to the tree ( @ ¢;) @ S,;, which
i€k\{j}
obviously is isomorphic to S,,. Then ¢ forces that g is a club embedding from an isomorphic copy of S,

into U, and S, is a Kurepa subtree of T'. This contradicts (6).
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