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Introduction

1 Introduction

The principal objective of this thesis is to generalize multiple Zeta values to the case when the
ground field Q is replaced by an arbitrary number field. The motivation behind the construc-
tion comes from the work of A. Goncharov on Hodge correlators and the plectic philosophy of
J. Nekovaf and A. Scholl.

We start by constructing the higher plectic Green functions. Hecke once proved that the integral
of the restriction of a suitable Eisenstein series over Q to the idele class group of a given number
field multipled an idele class character of finite order is equal to the L-functions of this charator. By
replacing Eisenstein seris with our higher plectic Green functions, a similar integration gives new
results, which give the generalization of classical multiple zeta values and multiple polyloarithms.

According to the plectic principle, a non-trivial subgroup of the ring of integers of a given
number field plays an essential role in this work.

1.1 Generalizations of classical Zeta Values

Classically, multiple Zeta values(MZVs) are the periods of mixed Tate motives, namely the MZVss
are iterated integrals on P!\ {0,1,00}. Mixed motives and their realizations related to classical
modular forms were studied by various mathematicians (Beilinson, Beilinson-Levin, Manin, Gon-
charov, F. Brown, ...) Moreover, there exist mysterious modular phenomena in the ring of MZVs
related to the depth filtration. A good geometric understanding of these phenomena seems that we
should put MZVs and modular forms for SL,(Z) in a common framework. Recently, F. Brown
proposed so-called multiple modular values and mixed modular motives.

On the other hand, A. Goncharov used ideas from quantum physics on Hodge theoretical setting
to construct so-called Hodge correlators, which provide a new method to describe the corresponding
variations of real mixed Hodge structures and a new way to understand periods of motives. He
proved that classical polylogarithms, elliptic polylogarithms and their generalizations are all Hodge
correlators.

However, all the work mentioned above is built up over the rational field Q. What the situation
will be if QQ is replaced by an arbitary number field K is still largely open. One natural but non-trivial
question is

Question 1.1 How should we define multiple Zeta values over arbitary number fields?

What should we put in the missing place in the following diagram to complete this diagram?
Classical zeta values/Q —> (partial)Dedekind zeta functions/K
l v

In this thesis, we propose a potential method to answer this question, inspired by A. Goncharov’s
theory on Hodge correlators [10] and by the plectic principle due to J. Nekovar and A. Scholl [13].
The starting point is to generalize the Hecke formula.

1.2 Hecke’s Formula

Hecke [12] proved that the integral of the restriction of a suitable Eisenstein series over Q to the
idele class group of a given number field multipled by an idele class character y of finite order is
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equal to the L-functions of ), up to some I" factors. In fact, Hecke’s formula is one of the typical
examples within the theory of automorphic periods.
More precisely, Let K be a number field of degree [K : Q] = r| +2r,.

Kr=K®R = R" xC"”.

Define the norm map
N:NK/@®id:K]§ — R".

In order to state Hecke’s formula, we will need the following data:
(1) Let U c Ok , be a subgroup of finite index, where

Ok.+=0xn(Kg),, (Kg),=(R})"x(C")".
(2) Let I c K be a fractional Og-ideal.
(3) 3meN~{0}, ¢:1/ml —> C be a function such that
VeeU, VYoel~{0}, p(ea)=9¢(cx).
We consider the following embedding (defined up to a conjugation)

GLk (1) > GLo([K : Q)).

Let E(g,s,9) be the Eisenstein series defined by

E(g,S,(I)): Z (p(X)

xel~{0} Hg'x”S’

where g € GLz(I)(R) = GL{x.q)(R) and |- | is a scalar product on K.
Hecke proved the following formula. [12]

X _ X &
S B0 9) 60 =Clr s ) (m\z{o} [PERES )

where
Ur = Ker(NK/@tX)l (Kg), —RY),

and C(ry,r2,s,d*u(u)) is some I" factor and d* u(u) is a Haar measure. In fact we can also make
the formulation in an adelic setting.
In a more concrete setting, we can rewrite Hecke’s formula as follows.

Theorem 1.2 (Hecke’s Formula)

[ ( ¢(a) )dxu(u): 21 T(5/2)"I(s)" o(@)
Ua/U \ geinqoy luoe| K05 [K:QJ2" T([K:Q]s/2) 41500 v | Nrjo (@) [

One of the objectives of this thesis is to try to generalize this formula in order to produce suitable
“secondary”arithmetic objects. First of all we would like to precise the meaning of “secondary”.
The generalization of Hecke’s formula begins with replacing the Eisenstein series by some non-
trivial objects, namely so-called higher plectic Green functions, which depend on one basic plectic
Green function g} (x,u) (Definition 4.1) and on some combinatorial data. We will give the details
about the construction of higher plectic Green functions in the fourth and fifth chapters.
Now it is natural to ask
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Question 1.3 What are we going to obtain if we integrate these new objects over Ug /U ?

This thesis will answer this question. We would like to give the simplest example by integrating the
basic plectic Green function.

Theorem 1.4 (Reinterpretation of Hecke’s formula) Let F be a totally real field of degree r = [F :
Q] and 2 the different ideal of F. If I is a fractional ideal of F, let

I"={xeF|Tr(xl)cZ}=27'I"".

IfxeFr=F®R, ifUc 0;,+ a subgroup of finite index and if Ve €U, (€—1)-x €I, which is equivalent
to
xl e (Fp/IY,

and if v : Hom(F,R) — {0, 1}, consider
eZniTr(nx)

v . v
g7 (x,u) = lim >, sen(n)’ 0,
=0 e (<o) /U |un|n

where u € Ug = Ker (N : (F§ )+ — RY) and |- | is the standard scalar product on Fr = R".
VeeU, g(x.eu)=gy(xu).
By integration in a similar way as Hecke did, we obtain

2r-11(1/2)" ) eZn’iTr(nx)
/ g] (x,u)du = # m Z Sgn(”)vr—(rﬂ,)/r'
U U [(r/2) n-0 ne(I* 04U [Ty Injl

Note that .
N(n) =Npg(n) =[]n;,
j=1

hence
21—r1—~(1/2)r . eZm’Tr(nx)

Y (x,u)du = ————""> lim sgn(n)’ ———.
[UR/Ug]( ) rI'(r/2) n—>0+n€(l*\zj{0})/U gn(n) IN(n)|Cr+m)/r

It is easy to see that we recover the Hecke formula, the righthand side is a linear combination of
special values L(1, xr) for certain Dirichlet characters Xr of F of signature v.

For other more complicated higher plectic Green functions, the results are highly non-trivial, some
non-trivial iterated integrals make their appeareance in a subtle way. However, if the number field K
is just the rational field Q, the integration /UJR U is trivial and we prove that the higher plectic Green
functions deliver linear combinations of classical zeta values.

1.3 Inspiration

Before giving our main results, we will fist talk about two sources of inspiration of our construction
in the next section and give some simple examples in order to illustrate our strategy.
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1.3.1 Goncharov’s Hodge correlators

In A. Goncharov’s recent work [10], he constructed so-called Hodge correlators from just one fun-
damental object, namely the Green function, and certain Feynman diagrams, as in perturbative
quantum field theory. In fact, the Green function contributes as the propagator which in Feynman
diagrams serves to calculate the rate of collisions in quantum field theory.

Goncharov introduced such an idea to a Hodge-theoretic setting. He discovered that the so-
called Hodge correlators are the coefficients of twistor connections, which describe the correspond-
ing variations of real mixed Hodge structures. He proved that classical polylogarithms, elliptic
polylogarithms and their generalizations are all Hodge correlators.

For example, over C*, the Green function G(x,y) is log|x - y[>. Applying a non-trivial integral
formula of Levin, Goncharov proved that the usual polylog can be writen as a Hodge correlator.
Based on such a construction, he obtained higher multipolylogarithms, more precisely, he proved
that the generating series of cycle multiple polylogarithms is a Hodge correlator, with the generating
series of classical polylogarithms serving as a Green function. His construction of Hodge correlators
on C* gives a variant of multiple polylogs, but a precise relation to the classical definition is not
made explicit.

1.3.2 Plectic Philosophy

Over a totally real field F, J. Nekovar and A. Scholl [13] formulated what they call the plectic
conjecture. The geometric objects in this conjecture are Shimura varities/stacks whose definition
groups are restrictions of scalars from an algebraic group over F. More concretely, they work with
abelian varieties with real multiplication by Of, where Oy is the ring of integers of F'. We will try
to explain the plectic principle in the following.

If B is a connected complex manifold. Let X/B be a family of abelian varities with real mul-
tiplication, and s : B —> X a nonzero torsion section fixed by a subgroup of finite index U c O, .
This subgroup U acts naturally on X and acts trivally on B, then we should consider the following
diagram

XxyEU —> X

| |

BxyEU ——> B,

where EU is the total space over the classifying space BU of the group U and Bxy EU =BxEUJU.
When B = {pt} , then X is a variety, we have the following situation

XXUEU

|

BU.

Nekovat and Scholl [13] constructed in their work a U-equivariant current 6 on X = X x Ug, where
Ur = EU. In fact 0 is a plectic generalisation of the (slightly modified) log|0(,z)| of the absolute
value of the standard Theta function on the elliptic curve E = C/Z7 + Z, which is the Green function
onkE.

So s*(0) is U-equivariant on B = B x Ur. Then s*(0) can descend to a current on B x Ug /U,
and we can compute the trace

r(s(8)= [ 5(8),

Ug/U

6



1.4 Main results Introduction

which gives very interesting functions, such as generalized Eisenstein-Kronecker-Lerch series.

The above integral, as well as its variants involving more complicated functions than 6, can
be computed by integrating suitable expressions depending on ||ux|| over Ug. For this purpose, the
Hecke transform is introduced and used in their work. Here is a typical example.

Proposition 1.5 (Hecke transform)[14]
Let Ug c (RY)" be the subgroup

Ur = {(up)| [Tu;=1}

with the measure d*u = dull A+ ANZ=L o Let ||-|| be the Euclidean norm on C', on which U acts by
multiplication. Let (p;) € Z', p = Zpl Then for any x € (C*)" and s € C with Re(s) >0,

S 72 p+s S)/r
f x| 2 Hu Pig<y r( )H (P2 PO,

dur 1

1.4 Main results

In our work, we consider a generalisation of log|1 —e*™*|? on the compact real torus

S' = {*™|x e R/Z} c C*.

This function is the restriction of the Green function G(1,y) =log|1 —y|* of the origin of C* to S'.
We are going to consider corresponding objects on tori with real multiplication.

Let F be a totally real field of degree r = [F : Q], we have the trace map Tr = Try g and the norm
map N = Ngq. Let 7 be the different and let / be a fractional ideal of F and

I"={aecF|Tr(al)eZ}=27'I"".
Let |- ||: Fr = F @ R = RHOM(ER) R {0} be the standard euclidean norm. As above, let
Ur =Ker(N: (Fg )+ — RY) ={(uy,...,u,) e R, |uy--u, = 1}.

Then we can define the “plectic” Green function associated to the ideal /
Definition 1.6 (Plectic Green function)

27riTr(nx)
gr(x,u) = lim —, xelr/l, ueUg,
n=0* Vo) ||un||+n

27iTr(nx)

which can also be defined as ).,y {0} viewed as a distribution on (Fg[I) x Ug.

[Junll”

We can also add an additional choice of multisigns v € {0, I}Hom(F ®) Then the modified “plectic”
Green function becomes

Z eZﬂ;iTr(nx)
\4 . v
g7 (x,u) = lim sgn(n)’ ———, xeFp/l, ueUg.
n=0% e\ o} [Junl|"+n
There is also a second method to add a multisign
eZm'Tr(nx)

grv(x,u) = lim xeFp/l, ueUg.
=0 Ry lwnl0

sen(n)=(-1)"
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By using just this “plectic” Green function, we will construct a function (or a distribution)
%I,F,S('a') on
O \(Fe/1)* xUg = (Fr/1)" %oz EOF..
which depends on a given graph I" and a subset S of the set of its vertices.

Definition 1.7 (Higher plectic Green function over a totally real field)
Let T be a finite connected non-oriented graph, V(I') the set of vertices and E(T") the non-empty
set of edges. Let S c V(I') be a subset of the set of vertices. Loops are forbidden here (i.e. the
endpoints of each edge are distinct), but multiple edges are allowed. For each vertex v eV (I'), let
x, € Fr /I be a variable which decorates the vertex v; for each edge e € E(I'), we give an orientation
— . . *
e =(vo(e) — vi(e)) and we associate a variable n, € I* ~ {0}.

Then the higher plectic Green function attached to (I',S) is defined as

G rs({x }res,u) = i 81(Xy, (&) =Xy (e 1) dxy,
s{x}ve . ”eegr) vi(e) =X e) ng(rrI)\S g
where x, € Fr/I1,u € Ug and dx is a fixed Haar measure en Fg, and

e27‘ciTr(ne (X‘,l (e) —X‘,O (e) ) )

e[

81(%v1 () ~Xug(e)>4) = Jim,
=07 e\ {0}

There are variants of these functions (and numbers) depending on an additional choice of multisigns
v(e) € {0,1}H#o(FR) (and an orientation) for each edge e, which means that we can replace g;(-,-)
by gl,v('v ) (or g}/(/ ))

Moreover, we can replace each e € E(I") by a chain of k, > 1 edges (which is equivalent to that
we add k., — 1 >0 new vertices to each edge e € E(I")) to get a new graph I'(k) with [V(T'(k))| =
V()| +>,(ke— 1) and the subset S is unchanged.

For example, the case of k, = 3 is as follows.

ke
e
—_— S—— T

Figure 1: The subdivision of the edge e.

Hence we have defined a subdivision map:

Definition 1.8 (Subdivision map)
k:E(T') — N~ {0}

k:e—k,
Combining a subdivision of edges and formal Fourier expansion, we get

Proposition 1.9 (Subdivision of edges)

VINSHKED figy $ e 0m))
g],l"(k),S({xV}VGSv u) = VOI(FR/I) nll_)l’{)h Z{n,c(n)EHl (I,S)erI*} I

eer () |[ume|[fe(r+m)”

where x € Fg [R,u € U,

k| = ZeeE(F) ke|, n= (ne)eeE(F)’

on:V(I') —1TI7,
an(v) = > Ne — > Ne,
ecE(T),vi(e)=v ecE(T),vo(e)=v

and ¥" means that dn is supported at S and each n, is nonzero.
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Remark 1.10 We can also add multisigns here, there are two methods. The first way is to associate
each edge a multisign v, = (v}, ..., V"), then the formula in 4.9 will then contain terms sgn(n,)"(®):

eZm’Tr( res(In)vxy)

gl‘jl“(k)ﬁ({x\’}"ES’ u) = vol(FR/I)|V(F)\5|+|’<|*|E(F)| lim Z,{n,c(n)eHl(F,S)@)I*} sgn(ne)v(e) |kg(r+6) )

607

HeeE(F) ||I/tl’le|

The second method to add mutisigns by taking into account the n, € I* ~ {0}, such that sgn(n,) =
(=1)e for a given multisign v, to each edge e. Then

ezniTr(ZveS(an)VxV)

gl,v,l"(k),S({xv}véS)u) = VOI(FR/I)|V(F)\S‘+‘k‘_‘E(F)‘ lim Z,{n,c(n)eﬂl(ns)cpl*} ke(r+8) "
807 sgn(ne)=(~1)"(®) HeeE(F) HuneH ¢

In fact, we usually prefer the second definition G, ry.s({xv }ves, t)-

Similarly, we can generalize the definition of plectic Green functions to any number field.

Definition 1.11 (Plectic Green functions for arbitary number fields)
Let K be a number field with ry real places (v;)1<i<r, and r, complex places (w;)1<j<r, and of degree
[K : Q] = r1 +2ry. We have the trace map Tr = Trg

Kr 2R xC"”
and we have a Hermitian product
(|):KpxKp—C
((xvvzW)Kx(nZ:v)) = vax\,} + ZZWZ;M
v w
where
x= (v, 2w)-
Let
2
REERE
then the plectic Green function can be defined as

27iTr(nx)
xEKR/I, ue UR,

gr(x,u) = Z ¢

oy T2
which is a distribution on (Kg/I) x Ug.

1.4.1 Generalized MZV for totally real fields

If we suppose that there exists a subgroup U c Oy , of finite index stabilising {x,} for each ve S, we
can apply the Hecke transform to define a new function as follows.

Definition 1.12
Firs(nhes) = (05 0)" [ Girs({nhes w)d"u
R

where d*u = A=t [T ju;j=1and Ug/U = BU = (S) L is the classifying space of U =~ 7",

Uy ly-
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Remark: In the same way, we can define .%, IV’F’ s({x }ves) and Fp s ({x) }res)-
Then the generalized multiple zeta value is defined as

Definition 1.13 (Generalized multiple zeta values)
2(1,8) = Z1rs({0}yes)-

Similarily, we have

QFIV(F’S) = g:lv,r,s({o}ves)’
and
%,V(Fas) = c%,v,r,s({o}ves)
1.4.2 The case F =Q.

In this case we can give an explicit relation to the classical definition.

Theorem 1.14 (Relation to multiple zeta values) (4.16)
Let F be the rational field Q and T any tree with rank d = rank(H, (T',S)) > 2, where S = . Assume
that we are given a “sign” map v : E(I') — {0,1} and a subdivision map k : E(I') — N~ {0}
as in Remark 4.10 and in Definition 4.8, respectively. Then the generalized multiple zeta value
Z1v(T(k),0T(k)) (I =7Z) can be expressed as a finite Z-linear combination of classical multiple
zeta values (MZVs) of depth d and weight k| = ¥ k,.

e

Moreover, we have an explicit relation to multiple polylogarithms.

Theorem 1.15 (Relation to multiple polylogarithms)
IfF=Q,1=7, x,¢ %Z/Z, then 9y r or({x }vear; 1) is a finite Z-linear combination of the values
of multiple polylogarithms evaluated at some N-th roots of unity.

Let us see one simple example.

Example 1.16 Let I'y be the graph in Figure 2.

Figure 2: A plane trivalent tree with one internal vertex

The rank of Ty is 2 = rank(H,(I'1,0T'1)). To each edge e; (i =1,2,3) we add 6; -1 >0 points.
The only internal vertex is denoted by y, each external vertex v; is decorated by the variable x,,. For
each e; (i=1,2), the given sign v; equals 0. For the edge e3, the sign v3 = 1. In fact, the constraint
ny+ny+n3=0and vy = v, =0 imply that v3 = 1.

10
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eZTL'i(n.xv1 Xy, H13 Xy )

gg],v,l“] 0T ({xV}VEaF] ’ 1) = Z

ny+ny+n3=0,n;€Z~{0}
sgn(n;)=(-1)"

|n1|°1|na|%2|n3|s

where Vi =V, =0, v3=1. Then

1 1
Z1v(I,0T) = > oo o -

ny+ny+n3=0,n;€Z~{0} |n1 |Gl |n2|62|n3|63 ny,m2eNN{0} |I’l1 |Gl |n2|62|n1 +n2|63
sgn(n;)=(-1)"

1
n{'n3? (ny +ny)%

%,V(Fh&rl)z Z

ny 7nQEN\ {0}
We show in Example 4.22 that

‘%,V(Fl,al“l): Z (Ccll +C62 )C(S,F+G3).

r+s=01+07

Here {(s,r+03) is a classical double zeta value of weight r + s+ 03 = 0] + 02 + 03, which means that
Z1v(T, dT'1) can be expressed as a Z-linear combination of double zeta values of this weight.

1.4.3 The case of a general totally real field

If [F: Q] =r> 1, then the generalized multiple zeta value Z7(T",S) is highly non-trivial.
Let us see the case of r = 2, we have the following theorem

Theorem 1.17 Given k= (ky,...,k;) and |k| =k +...+kq.
(1)If2 + |k|, then after several differentiation with respect to the coefficients ¢;, B, the essential part
of the definition of higher plectic Green function

0o 1
h(d.k :f d*u
2d k)= | [ (ou+ Bru 1)

can be written as product of © and an element of Q( oy, ..., 0, B1,---,Ba).
(2) If 2 divides |k|, then I,(d k) can be written as

where v; e Q(of,...,02,BE,..., B7).
Example 1.18 Consider the case d =3, m=0and n=1. Then
o0 1 du
10,8 = [ =
7 0 H;zl(a]zu+ﬁj.2u*1) u

:__2 ;p; :_E( o1 By _ [05Y5)) N o33 )
2 A TMiae D 2\ARA AsiAxz ApAy

T

" 2(au s+ 0a1) (04 By + a3y ) (s + 0 )

11
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Figure 3: The graph I".

If we are given the graphT" and S = {v,v>,v3}, there are kj € N, edges with given A; = (¢;,B;) €
I, 1<j<3.

Then there exist differetials D, p i, such that the corresponding higher plectic Green function
can be written as

_/;] %,v,r,ar({vlyvb‘%}a”) d*u= Z D(Xj,ﬁj;kjl(aj’ﬁ.i)'
R

%;.Bj
For general r, we have the following theorem.

Theorem 1.19 (Main result over general totally real field—vague version) Let F be a totally real
field of degree [F : Q] = r> 1. Given a graph and a subdivision map defined as before. By the reci-
procity Proposition 5.8, we can assume the rank of the graph d > r. Moreover, we assume that if
2 + r, the subdivision map is given by k, € 2N for each edge. According to the two reduction theo-
rems Theorem 5.27, Theorem 5.33 and the theorem about the basic integral of the Hecke transform
Theorem 5.61, we have the following expression of our generalized multiple zeta value

Z1v(T,0T) = > > 2 2 (e(ne)) Zu(Bi(ne)),
neel*~{0} C(d,r)1smsr-1j
{ dn=0 } U
sgn(ne)=(-1)"
where £,(-) is an generalized m-logarithm which is a non-trivial iterated integral, and oj(n,.) and
Bj(n.) are rational functions of the conjugates of n, with coefficients in Q and the sum 2C(d.r)
comes from the reduction theorem. Every sum here is finite.

1.5 Final remarks

The classical polylogarithms have been interpretated by Deligne in the language of variations of
Hodge structures. It is natural to ask what kind of geometric objects or motivic avatar should
correspond to our generalized polylogarithms ? Moreover, Classical multiple zeta values are periods
of T (G, ~ {0, 1,00}), i.e. periods of mixed Tate motives. For generalized multiple zeta values there
should be a relation to some plectic invariant of G, ® I~ {1}. More generally, the analogue of the
values of multiple polylogarithms at roots of unity should be related to some plectic object attached

to 7’ [ecl (G ®I~ (N —torsion)). We will continue to study these problems after this thesis.

12



Goncharov’s Theory of Hodge correlators

2 Goncharov’s Theory of Hodge correlators

In this section, we will explain the idea of A. Goncharov’s theory of Hodge correlators, where
we are inspirated for the construction. This theory provides a new point of view of periods. Our
explanation is based on several simple examples.

2.1 Introduction

In Goncharov’s recent work [10], he constructed so-called Hodge correlators from just one fun-
damental object, namely the Green function, and certain Feynman diagrams, as in perturbative
quantum field theory. In fact, the Green function contributes as the propagator which in Feynman
diagrams serves to calculate the rate of collisions in quantum field theory.

Goncharov introduced such an idea to a Hodge-theoretic setting. He discovered that the so-
called Hodge correlators are the coefficients of twistor connections, which describe the correspond-
ing variations of real mixed Hodge structures. He proved that classical polylogarithms, elliptic
polylogarithms and their generalizations are all Hodge correlators.

For example, over C*, the Green function G(x,y) is log|x—y|>. Applying a non-trivial inte-
gral formula of Levin, Goncharov proved that the usual polylogarithm can be writen as a Hodge
correlator. Based on such a construction, he obtained higher multipolylogarithms, more precisely,
he proved that the generating series of cycle multiple polylogarithms is a Hodge correlator, with
the generating series of classical polylogarithms serving as a Green function. His construction of
Hodge correlators on C* gives a variant of multiple polylogs, but a precise relation to the classical
definition is not made explicit.

In addition, there are motivic correlators in the motivic Lie algebra, whose periods are given
by the Hodge correlators. For a modular curve and its cusps, the Hodge correlators generalize the
Rankin-Selberg intergrals. In fact, the simplest case of them is the Rankin-Selberg convolution of
two cuspidal Hecke eigenforms. The motivic correlators on a modular curve give Beilinson’s el-
ements in motivic cohomology, hence the Beilinson-Kato Euler system. The motivic correlators
on the limit of the tower of modular curves give an automorphic adelic description of the Hodge
correlators on modular curves.

2.2 Definition of Hodge correlators after Goncharov

Let X be a smooth compact complex curve and S a subset of X. There is a Green function G(x,y)
associated on X2 provided by a volume form. Given a tree T, each edge e of T contributes a
Green function on X {vertices of "}, which we lift to a function on X {vertices of 7} Moreover, there is a
canonical poly differential map

O A"t — A

where 524‘ is the space of smooth k-forms on X. Then applying this poly differential map to
the Green functions assigned to the edge of T, we get a differential form of the top degree on
Xx {internal vertices of 7} Tpte0rating such differential form, we get the integral assigned to 7. If we
decorate the external vertices by elements ay, ...,a, (a; €S), see Figure4 . By taking the sum over
all trees T, that is decorated by ay,...,a,, we obtain the Hodge correlator associated to the cyclic
word W =C ({ap} ®--®{an}) .

For the rigorous definition in details, one should refer to the work of Goncharov [10].

13



2.3 Examples of Hodge correlators Goncharov’s Theory of Hodge correlators

Figure 4: A plane trivalent tree decorated by C ({ap} ® - ® {as}).

Remark 2.1 Compared to Goncharov’s setting, we will work on number field, therefore we should
find an analogue of Green’s function over number field, which is also the starting point of our

construction.
2.3 Examples of Hodge correlators
Correlators on P{. S and polylogarithms Let X =P!, S = {oo}. Given the following cyclic word

W,=C({1}®{z} {0} ®&{0}),

the unique W,-decorated Feynman diagram with no internal vertices incident to two {0}’s, see
Figure 5

xl 25} Xn-1
1 - I +- ¥4
0 o 0]

Figure 5: The Feynman diagram for the classical n-logarithms.

We denote by L, (z) the corresponding correlator [10]. Let Li,(z) be the classical n-polylogrithm
on CP' \ {0, 1, 00}. Further there is a single-valued version

n-1
ifnodd £,(z) =Re ( > Brlogk|z] -Lin—k(Z)) )
k=0

n-1
if neven £,(z) =Im ( > Bilogt 2] -Lin_k(z)) ,
k=0
2kp : .
where B = Tk’ B, is the Bernoulli number.
Then the Levin formula gives us

L) =40 %
ne27
1<k<n-2

2n—k-3\ 2k
( ) Lo 1(2)log 2.

n-1 J(k+1)!

14



2.3 Examples of Hodge correlators Goncharov’s Theory of Hodge correlators

If we take X
1{2n-2\""_,
L@ -4(77]) Lie).
n—-1
Then Goncharov showed that the Hodge correlator can be related to the classical polylogrithms
as follows

-L,(z) = 2mi) "L, (z).

15



Plectic Principle

3 Plectic Principle

3.1 Equivariant plectic Green Currents

As we have explained in the introduction, the plectic principle, we just repeat the main idea here.

Let X /B be a family of abelian varities with real multiplication, and s : B— X a nonzero torsion
section fixed by a subgroup of finite index U c O, . This subgroup U acts naturally on X and acts
trivally on B, then we should consider the following diagram

XxyEU —> X

|,

Bxy EU == B,

where EU is the total space over the classifying space BU of the group U and Bxy EU =BxEUJU.
When B = {pt} , then X is a variety, we have the following situation

XXUEU

l

BU.

Nekoviért and Scholl [13] constructed in their work a U-equivariant current 0 on X = X x Ug, where
Ur = EU. 0 is a plectic generalisation of the (slightly modified) log|0(7,z)| of the absolute value of
the standard Theta function on the elliptic curve E = C/Zt + Z, which is the Green function on E.

So 5¥(8) is U-equivariant on B = Bx Ug. Then s*(8) can descend to a current on B x Ug /U,
and we can compute the trace

m(st (@)= [ 5(0),

which gives very interesting functions, such as generalized Eisenstein-Kronecker-Lerch series.

The above integral, as well as its variants involving more complicated functions than 6, can
be computed by integrating suitable expressions depending on |ux| over Ug. For this purpose, the
Hecke transform is introduced and used in their work. Here is a typical example.

In the speculative plectic conjecture[13], they consider a framework :

GLyr x G, p < Resy;r(GL1 1) x G, f

l l

GLZ,F < ReSL/F(GLl’L)

where L is a totally imgainary quadratic extension of F. The diagram above gives rise to a Shimura
stacks:

A <— oy
| |
Y <— {1}

As in the previous remarks, Y is just an open Hilbert modular variety attached to GL, r, while
o/ is the universal oject (in the sense of stacks) of Y. Morally o7 is the quotient [U\A], where A
is the non-exsitent universal Hilbert-Blumenthal abelian scheme over Y (the reason is (2) of the

16
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remarks), U ¢ O, is a subgroup of finite index in the group of totally positive units of F. If we
consider that the group U acts trivially on Y, then we can get a stack % = [U\Y ], which gives us a
bigger diagram:

o <—— o,

l

Y <— [U\{7}]

l

Y <— {1}.

3.2 Some explanation of the philosophy

In this subsection, we would like to give some geometric explanations about the reason that the
subgroup U c O , plays a non-trivial role in plectic principle.

In fact a universal Hilbert-Blumenthal abelian scheme over Y doesn’t exist. First of all, we
will try to explain something about the difference between two moduli problems associated to two
groups. The picture is as follows:

G—>G
Lo
Gy —> ResF/QGmf

For an typical example, we take G = RespoGLar, and G™ is defined by Cartien product (fiber
product).
G* ={geGldet(g) Gy}

Usually, we have the moduli problem .#;-(resp. .#) associated to G* (resp. G). The fact is that
the functor .#- is representable, which means that there is an universal abelian variety (scheme)
A+ over M. The group of integers of Of , acts on g,

0;#@.//(;*, ZIFQ-1 0;}.
The action of OF , on the connected components is trivial. The reason is that:
H' = G(R)/(K\Z(R)),

where d = [F : Q] and
Zg«(R)CH'[G*(Z),

where Zg~ is the center of G*. Therefore the center Zg+ acts trivially on H¢/G*(Z).
But the functor .Z; is just a coarse moduli space(un espace grossier in french). If we write,

gross _ x
MET = Mo+ [OF

i e neutrial component o = the neutrial component o G-

(i) Th I comp £.487 = th 1 comp £,

(ii) But the set { the connected components } of .Z§ ** # the set { the connected components } of
%G-

Remark 3.1 We know that the action of Oy;, permutates the connected components of Mg """,

17



3.2 Some explanation of the philosophy Plectic Principle

MG

|»

gross
A

where p is a covering map (revetement).

Now we consider the previous moduli problems in the setting of stacks.
h X
MG" = Mo+ O, ]

Remark 3.2 Attention: %éhp is not an algebraic stack, because the group 0;7 . 18 not a finite
group.

But over //lg’p , we still have a stack :

[//OF..]

1)

2",

where f is a representable morphism, involving a tautological abelian variety.
Now we turn to toroial compactifications. We have a diagram of compactifications for .#g~.

tor

L > G

l l

Of,CMlg —> MG COf,
Similarly, there is another diagram for ./, (C;hp

[+ O ] — [ [OF ]

/| |

[4G") — [ME]OF.]

In conclusion :
M+ =G (Q)\G*(A)/Zg+(R)Ks has a universal abelian variety.

ME" = G(Q)\G(A)/Zg(R)Ks does not have a universal abelian variety.

M = [GQ\G(A)/Z6(R)Koo .
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4 Generalization of Multiple Zeta Values (I):
General construction and results over Q

4.1 General construction

4.1.1 Plectic Green currents

In our work, we consider a generalisation of log|1 —e*™*|?

S' = {¥™|xeR/Z} c C*.

on the compact real torus

This function is the restriction of the Green function G(1,y) = log|1 —y|? of the origin of C* to S.
We are going to consider corresponding objects on tori with real multiplication.

Let F be a totally real field of degree r = [F : Q], we have the trace map Tr = Trx /@ and the norm
map N = Npq. Let 7 be the different and let I be a fractional ideal of F' and

I"={aeF|Tr(al)eZ}=27'I"".
Let |- ||: Fr = F ® R = RFO™(FR) __, R ({0} be the standard euclidean norm. As above, let
Ug = KCI‘(NZ (F]lg)'*' - RT—) = {(ula"'7ur) ER:— | Upty = 1}

Then we can define the “plectic” Green function associated to the ideal /
Definition 4.1 (Plectic Green function)

eZn’iTr(nx)

gr(x,u) = lim xeFr/I, ueUg,

0", g0y lumll™

. 2miTr(nx) .o .
which can also be defined as Y, %, viewed as a distribution on (Fg/I) x Ug.
nel*~{0}

We can also add an additional choice of multisigns v € {0,1}H°m(F:R) Then the modified "plectic”
Green function becomes
eZEiTr(nx)

v T v
g (x,u) = lim Z sgn(n) —||un||’”7

=07 her\ {0}

There is also a second method to add a multisign

,XGFR/I, ueUg.

eZﬂ:iTr(nx)

W,XEFR/L ucUg.

grv(x,u) = lim
nel*\{0}
sgn(n)=(-1)"

Remark 4.2 (O, —equivariance)
Ve € O, we have

gr(€ex,eu) = gr(x,u).
This is also true for g] (-,-) and g1y (-,").

Remark 4.3 (Dependence on I)
L. IfaeF*and N() =1, then (ad)* = o 'I*. Hence

gar(ox,ou) = gr(x,u).

2.VaeFS, gar(ox,u) =N(ct)gi(x,u). Therefore up to rescaling, g/(-,-) depends only on the class
of I in the class group Cly.. This is also true for g] (-,-) and g1y (-,").
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4.1.2 Higher plectic Green currents

By using just this “plectic” Green function, we will construct a function (or a distribution) 4 rs(-,-)
on

07 \(Fe/1)° x Uz = (Fa/1)* <o _EOF.

which depends on a given graph I" and a subset S of the set of its vertices.

Definition 4.4 (Higher plectic Green function)
Let T be a finite connected non-oriented graph, V(I') the set of vertices and E(T") the non-empty
set of edges. Let S c V(I') be a subset of the set of vertices. Loops are forbidden here (i.e. the
endpoints of each edge are distinct), but multiple edges are allowed. For each vertex v eV (D),
let x, € Fr/I be a variable which decorates the vertex v; for each edge e € E(I'"), we choose an
orientation € = (vo(e) —> vi(e)) and we associate an element n, € I* ~ {0}.

Then the higher plectic Green function attached to (T',S) is

gII,S({xV}VGS?u) = H gl(xvl(e) _xvo(e)au) H dxy,

(Fie /)Y (NS ecE(T) veV (D)\S
where x, € Fr/I,u € Ug and dx is a fixed Haar measure en Fg, and

2T (e (%, ()50 (0)))

[[une[|"

81(%,(0) = Fug(o0) = lim_ 3
170" neer\{0}

There are variants of these functions (and numbers) depending on an additional choice of multisigns
v(e) € {0,1}Hom(F:R) (and an orientation) for each edge e, which means that we can replace g;(-,-)

by grv(-,-) (or g7 (-,-)).

Remark 4.5 By the very definition, 9y s(-,-) inherits a O, ,-invariant property. Ve € Of ., we
have

%,F,S( {Exv}ve& Su) = gg],l",S({xv}veSa u) .
Therefore, our higher plectic Green function 9y v s(-,-) is a function (or distribution) on
OF \(Fr/I)° x Ug = (Fe/1)° xox EOF...,

which depends on the given graph I' and the subset S of the set of its vertices. Here E 0;7 4 IS the
total space of the group 0;7 .

Lemma 4.6 (Convolution on Fi/I) On Fr/I we have a formal convolution. Let ), (x) = ¢ T10m),

IfA(x) = Zoner= a(m) gm (x) and B(y) = Ler= b(n) xa(y), then

JoAGIBOYY = [ 5 alm)b(n) (e a0)dy = vol(F 1) 3 alm)b(m)x(n)

m,nel* nel*

Proof 4.1.1 The Proof of Lemma 4.6 is straightout.

A(x-y)B(y)dy = f b 2miTr((x-y)m) 27iTr(yn) 4
S ACBO)My= [ 5 atmbn)e , ;

m,nel*

— Z a(m)b(n)eZRiTr(xm)elrciTr(}/(n—m))dy+ / Z a(m)b(n)elm'Tr(xm)eZmTr(y(n—zn))dy

FR/Im:n FR/Im:tn
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If m#+n, then
b 27riTr(y(n—m))d -0.
Iy, b ¥

Therefore we obtain

Alx—v)B _ 2niTr(xm) 2miTr(y(n-m))
S AeBO)y= [ 5 aimp(n e dy

m=n

= f Z a(n)b(n)eZ”iTr(X") . f 1 dy =vol(Fr/I) Z a(n)b(n)eZTL'iTr(xn)‘
e/l Fr/l

nel* nel*

By the definition of g;(-,-), we can rewrite the higher plectic Green function as

gI,F,S({xv}ve&u): lim Z H H”neH_r_nf

27T cE e\ (e) Mg (e
0+ F e e ron « 1) ™o )))d:uV(F)\Sa
N=0% B () > 1%~ {0} eE(T) (Fi

JD)VONS
6]
where we define the following map
n:E—1T"~{0}; n:e—n,el"~{0}.
Let us define the chain complex for the graph I'.
6:C(I) = Z[E(I") ] — Co(I) = Z[V(I) ],

where 6 : (vo = vi) —> [vi]—[vo] is the boundary map of the chain complex and Z[X | denotes the
free abelian group on a set X. We can also define the relative chain complex for (I",S), namely,

Ci(T") — Go(T') /Co(S)-
We can associate to n the following element ¢(n) in C;(I") ®7 " of the graph IT".

c(n)= > n.-€eC(D)ezl".

ecE(T)
If we let
Ty, = Z Ne — Z Ne, (2)
ecE(T"),vi(e)=v ecE(T),vo(e)=v
then

e2ﬂiTr(Ze€E(F) Ne (xvl (e) "Mvg(e) )) — eZEiTr(ZVEV(F) anV) .

We define the boundary map
on:V(I)—1TI",

an(v) = 6c(n)l, = m,.

By using the previous convolution formula, we obtain that only the terms with 8n|v(r) «s =0 (which
means that
YveV(I)\S, m,=0)

contribute to the integral in (1). Note that
{e(n) | dnlyr)s =0} =Hi(T,S) ®z1".

Then we get a formal Fourier convolution description of ¢ rs(,-).
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Proposition 4.7 (Formal Fourier Expansion)

2EITH(S,e5(I)1)
[V (D)NS]| ! exp
Grr.s({x }ves,u) = vol (Fr /1) n111})1+ z{n,c(n)em ()1} Ty un 1

where " means that we consider only n such that c¢(n) € Hi(I',S)®I* and Ve € E(T'),n, € I* ~ {0}.
Proof 4.1.2

We can replace each e € E(I") by a chain of k, > 1 edges, which is equivalent to that we add
ke—1>0 new vertices to each edge e € E(I') to get a new graph I'(k) with [V(I'(k))|=|V(D)|+
(ke —1) and the subset S is unchanged.

For example, the case of k, = 3 is as follows.

ke
e
B T

Figure 6: The subdivision of the edge e.

Hence we have defined a subdivision map:

Definition 4.8 (Subdivision map)
k:E(I') — N~ {0}

k:e—k,
Combining a subdivision of edges and formal Fourier expansion, we get
Proposition 4.9 (Subdivision of edges)
2T (Les(In)vxv)

G r(ty.s ({0 }vess ) _VOI(FR/I)IV(F)\SHIkI EMI 1im

n—0* Z{n c(n)eH; (T,S)rI*

where x € Fg /R, u € Ug,

k| = 2 ecE(T) kel n= (ne)eeE(l")’
on:vV(I') —1TI7,

an(v) = > Ne — > Ne,
ecE(T),vi(e)=v ecE(T),vo(e)=v
and Y.' means that dn is supported at S and each n, is nonzero.
Remark 4.10 We can also add multisigns here, there are two methods. The first way is to associate

each edge a multisign v, = (v}, ..., V"), then the formula in 4.9 will then contain terms sgn(n,)"(®):

eZﬂiTr( Yres(dn)vxy)

%, ves, 1) = vol (Fi 1)V EO\SHK-ED) jjpy $ . sen(n,)"® )
IF(k)S({ v bves,u) =vol (Fr/I) n_,0+2{n,c(n)eﬂ.(r,s)®1 358 () HeeE(r)Hu”e||k"(’+”)
The second method to add mutisigns by taking into account the n, € I* ~ {0}, such that sgn(n,) =

(=1)"¢ for a given multisign v, to each edge e. Then

ezniTr( Z\*ES(an) "x\’)

Grv r(iy,s(£50 Yves, ) = vol (F /)Y T\SHHHED)] Jim > (nc(n)et (TS)or*) TR
sen(n)=(-1y©  Tleer(ry llunel[

In fact, we usually prefer the second definition G, 1y s({xv }ves, ).
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4.1.3 Generalized MZYV for totally real fields

If we suppose that there exists a subgroup U c Oy , of finite index stabilising {x,} foreachveS, we
can apply the Hecke transform to define a new function as follows.

Definition 4.11

Frrs(whes) = 050" [ Grsnhes ),
U U

where d*u = =di—y T2 iu;=1and Ug/U =BU = (S) Y is the classifying space of U = 71,

Uy ity

Remark: In the same way, we can define .7, ¢({x, }ves) and Z1 v 1 s({X }ves)-
Then the generalized multiple zeta value is defined as

Definition 4.12 (Generalized Multiple Zeta Values)

21(I,8) = Z1r.s({0}ves)-
Remark 4.13 Similarily, we have

2" (,8) = Zrs({0}ves),

and

Z1v(T,S) = Frvrs({0}ves).

Remark 4.14 In fact, the construction for g]:v’r‘(k)s({xv}vesﬂl) also works for arbitary number
fields. If a complex place exists, we can just replace the Euclidean norm by Hermitian norm and we
can add signs just for the real places. For an imaginary quadratic field, there is no Hecke transform.

4.14 Generalized MZYV for arbitary number fields

Definition 4.15 (Plectic Green functions for arbitary number fields)
Let K be a number field with ry real places (v;)1<i<, and ry complex places (w;)1<j<r, and of degree
[K : Q] = r1 +2ry. We have the trace map Tr = Trg

Kr 2R xC"”
and we have a Hermitian product
(|):KgxKg—C
(s zu)(x),23,)) = ZXVXC + ZZWZCW
v w
where
x= (X, 2w)-
Let
1/2
REXES
then the plectic Green function can be defined as

e27riTr(nx)
gl(x,u)z Z W’ XEKR/I, MEUR,
nel*\{0}

which is a distribution on (Kg/I) x Ug.
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4.2 Relation to classical MZVs
4.2.1 Relation to MZVs and examples

In order to give an explicit relation to the classical definition, we obtain the following result.

Theorem 4.16 (Relation to multiple zeta values) Let F be the rational field Q).
Let T be any tree with rank d = rank(H,(I',S)) > 2, where S = dI'. Assume that we are given a
"sign” map v : E(I') — {0, 1} and a subdivision map k : E(I') — N~ {0} as in Remark 4.10 and
in Definition 4.8, respectively. Then the generalized multiple zeta value 27, (I'(k),dI'(k)) (I=72)
can be expressed as a finite Z-linear combination of classical multiple zeta values (MZVs) of depth
d and weight |k| = Y k..

e

Remark 4.17 Before proving this result in general we consider first the case when I is a plane
trivalent tree, i.e., a tree whose internal vertices are of valency 3. A plane trivalent tree I with m+ 1
external vertices has 2m— 1 edges and m— 1 internal vertices. The rank of T is d =rank(H; (I",dI")) =
m. A tree is a connected graph with no loops, no multiple edges and H,(I'",Z) = 0.

d=1 d=2 d=3

Figure 7: The simplest examples of plane trivalent trees of small ranks.

Remark 4.18 In this theorem we only consider the situation that the subset S = dT. We would like
to explain that such choice is quite general. In fact, 27 ,(I",S) =0if IT" ¢ S, therefore we must have
dl' ¢ S. If one internal vertex is contained in S, namely 0T ¢ S, the situation can be reduced to a
new tree with fewer internal vertices.

When F = Q and the ideal I = Z, the Hecke transform is trivial. The generalized multiple zeta values
are given by

%7\,(1—‘75‘) = %,v,r,s({o}ves-/ 1)'

Before giving the proof in full generality, we will illustrate the statement of Theorem 4.16 by
several examples.

Some Examples.

Remark 4.19 In Theorem 4.16 and 4.38, we will take into account all arbitary trees, and we prove
the theorems when the valency of any internal vertex val (Vipsernar ) > 3. We will now explain the case:

Val(vinrernal) =2.
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Xg
Mk Nk
as * .
Y
~
ng
X4
N4 a1%&x).---- Nky, Mkt
X a
X3 1 2 X3 % 2
ay N3
X2
n n
1 Xq 2

Figure 8: All internal vertices have valency 2

Let T be one of the trees in Figure 8.
We fix the signature v = 0 for ny, then implicitly all other signatures are also determined.

271:[( z_An,-(x/‘—xj'—l))ml(X1—a1)+"k+1(02‘“’))

e 2<j<k

9, = ~(ana}1) - z dx;--dx;,
Vols (R/Z)k 711,"',nk+|€Z\{0} Hlj(:ll ‘I’l/‘

sgn(n;)=(-1)"
nj=njy1,1<j<k

6271:1111 (az-ay)

k+1
neN~{0} T

~ .~ 1
Z50(T,00) =4, 756 ({0,01,1) = Y —— = (k+1).
n1 eNN{0} n

This result tells us that such a graph delivers the same result as the subdivision map of adding k
points for the tree with one edge and two external vertices ay,a;.

Non-tree case. We will show some examples for graphs which are not trees.

Example 4.20 Let T be the graph in Figure 9.
We fix the signature vy =0 for n; and the signature 1 =0, then other signatures are implicitly
determined by the constraint at each internal vertex because of the formal Fourier convolution.

eZm’(Z?:I my(xp41—x1)+me (x1-x6 ) +n1 (y1—-x1) +n2 (y2—x1))
Z z dxy---dxg.
R/2)° ny,meZN{0} I—[[:l |m1| : ’I’l] | : |l’l2|
sgn(ng)=(~1)"
sgn(m)=(~1)4
ny+ny+my—meg=0
my=my41,1<I<5

Gy vror({yye}, 1) = (

By formal Fourier convolution,

2mi(m (y1-y2)) 0o ,27in(y1-y2)

gZ,V,’f,af({yl7y2}71) = Z %3 = C(6)
ny,m eNN{0} mn =0

)

n2
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¥a

Figure 9: The graph T.

and
1

%[00 = % 53 =6(6)C(2).

ny,mpeNN{0} myny

By the shuffle relation, we get

gZ,V(i:raf) = Z (Cf—l +C,1_1)C(s,r).

r+s=8
The result is equal to the value of
e2mi(niy1+n2y2) 2mi(n1(y1-y2))
Z2v(Co{s1,21) = Y ——m—= Y
ny,m eNx{0} myn; ny,mpeNN{0} myny

np=-nj

given by Figure 10.

Figure 10: The graph I';,.

From the discussion above, we can see that different graphs can deliver the same value.

The case of trees of internal valency > 3.

Example 4.21 Let I" be the graph in Figure 11.
The graph T'(k) is just a chain obtained after adding k— 1 points to I. The given sign is v; =V,
1<i<k. Then
eZirin(xz -x1)
G vrw.orw (o heorwy, )= Y ——r—
neZ~{0} ‘n’
sgn(n)=(-1)"

9y
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r ') k>1
X1 X2 Xq
P

Figure 11: A plane trivalent tree of rank 1.

and

1
Z1v(T(k),o0(k) = Y —=C(k).

neZ~{0} |I’l’

sgn(n)=(-1)"
Moreover, we even do not need sign v, then one obtain
1
Z(C(k),d0(k) = Y, — =28(k).

neZ~{0} |I’l|

Example 4.22 Let I'y be the graph in Figure 12.

Figure 12: A plane trivalent tree with one internal vertex

The rank of Ty is 2 = rank(H(I'1,0T'1)). To each edge e; (i=1,2,3) we add ;-1 >0 points.
The only internal vertex is denoted by y, each external vertex v; is decorated by the variable x,,. For
each e; (i=1,2), the given sign v; equals 0. For the edge e3, the sign v3 = 1. In fact, the constraint
ny+ny+n3=0and vy = v, =0 imply that v5 = 1.

e2m’(n1xv] 12Xy, +13 X5 )

gl,v,l" 0T ({xv}vear,» 1) =
d,0ly vedl'» n]+n2+n3:ZQnieZ\{O} ’n1‘61‘n2’62‘n3‘0'3
sgn(n;)=(-1)"
where vi =v, =0, v3 =1. Then
1 1
Z1v([,0T) = —_— =
’ n|+n2+n3§):,n,-EZ\{O} |I’l1 |Gl ‘n2|o-2|n3|63 n1,m26NN{0} |I’l] |Gl |n2]‘72|n1 +n2|63
sen(m)=(~1)"

1
nf‘ngz(nl +1p)0

Zv(T,0T) =

ny,m26NN{0}
Recall the following Eisenstein’s trick
Formula 4.23

L_ 5 O I o
mini (m+n)ns  (m+n)'ms)

r+s=i+j
o -1

) c !
—_ = r—1 r—1 >
then n?] ngz ZH—SZGH-GZ (n1+n2)"ns + (ny+n2)"ny |° ns21,
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where C% = (Z) Hence

CG]-] CGQ-]
Ziv(Ty, o) = > > ( o] + o] )7

+03 1,8 0378
ny,n2€NN{0} r+s=01+0, (n1+n2)’ Ny (n1+n2)’ ny

1 1
sl s o Ve s )
r+52201:+0'2{ ! nl,nzg\;\{O} (l’l] +n2)r+63n5 ! nl,nzezN:\{O} (I’l] +n2)r+63n]v

1 S e,

1038 I'\r+03,8
ny,n2eNN{0} (I’l] +n2) 3n2 O<np<n| (nl) 3]’12

Since

where n = nj +ny. We can express the generalized multiple zeta value for T'y as follows:

2yl = > (€27 (s, r+03) +CP M (s,r+ 03)).

r+s=01+02

- 2 (et eria,

r+5=01+0>

Here {(s,r+ 03) is a classical double zeta value of weight r+ s+ 03 = 0] + 02 + 03, which means that
Z1.v(T'1,0T) can be expressed as a Z-linear combination of double zeta values of this weight.

Example 4.24 Let I'| be the diagram as in Figure 2. The rank of T'| is rank(H,(I'},dI'})) =3. In

¥y

Figure 13: A plane trivalent tree with one internal vertex and 4 edges

fact, the T is no longer a plane trivalent tree. For each edge e;(1<i<4), we add 6;-1 (0; > 1)
points. The only internal vertex is denoted by y, each external vertex v; is decorated by x,,. For each
e (i=1,2,3), the given sign v; equals O; for ey the sign v4 = 1.

e2”i(”1x\’1 12Xy 13 Xy5 +14 Xy )

Grv.ror, ({xbvears s 1) =

O O; O O.
ny+ny+n3+n4=0,n;€Z~{0}; ‘I’l]| 1|n2‘ 2|I’13‘ 3|I’l4| '
sgn(n;)=(-1)",1<i<4
where Vi =V, =v3=0, v4=1. Then

Z1v(T1,011) =9y o0 ({0hveary, 1)
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1
n1+nz+n3+n4=0,n,-EZ |n1 |0'] |n2|62|}Il:’7|63|’/l4|0-4
sgn(nj)=(-1)",1<j<4
1
21,v(I1,9T7) = :
" ’ nl,nz,ngzeN\{O} nfl ”32”(3;3 (nl +ny+ n3)64

Firstly, we use Eisenstein’s trick for

- -1
1 c Co
= +
2,03 S1 S1
ny'ny = \ (M4 n3)ng' - (na+n3)n,
Then
-1 o3—1
CGZ c*
-1 ri—1
%v(l—wl arl): Z Z Il 1~
’ 1 1 S]
FL+51=02+G my s iy eN {0} (n1+n2+n3)% (ny +n3)"1ny nf (m +ny+n3)%(ny+n3)"1ny n}!

Secondly, we use twice Eisenstein’s trick for the terms involving ny and (ny +n3). Then we obtain

1
ch- C"2
’ / r-1
%7V(Fl7arl)_ Z Z Ou+1) 4751 1,52
P15+ py o e f0y (1 + 12 +13) %23y
r+sy=r1+0] ’
61 1 or—1
cole

+

oy+r s
FI+81=024+03 1) 1y n3eNA {0} (n1+ny +n3) 4 2(”2 +n3) 2”
r+s2=r;+01

Cl‘]*lc(fjg—l
’_ —
+

FI+51=02+03 gy nyeNN {0} (g + 12 +n3)64+’2n2 n1
r2+52—r1+61

o1 — 1 03 1
CroC
+

Oy +r: Y
FSI=02+03 1y g myeNn {0} (11722 +”3) 4472 (ny +n3) 2}
r2+s2—r1+01

Finally, we use Eisenstein’s trick for the terms involving ny and ny(respectively, ny and n3).

/ / CSI_ Crrzl: IC:?—_I
%V(Fparﬂ_ Z Z ( + o+ )64+r2( + )rz
ri+s1 = 62+6;n1 i nzeN~{o} U T2+ 13 np+n3)ny
r+sy=r1+0
r3+s3= Sl+S2

1 1
C52 ICF 1— CGZ

- ri-1

+
O+
P15+ 03 oy 1y g {0} (ny +ny+n3)%+2(ny +n3)r3n
ro+82=r1+0]
r3+s3=s1+52
CO']-lco'z 1
+

O4+
FI+51=02+03 |y nzeN {0} (n1 +ny +n3) 4 rz(n2+n3)szn
rp+8sy=r1+0]
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4.2 Relation to classical MZVs General construction and results over Q
S§1— 1,03-1
C Cr —IC -1
+
r+51=02+03 gy myeN~{0} (11 + 12 +n3)"4+’2(n1 +ny)" %nl
r2+s2—r1+01
r3+53—s1+s2
Csé—lcrl—lcc_gfl
r§—1 r’—] ri—1
+ I
FESI=024 03 1y iy ngeNa {0} (121 + 1 +113) %72 (g + 1) 310
r2+sz—r1+01
rh+si=s1+s)
o1—1,03-1
C ’— Crl—l
+

os+
r1+s| 02%03 n; 1y ,n3eN~ {0} (n1 +ny +n3) 4 ’2(n2 +n3)52n
r2+s2 r1+0q

Then

Slf ry— or—1 S — 1 ri—1,0,-1
Zy(To) = Y (ClCiT e +Cm el ) L (04 +12,73,53)
ri+s81=02+03
r+sy=r1+0]
r3+853=51+52

T (CS’ {ottexn Csz felinionk L) (ouk b, sh)
r1+81=02+03 3

rh+sh=ri+0)

ry+sy=s1+5)

O] or—1 o1—1 03— 1
Sy G, 1C T C(oatrysas)+ Y C, G (04 +75,55,51),
ri+s1=02+03 ri+s51=02+03 2
r+8$2=r1+0j ry+sh=ri+0j

where O4+rp+r3+s53=04+r+S52+51 =01+02+ 03+ O4.
We can see that 27, (I'},0T}) is a Z-linear combination of triple-zeta values of weight o) + 2 +
O3 + O4.

Example 4.25 Let I, be the diagram as in Figure 14.
The rank is equal to rank(H;(I2,012)) = 3. For each external edge e; (1 <i<3), the given sign
V; equals 0, therefore v4 = 1.

eZm’( (xv3 —y)n3+(xv4 —y)ng) eZﬂ:i((xV] -zZ)m Jr()cv2 -2)ma+(y-z)my)

2

(RIZ) . miezn {0} 131944 1|91 a2 |y |11
sen(n)=(~1)"

g],v,rz,afz({XV}veS, 1) = dxdy

By the formal Fourier convolution, we get

e2ﬂi(”1x"1 )Xy 13Xy F14 Xy )

g],v,l“z,al"z ({XV}VES? 1) = Z

ny+ny+my=0,n3+ng—m;=0;n;,m;eZ~{0}
sen(n)=(~1)"

|11 |n2|%2 13| [rg | O |y [H1
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Vg Vi

V.
V3 2

Figure 14: A plane trivalent tree with two internal vertices

We can see that for the first internal vertex z, we have a constraint condition ny +ny +m; =0 and for
the internal vertex y, we have ny+ngs—m; =0, ny +ny+nz+ng =0.

1 1
Z1v(12,012) =9y 1, .0r, ({0} ves, 1) =
v Lv2,017 ve nl,ng,n3Z€:N\{0} ng3(n1+n2+n3)"4 nf‘ngz(n1+n2)”'

Applying Eisenstein’s trick 4.23 again, we get

Col_] C()'z—]
%,v(rz,al—é): Z 1 Z ( s1—1 51— )

+
O3 o +U 4l1 Uy 001
ny,n2,n3€NN{0} I’l3 (I’l] th +I’l3) * S1+11=01+02 (nl +n2)sl f I12 (I’ll +n2)SI ﬂlnl

o1—-1 or—1

_ E Z ( CSl—l " s1—1 )

- O3 o TG o3 o TGN
n1,n2,n3€NN{0} s1+11=01+0; \ 113 (n1 +nz+n3)%(ny +ny)% iy ng (m +ny+n3)%(ny +nz)% Hiny

~ ~

Since
o3—1 s1+u—1
1 _ Z ( Csz—l + C52_1 )
03 - f 1 ’
ns (”1 +n2)51+#1 S1+12=03+51+14] (nl +n3 ""”l.’))Y2 (nl +n2)t2 (nl +np +n3)"2n32
o1—1,~03-1 o1—1 ~s1+-1
Cslfl Cszfl Cslfl Cszfl
@ = §2+04 th 11 + §2+04 112 511 ’
sa+tr=orts + \ (1 +12+13)° (m+n2)eny  (ny+ny+n3) n3n,
or—1 ~03—1 or—1 ~s1+U—1
@ _ ( CSl—l Csz—l n Cs1—1 Csz—l )
- 17 411 I 1 N
$2+=03+51+[) (I’l] +ny +n3)sz+64(n1 +n2) i (nl +np +n3)32+64n3 ny
Since

th—1 t1—1
1 ( Coi N o )
h t t 29 K
N3Ny siiimhen \ (M3 +n2)%n5  (n3+np)%ny

1

' !
s3—1 s3—1

C12—1 Cll—l )

t 1 ( 1ol 11l
3y sidi=n+n \(n3+n1)%n}  (n3+ny)ng
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we can rewrite 1) and @) as follows.

o1-1,03-1 o1—1 ~s1+u1—1 -1
si—1 -1 Csl—l sz—l CS3—1
@ - +0. tr 1l + 13
sattr=orts i+ (M1 +12+13)2704 (1 +12)21y g, 4py=Gyesy 4+ (M1 +12 +13)%27% (n3 +n2)%3n5
§3+13=t1+1

o1—1 ~s1+u1 =1 ~t1-1
Csl—l Csz—l CS3—]

+

3

So+1r=03+51+U] (nl +n2 +n3)S2+O-4(n3 + n2)s3n3
s3+13=t)+1»

or—1 ~03—1 CGQ-ICSI‘*'/-LI_]CI%—I
o—1 s5—1

@ _ Z Cs1—1 sp—1 n Z s1-1
- 1 t
sptt=Gris +y (M +R2+13)2%% (np+n2) 20 g =Grhs vy (n1+ny+n3)%2%%(n3+n )“gnf
! !
S3+i3=t1+1

or—1 Sl+,LL1—1 t—1
Cs|—1 CS2—1 ng—l

+

st
Sp+=03+51+1U (nl +1) +I’l3)s2+64(n3 +n1)s3n33
sh+tl=t)+1

Finally we get:
Formula 4.26
C01—1 C(,)-S_l
Z1v(I2,0I) = > 3 si-1 Cso-1

+0. tpll
S1+11=01+02 n17n27n3EN\{O} (nl +n2 +n3)S2 4(”1 +n2) 2"2
So+tr=03+51+U]

o1—1 ~s1+U =1 ~tp—1 o1—1 ~S1+U—1 ~t -1
Csrl Cszfl CS371 Cslfl Cszfl CS371

+ Z ( + + )S2+64( + )Sq 13 +( + + )S2+0'4( + )S3 13
SHI=01+0> ) mymeh {0y \ (71 + 12+ 13 n3+ny)ng  (ny+ny+n3 n3 +np)%ny
S+ =03+81+U N
S3+13=t1+1p

or—1 ~03-1
+ CS1,1 szfl

§2+0. th 01
S1+11=01+02 ny my,n3eN~{0} (n1+np+n3)"2%% (ny +nz)2n|
So+=03+851+UU]

or—1 ~s1+ =1 ~tr—1 0r—1 ~S1+U =1 ~t—1
Czlcllil C% Czlcl,ul Cl,

N Z Z si—1 “sr—1 sh-1 si—1 “sp—1 s5-1

+
rot r ot
S1+11=01+0) gy, +1> +13)%2%% (n3 +ny)%n;} +1y +13)%2%% (n3 +ny)%n3
s2+t2=03+s1+mnl,nz,nﬁN\{O} (n1 +ny+n3) (n3+ny)sn}  (ny+ny+n3) (n3+n1)%n;

SyH1L =11+

However,

1 1

$2+0: th 411 = $2+04 1.1 1.4
ny,np,n3eNN{0} (I’l] +I’l2+l’l3) 2 4(1’11 +n2) 2}’12 O<ky<ky<k3 k3 k2 kl

= C(tlat2752+64)7

where k| =ny,ky =ny +na,k3 =ny +ny +n3. Therefore

o1—1~03-1 oy—1 ~03-1
Z1v(I2,01) = > (Csll—l Coor G G ) (t1,12,52+04)
S1+H=01+02
S+ =03+51+U
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o1—1 ~s1+U =1 11 o1-1~s1+u1—1 ~t1-1
oy (eonlenteT s ean et el ) L (,53,52 4 04)

S1— so—1 1 s2—1 s3—1
S1+11=01+0
S$2+1r=03+81+ U
S3+13=t1+1>
or—1 ~S1+1 =1 ~tr—1 or—1 ~S1+U =1 ~t—1 I
* 2 Coy Gy Gy + G Gy G ) E(13, 55,52+ 04).
$1+1=01+0> 3 3

S+t =03+51+U
v
S3FI3=1+1

We have expressed our %1y (I'2, d1) as a Z-linear combination of triple zeta values { (11,12, 52 +
04), whose weight is t| +1) + 5 + 04 = O) + O2 + 03 + [y, and {(13,53,52+ 04) and {(t3,55,52+ O4),
whose weights are also 01 + 0> + 03 + 1.

Example 4.27 Let I's be the diagram shown in Figure 15.

V3

V4

Vs

Figure 15: A plane trivalent tree with three internal vertices

The rank of T3 is rank(H,(I'3,01'3)) = 4, then the rank of T's is 4. For each external edge
e; (1<i<4), the given sign v; equals 0, therefore vs = 1 by the constraint ny +--- +ns = 0.

g],v,&,&ﬁ ({xv}ve8F3 )

2 ((xoy=y3)na+ (xvs =y3)ns) G270 ((xvy —y2)na+(y3—y2)ma) 27 (xoy =y1)n1+ (X, —y1)no+(y2=y1)m)

) 4] |ns| s 13193 |2 11107 [ 92y |1 d
n;eN\{0} 4 5 3 2 1 2 1
where dx = dxdxydxs. By applying the formal Fourier convolution,
1 1 1
Zv(3,013) =%, 0 1) =
I,V( 3, 3) I7V,l"37(91"3({ }veal"w ) n4+n;m2:0 |n4|°4|n5\"5 |n3|03‘m2|,u2 |n1|0'| |n2|62|m1|u1
ny+my—m;=0
ny+ny+m;=0
ny,n2,n3,n4€NN{0}
B 1 1 1
ny+ny+n3+ng+ns=0 |’/l4‘64|]/l5|65 ‘n3|0-3|m2 H2 lny ‘Gl |n2|62‘m1 |'u]
ny+ny+nz+my=0
n1+n2+m|=0
ny,n2,n3,n4€NN{0}
1 1 1
= o4 05 1,03 U 501,92 I
2. maeNA {0} T4 (n1+na+n3+ng)% n3’(ny +ny+n3)*2 ny'ny* (ny +ny)

©)

33



Generalization of Multiple Zeta Values (I):
4.2 Relation to classical MZVs General construction and results over Q

We can use the result of Q) in the formula 4.26 to get:

Fy(T3dls)= Y ( ! )

O4 05
ny,n,n3,ns€NN{0} ‘I’l4| ’l’ll +ny+nj3 +I’l4|
o1—1,03—-1
Csl—l CSz—l

13
§1+11=01+0» (nl "‘”2""’13)s2+“2 (”ll ""”Q)tznzI
S2+1H=03+51+U

Col—lcs1+u|—lct2—1 Col—lcs1+p|—lct1—1

+ si—1 “sr—1 s3—1 + si—1 “sr—1 s3—1
15 15
sitn=or+oy | (np+na+m3)2t2(n3+np)sn;  (ny+no+n3)2tH2(n3 +ny)%n3

So+tr=03+51+U]
® ©

s3+13=t]+1>

or—1,03-1
s1—1 “so—1

151
si+n=o1+0, (M1 +n2+n3)2 2 (ny +ny)2n;
S+t =03+51+U

+

or—1 1+ —1 ~1r—1 or—1 ~s1+1—1 -1
Cslfl Cszfl ng—l Cslfl Cszfl ng—l

+

+
t] t]
Junzarrer | (m+my+ns) e (ny+ny)ng - (m+ng+n) 240 (ny +ny)ing
®

Remark: By careful observation, we can see that on the factorisation factors (without the ex-
ponent) of the denominators of these six terms @) ... , there is an action of the symmetric group
S3. For example, to pass from the factors of the denominator of @) (without considering the power)
to that of ©), we let 6 = 6(123) acting on (ny +ny +n3)(ny +nz)ny by (e +ng2+ne3)(ne.1 +
Ng2 )2, which also explains why there are 6 = |Ss| terms.

Thanks to the remark, in order to reexpress %7(I's,d1'3), we only need to understand:

T
S3+l3—ll+12 @

o1—1,03-1
S ( 1 Cs o1 Gy
1= 04 o so+ oyl ”
ni.ny.n3meN~ {0} \ 4 (nl Tt +n4) 5 szﬁtzggg;?ﬂl (nl Tt n3) " (”ll +”l2) "
3)
Apply formula 4.23 again:

o4—1 S+ -1
1 _ CS4—1 CS4—1

= +
nff“ (l’l] +ny +I’l3)52+“2 S4Ha=Ogts2+ (l’ll +ny+n3 +I’l4)s4 (Yll +ny +n3)f4 (I’ll +ny+n3 +n4)‘“4nif

Then

o1—1,03-1 041
Sum Z Z Csl—l Csz—l CS4—1
1= i
S4+O: 1. 15 1
ny,np,n3,n4€NN{0} $1+11=01+0, (nl thy+n3 +n4) s (nl R +n3) 4(1’11 +n2) n,
Sr+H=03+81+U
S4+14=04+52+ U
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o1—1,~03—1 ~s2+Up—1
Cs]—I Csz—l CS4—1

+ Z )
+0: . 12511
n1,m.m3,14€NN {0} S1H1=01+02 (n1 +np+n3+ng)%+05 (ng)" (ny +no)2ny
So+tr=03+51+U]

S4+14=04+52+ Uy

Again,
ty—1 th—1
1 CS5—1 CS5—1
t n K t + Is
(ng)(ny +ny)" S5+His=t4+1> (m +np+ng)% (ny +ny)'s (ny+ny +I’l4)s5l’l4
Then
o1—1,~03-1 ~s2+Ur—1 01—-1,~03—1 2+ U2—1 141
Cs1—1 Csz—l CS4—1 Csrl Cszfl CS471 CS571

(ny+ny+n3+n4)%%% (ng)4(n +ng)f2n’21 - ss+amtyrty (M1 +N2+13+14)%795 (11 + 1o +n4)%5 (n +nz)’5nt2l

Gl—] 0'3—1 Sz+[.12—1 l‘z—]
CS‘]—I CSz—l CM—I CS5—1

(n1+ny+n3+n4)%%%(ny +ny +n4)s5n£fn’21 '

Once again
Ct5 -1 Cll -1
1 _ Sé*l

5671

— = +
16 I3
NAns  orpamtsen \ (Ma+mn2)%ny  (ng+ny)ony

Finally, we get

o1—1,03-1 041
Sum Z Z Csl—l Csz—l CS4—1
1= 7
§4+0: t. 1 41
ny,np,n3,n4€NN{0} $1+11=01+0, (nl thy+n3 +n4) ARG (nl R +n3) 4(7’11 +I’12) n,
Sr+H=03+51+U
S4+14=04+52+ U

01-1~03—1 ~s2+1r—1 ~ty—1
+ Cs1—1 CS2—1 CS4—] CSs—]
(11 +no +n3+ng)%%% (ny +ny +n4)% (ny +ny)sn)
n],nz,n3,n4€N\{0} S1+11=01+0, 1 2 3 4 1 2 4 1 2 2
So+tr=03+51+U
S4+14=04+52+ Uy
S5+i5=t4+1>

o1—1,~03-1 2+ —1 ~trp—1 ~t5—1
" Cslfl Cszfl CS471 Cs§71C56

113
nmas meNa {0} si+ti=o1+oy (M1 +n2+n3+n4)%* %5 (ny +na +n4)% (ng +nz)%ny
23T S2+=03+s1+14
S4+14=04+52+ U
S5+15=t4+1
S¢+le=I5+1]

- -1 +Up—1 - —
CO'I_ ICGB_ CSZ_IJZ Cl‘z_lctl 1
si—1 Tso—1 “Tsg—1 s5—1""56
DY

o 1o
n s NN {0} 81411201402 (1 +np +n3 +n4)%4795 (ny +ny +n4)% (ng +ny)on;
e Sy+r=03+81+1U]
S4+14=04+S52+ Uy
S5+15=t4+1)
Se+lg=t5+1]

By exchanging the sum symbols, we get

Formula 4.28
Sum| = Z CGFIICGTIC?_?C(l‘l,l‘g,t4,S4+65)

S1— sp—1 s,
§1+11=01+02
S+ =03+s1+U|
Sq4+14=04+52+ Uy
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O1—1 ~03—1 2+~ 1 ~tg—1
+ Z Cslfl sz,l Cs471 C‘Y571C(ll,t5,S5,S4+ 65)
S1+11=01+07
S+l =03+51+MU]
S4+14=04+52+ Uy
S5+15=t4+1)

o1—-1 ~03—1 ~2+o—1 ~tr—1 ~t5—1
+ Z CS1—1 sp—1 CS4—1 CS5—1CS6 C(t67S6,S5,S4+ 65)
S1+11=01+02
Sp+1r=03+S51+1U]
S4+14=04+52+ 1y
S5+i5=t4+12
Setig=t5+1]

o1—1,03-1 S2+,LL2—1 th—1 t—1
+ Z Cs1—1 Csz—l Cs4_1 CSS—ICS6 C(t6,s6,S5,S4+G5),
§1+11=01+0
S$2+1H=03+5]1+U)
S4+14=04+52+ U

S5+i5=t4+1)
S¢+le=t5+1]

where
1+ +14+854+05=1+Il5+85+84+05=1lg+S¢+55+54+05=01+02+03+04+05+ U+ Up.

In conclusion, since 27y(I'3,dT'3) is just the summation of the 6 sums as Sum,, therefore
Z1v(T3,013) is indeed a Z-linear combination of quadruple zeta values of weight G) + G, + 03 +
O4 + 05+ U + Up.

4.2.2 Proof of the theorem
Proof of Theorem 4.16

Proof 4.2.1 (I). The graph 1 is a plane trivalent tree.

Inspired by the previous examples, we will prove the theorem 4.16 by induction on the number of
internal vertices of a given tree. For simplicity, we will first consider only plane trivalent trees.
Later we will prove this theorem for any tree.

Step 1 : Let I be a given plane trivalent tree with N internal vertices wj (1< j<N), N+2
external vertices v; (1 <i<N+2), N—1 internal edges and N +2 external edges. The subdivision
map k is given by k,, = 6,, (0., > 1) if e; (1 <i<N+2) is an external edge with endpoint v;, and
kg =y, (up, 2 1) if f; (1< j<N—1) is an internal edge. Recall that for each edge, we give a sign
v, €{0,1}.

Remark: In fact, we can see that the orientation of each edge has no importance by changing
the sign for each edge. Moreover, we can also assume that for each external edge e; with the sign
Ve, =0, 1 <i <N +1 (we shall see that this forces V.., = 1). It is easy to see that we will lose no
generality.

By the results of the above examples, we know that Therem 4.16 holds when N =1,2,3. Now
our inductive hypothesis is that if N = n (n > 1), the theorem is true. Moreover, we assume that:

Let T be a plane trivalent tree with N (N < n) internal vertices and rank d = rank(H,(T",dT")).
Then we have a relation d = N + 1. The generalized multiple zeta value associated 27, (I',dI") can
be written as follows

CM

%,v(rvar) = Z Z 7 v 7!
ny,..,iv+1€ENN{0} }’ESdl 13’ y n;.l (ny.l +ny.2)’2m(ny.1 +... +ny.d)td

<i<
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which implies that
%N(F?&F): Z Z C},J?’C(l‘}/,"',t;/ 3

YeSa tf
1<i<d

where S; is the symmetric group, Cy,tiy € Z is a constant depending on y and tiy. The upper mute

symbol Y of t}/ implies the dependence of 7y, and

. +th=Y 0.+ > 1y, VyeSy,
e f

and
t'>1, VyeS,;, 1<i<d.

Therefore the first sum

2

17N\ {0}
l<i<d
is a finite sum.
For convenience, we will define a new quantity

O (COT ()i () = T o 1

1<ien+2 1% 1< jen—t [m;

| )

In fact for each internal vertex we have T, =0, hence each m; can be written as a linear combination
of the n;, thus
Ory(I, 0T, (n)i,(mj) ;) = Opv(I, 0T, (n;)).

If there is no ambiguity, we will for simplicity write:
ﬁhv(r, BF) = ﬁl,v (F, 8F, (nz)z)

The fact that Theorem 4.16 holds means that we have a new expression for Oy, (I',dT"), namely

Cy,t.y
ﬁ],v(ra ar) = Z Z 7 y : v’
YeSa 1<l;y<d I’l}ll (ny] +nry2)t2 "'(n'y.] +... +n'yd)td
<i<,

e +th=0,+> up, VyeSy
e S

then
‘%,V(rvar) = Z ﬁl,v(raar)'
n;eN~\{0},
1<i<d

Step 2: Now we will prove the case of N=n+1.

For a plane trivalent tree, if the number of internal vertices is increased by 1, then the rank of
the tree is increased by 1, too.

Now we give a clockwise order for all external vertices v;. We will also give an order for all
internal vertices, such that the internal vertex wy, decorated by the variable xy, is connected with
the two external vertices vy and vy by external edges eyt1 = (Wy —> vy+1) and eniz = (Wy —>

VN+2)-
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VN1
ENs1
Wiy
ENs2
Vg2

Figure 16: the internal vertex wy is connected with the two external vertices vy and vy,o.

Cut di\(vn Vot
"'.‘. N4t YN+
EN+1
fas Fwy e'Nat
------ i = P Wiy
N'Nst VN4
= Mn-1 eNy2
VN2
VNs2

Figure 17: cutting down the internal edge fy_; to get a new tree I"'.

In order to deduce the case N =n+ 1 from the case N — 1 =n, we do an operation: we cut down
the internal edge fy-1, one of whose ends is the internal vertex wy and associate a new external
vertex denoted as vy, and denote the new external edge as ey, to which we associate Ref,  =MN-1
and the subdivision Uy_, then we build a new plane trivalent tree I" with N — 1 = n internal vertices
and whose rank is d — 1, where d is the rank of T.

In the definition of

9 vives, 1) = ve_veal dw
I’F’S({x} > ) (FR/[)V(F)\SeEEIF)gI(x ) ) © )veVI(;[)\S '

where _
eznl(ht’ (x\vo(e) —X‘,] (e) ))

81(Xyy(e) =Xy, (), 1) = lim ’
vo(e) vi(e) 6_’0+hgel*\{0} Hl’theHH—5

and F =Q (r=1), I* = Z. We denote h, by n, if e is external and denote h, by m, if e is internal.
And
%,V(F7ar) = gl,v,r,ar({o}veara l)

Then by formal Fourier convolution, we have

1 1 1
4 vror({0}vear; 1) = >

nieZ {0} |1 [ O | V2 [mmy— [0 oy (a9 g iy [ M
sgn(n;)=(-1)"i,1<i<d

where d = N + 1 and on each internal vertex, we have a constraint w, =0 as in (2).
In fact, it is not difficult to see that

1 1 1
—— =07, (I, 0I"),

Imy—a [MV=1 G2 il Oy <o [m[H
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and
%, = Y 0,00
n;eN\{0},1<i<N

Then
1

|nN+l |0'N+1 |nN+2|GN+2

N ﬁLv(rl,aF/).

4 vror({0}yeor; 1) = >
nieN\{0},1<i<N+1
Since the number of the internal vertices of I is n, then the theorem for I holds by the inductive
hypothesis.
Hence we have the following equality:

C

yit!

Oy’ or)= %

'
t 17 tY
VeSatt] oot My (Mt +1y2) 2 (Rpt + o+ Ry gy ) a0

)

where

e +th = Y o+ > w, VyeSy 1,(d=N+1).
1SN 1<j<N-1

Now we need to calculate

1 Cy,z,."

i

v o ovea 7 v y
|nN+1| N+1 |nN+2| N+2 n;l(nyl+ny2)t2"'(n7/1+"'+ny(d—1))[d71

from which we will deduce

%= Y Y 2,

nieNN{0}, Y€Sa-1
1<i<N+1

Recall: the rank d of a plane trivalent tree with N internal vertices equals N + 1. Then
,@77\,(1—‘,81—‘) = Z Z 97‘

nieN\{0}, veSn
1<i<N+1

Step 3: Calculation of &,
For simplicity, we assume that y = 1. In fact, this assumption will be no loss of generality.

1 Cip

P =

OOV

N1 IMN+2

For any plane tree I, we have
nm+n+...+nn1+nn2=0; n;>0; 1<i<N+1.

Then .
1 G 4}

Z1= AN (g + ..+ gy ) OV * f ) i
N+1 T N+1 n! (ny+ny)2-(ny+ny+...+ny)v

Now for the final result, we will apply N times the Eisenstein trick 4.23.

Lst time:
On+1—1
1 _ ri—-1
ON+1 i r S1
Ny (nl +n2+”‘+nN)N r1+Sl=O'N+1+I,{, (n1 +n2+...+nN+1) (n1 +n2+...+nN)
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1
-1
N

+ Crio

rpaSt
1481 =0N41+}, (n1+n2+ +nN+1) My

Then
CGN+1 - Cl t'

r—-

L@l = T
1 h 2 s r1+0;
r1+81=0N+1+y 1y (}’l1+l’l2)2-"(l’l1+}’l2+...+l’lN) 1(n1+n2+...+nN+1) 1TON+2

+ > 1 d

o 1 1 ’
ritsi=onerty 1y (4 n2) 2 (np+ng 44 ayoy )N (g +ng ) TTHON

1
bl

where the lower index 1 for a{ refers to &1 and the upper index 1 indicates the 1st time use of
Eisenstein’s trick.
Denote C, ,1 = CGle‘*lCU;. Now will see that

r

S d- ¥ ,
n;eN\{0} ri+si= 0'N+1+th EN\{O} n1 (I’L] +I’l2) (I’l] -i-l’lz-i—...-i-l’l]\/)s1 (l’l] +n2+...+nN+1)r1+°N+2
1<i<N+1 <i<N

Cl 1ti1

1 1
Z Cl,z}C(f17“‘atN751,V1 +GN+2),
r1+s1=0'N+1+t11\,
where

1 1
L+ +ly+S1+r+0y2= Y. G+ > W),
1<isN+2  1<jN-1

since
e+l =Y o+ Y u, VyeS; 1, (d=N+1).
1<isN 1<j<N-1
1 1 . .
C(t, 1y, 81,71+ Ony2) is a (N + 1)-tuple zeta value of weight 3 ¢icn42 O+ X1 <jen—1 Mj-
Let us continue this procedure. We apply for the second time Eisenstein’s trick for b{ by consid-
ering
Sl—l
1 _ Z Crzfl

81 tl r $
nN+1(n1 +n2+,__+nN_1) N-1 r2+sz=sl+t11/71 (n1 +ny+...+nN-1 +I’LN+1) (I’l] +ny+. ..+nN_1)

1
-1

r2—l

52 *
(ni+no+...+ny_1+nyNi1)20g,

Y

ry+s2=51 +t1£/71

Then

crlidvie, p

ri+si= GN+1+[N I’ll (l’l1+ +nN_1)S2(I’l1+...+I’lN_1 +nN+1)r2(n1+...+nN+nN+1)’1+GN+2
r+sy= Y]+I N_1

a
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Ct _IC:_ :161 tl
1
+ Z Lot /! ; ; .
ri+s1=0y+1+y 1y nN+1(n1 +np) 2 (ny+...+ny-)) N‘z(nl oAy )2 (R Ay ) TTON
ry+82=51 +11{/71

2
b]

We denote Co(y 1y =C, Y_ICt’v Clt' Then

-1

C
Z a% _ Z y 6(N,N+1)

niEN\{O} ri+S1=0N 41+ nll --~(n1 +... +nN,1)S2(n1 +...+nN-q +nN+1)’2(n1 +... +nN+1)’1+°"N+2
1<i<N+1 ”2"‘52:51‘*‘1‘111_1
nieN\{0}
I<i<N+1
g=0(N,N+1)

1 1
= > Comnen§(ti, oty a,82,72,71+ ONs2),
r1+81=0ON+1 Jrl‘/{,
ry+s2=5] +t1]\’—1

where tl1 +ee +t,{,_2 +52+ 2+ +ON+2 = Yician+2 0i + Li<jen—1 Hj-
We will continue the procedure by considering b%. In fact, after the k-th time use of Eisenstein’s
trick (k>1),

Sk—l
1 _ Crk—l
1 - (m+...+n +ny1)k(np+...+n )sk
nay (n+ng 4y (ko)) VD Ttk 17 AN (k-1) TIIN+1 1+ AN (k-1)
:sk_|+t11\’—(k—l)
1l -1
N—(k-1)
G

ri—
’ 2 (np+ny+...+n +aye )
Y +Sk=Sk— 1+IN (k=1) 1 27T N—(k—]) N+1 N+1

then we will get two sums a’f and b, where 1 <k <N -1 and

1 1
k _ Sk—1—1 IN=(k-2) INC1L A
aj (nla"'vnN+l) = } cH\C '”Cr]:/—llchtil xM,

rk—l rk,l—l
r1+51=0ON+1 +11{]
r2+s2:sl+11{,71

Y +Sk=Sk— 1+ZN (k=1)

where
1

I:H?Sk(z:;:] np)' ] (1 +- 4y (1))
1

I:HNA} (k- 1)((2 1"4)+”N+1)r’v “1](7114- +nN+1)r1+GN+2
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4 Sk N-k th HN-1 . ’
r1+51 1 nN+l Hj:l (nl +...+nj) j Hj:N7k+l(nl +l’l] +7’lN+1)rN j+1 (nl +...+nN+l)r1+0'N+2
=ON+1H
ro+sy
=S1+l‘1{,7|;
T +Sk

_ 1
=Sk-1+y gy

Similarly, after the (k+1)-th time use of Eisenstein’s trick for b¥, we obtain
bh=aft bkt

After N steps, we have bllv_1 = allv +bY, where

N-1 _ ryo1—17 -1y
by = >

1 ’
t ¥ — )
ri+S1=0N41+ I/Ll] I/LSNNH [ |1]Y:21 (n+ o N1 )V (R 4 g ) 1TON2
r2+52=S1+t111_1

1
IN-1FTSN-1=8SN-2F1;

1 1
sn-1—1 -~ o W
Cerl Cr 1 Cr1 —1C1,ti1

N _ IN-1—

“ SN -1 J IN-j .
r]+S1:GN+1+t]1] nl I:H]:1 ((Zqzlnq) +I’I,N+1) N-J+l:| (”ll ++nN+1) 1 IN+2
r2+SQ=S1+t11/_l
FN+SN=SN-1 +Ill

and
1_1 1_1 -
cicile
b]1V _ Z N r it
SN+1 TN+ N-1 e IN-j r1+0; '
FI+S1=0 1+, nN+1(n1+nN+1) NN Hj:Z (my+-nj+nygg) Vi (g 4y ) 1TON
r2+S2=31+11{]_1

rN+SN=SN—l+t1]

The sums ¥ ,.env {0} a’f and 3}, enw {0} b]lv (for each 1 <k < N) are Z-linear combinations of (N +
1)-tuple zeta values.

For example, for a plane trivalent tree with one internal vertex, the corresponding rooted tree
illustrating the procedure of calculations is as follows.
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Finally, we have

Dr—a b —al s s b= | T al |t (z al)wqw
I<j<k I<I<N
> dat = > C, 1 C(t], ty Sk Tks 2,71 + ON42)
J(nynner) Teol; 19 9 bN—fsOks Tky "5 12,571 N+2 )5
nieNN{0} rI+S1=0N 41+
r2+S2=S1+l‘1{/4

Fi+SE=Sk— 1+lN (k=1)

1l L
where C%f,-l = C,Z:(lk_])"'C;’:’jllcl, 7y =1d and 7, (k > 2) is the permutation

T :(N—k+2 N—k+3 N-k+4 -« N N+1)
k N+1 N-k+2 N—k+3 - N-1 N

which signifies that through the action of this permutation on the indices (without considering the
powers) of denominators of a%, we will recover the factors of a’l‘.

HoA oty gt Spt T+t 4 +0v2 = D, O+ Y. M.
I<isN+2  1<jsN-1

It is easy to see that C(tll , ---,t,{,_k,sk, Tky oy 12,11 +ON+2) is a (N + 1)-tuple zeta value. Therefore &,
is indeed a Z-linear combination of (N + 1)-tuple zeta value; of weight 31 <icn+2 Oi + Xi<jen—1 Mj-
We can obtain similar results for other &2, and get aly(l <i <N+ 1) with numerator Cy.y.

Therefore we get .
%7‘/ (F7 ar) = Z Z Z a’ly
nl,...,nN+1€N\{O} I<i<N+17yeS,-

Ca i

i

el e i’
ni,....;ny+1€ENN{0} 0teSy 7 Ny (ny.l +na.2) 2 “‘(”a-l +... +na~d) d

Z ZCOC taC(tl ) )

aeSy i
where x=7;-Y(1<i<N+1andyeS,_1)is an element of S;. Note that T; (1 <i<N+1)and ye S,
generate the symmetric group S, in the sense that

N+1 N+1
=SN+1 = HTzSN HTzSd 1

So we have finished the proof of the case N =n+1, 25 ,(I',dT") is indeed a finite Z-linear
combination of (N +1)-tuple zeta values of weight 31 ¢icn+2 Oi + X< jen—1 Mj-

(II). T is an arbitary tree.
The demonstration is quite similar to the previnous proof for any plane trivalent tree. Let I" be an
arbitrary plane tree with N internal vertices. For each internal vertex w;(1 < j <N), the valency
val(w;j) =3+f;, B;>0. ThenT has N -1 internal edges, N +2+ ¥y B; external edges and
N+2+ ¥ ey Bj external vertices v;. Therefore the rank d = rank(H;(I",dT")) is not equal N + 1
any more, but we have

d=N+1+ Y Bj.

1<j<N
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Again we give a clockwise order to the set of all external vertices v;. We will also give an order
for all internal vertices, such that the internal vertex wy, decorated by the variable xy, is connected
with the external vertices

YN+1+3 g jan-1 B ) YN+2+ 5 1 jen B

by external edges EN+I+S en1 By = (wy — VNA14S et ﬁj), e ONA2ES o B (wy — VN+24 51 en By ).
The initial step: the case N = 1. Let B = B; (> 0) be the valency of the internal vertex of T'}.
When B = 1, the theorem is correct due to example 4.24 for T'|. Now we will prove the case for a
general B (> 1), where the rank d of the tree is 2+ f3.
For each edge e;(1<i<3+ ), we add o;—1(0; > 1) points. The only internal vertex is denoted
by x, each external vertex v; is decorated by x,.. For eache;(i=1,...,2+3), the given sign V; equals
0. Then the sign v3,p is forced to be 1.

ez%’i(nlxvl +"'+I’l3+ﬁx\/3+ﬁ )
g],v,l‘{,z?l“j ({xv}veafj 1) = Z 348 1oy '
n+tng, p=0.n€Z5 {0} [Ty [l
sgn(n;)=(-1)"i1<i<2+p

where Vi =--- =V, 5 =0. Then

1
ff],\/(rll ) al—‘,1) = gl,v,l“’lﬁrj ({O}vearq ) 1) = 3B 1o
ny 443, g=0,m,€Z5{0}; Hi:1 |ni|cl
sgn(n;)=(-1)",1<i<2+f

1
Zy(T0l) = )] :
n,eN\{o}H B G’(n1+ +n2+l3)63+ﬁ

1<i<2+p
We define
0- 1
2+ [o
H, 1ﬁ l(nl +- +n2+[3)0-3+ﬁ
Then
J /
Z1(IN,0T) = 2 Q.
n;eNN{0}
1<i<2+f
Definition 4.29 I[f0<k<f,
k[ 1 s Psls Mi2s o0 Nogp
Q K oot ks 15 Ok+2, 5 0248
1
Oi42 024 5 U
”k++2 “Thip (1404 ng,p) PP (g + gy )it (2 )€

0 (15 N2, =y Mo
And Q (61; 02, 1 Gzig) = Q
When k = 3,
ﬁ B "5 s B+ Moip
Q BILs s BIB+15 O248
1

-
ﬁ+2 D(ny+ et ngg) % (ny + . gy )P (g +p )Pl
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. . ny, = n s n
By the calculation of 27 for any plane trivalent tree, we know that o ( Bfllv B,’;:l; Giifs) can be
written as

=22 CT](B)vfirj

T
7

: X [j t;l:j
7 (B) z’,-’ n,c]jhl(nfj.l +nrj.2) 2 ---(nfj.l +... +n1-j.(ﬁ+2)) B2

B+3
iy 4ty

B+2 = Z o, V.
i=1
where the permutation T)(B) =1d and if2< j< B +2

_ (2+B-(j-1) 24B=(j-2) - 1+B 2+P
G(B) = ("5 () - po1ep)

and Cr-(ﬁ) i €L
J g
If k=B — 1. We have one rooted tree illustrating the procedure of reducing to the case k = B by
0!
£Qy bl

B B
290y 29 )

a repeated times of Eisenstein’s trick.
371 _ B*l ny, - nﬁ; nﬁ+|, nﬁ+2
0 =0 (ﬁ—ltlv e ;le;; OB+15 G[m)
Denote 5
_ ﬁ . _ . Ny, w5 NBy1s N2
ij(ﬁ—l) - Q (T](B 1) (ﬁth ©t BIB+15 0[3+2))’
where the permutation T (f—1) =1d, and if2< j< B +1,
_ (1+B-(j-1) 2+B-(j-2) - B+2
Ti(B-1)= ( 1+ 2+B-(j-1) - ﬁ+1)
acts on the indices i,1 of n; and gt,.

Define
B _ B ) 1 s Mt Mgy
er(ﬁ—l) = Z o (7(B-1) B, plg+1s Opsa | )5
r1+s1=61+ﬁ+ﬁ_]tﬁ
r2+s2:s1+ﬁ_|t571
Tj+8j=Sj-1+g-111+—;j
where

iy, ceny Npyrs Mg\
TJ(B - 1) : (ﬁtl, ﬁll;.l; Gﬁ:2) =

Nz;(B-1)-1> " ”rj(ﬁ—1)~(ﬁ_]tll37j)’ e (B=1)(g1tp41-)7 "5 (B=1(g gy ea-j)7 T i (B=1)-(B+1)> 1B+2
p-1t1, - B-11p—j> Sj, T, ; )

Op+2
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Then
-1 _ B B B B
=201+ 2 Quypy * 2 Qg syt 2% 51y
Continuing this procedure we can write Q7 as a sum of Qi’:(lq) for0< g < B. We can get the same
J
result for Q% and 07"
of
ZQq+1 b}

q+1 2
Z:Qrz(q) by

N

1
ol by

73(q)
/.

/\
ZQq+l ZQq+1

T4+1(q) T4+2(q)

T( Yo and o =1(q-1) for some 1 <l <q+1.

Then
q+1 q+1 g+1 q+1
Q=201 + 2. %0+ 20 " 2 Qo)

15 N2, 5 NBio .
In conclusion, Q° ( S, Ggiz) = Q can be written as

C A

Thol;
=225 e

T ik ”A - (171 +nrk2) (g +---+n@.(ﬁ+2)’“2

L

Therefore
ZLV(F,,aF, ZZCA JAQ '7” ) ﬁ+2)
Tk ka

- . +

T | 7T

fE+nt+ =Y o,

i=1

where

%=1,(0)7,., (B~ 1)1, (B).
where T (m) =1d and, if2<1<d'+1+m, 0<m<f,
) = (B 2002 o 2o

2+m  2+m-(k-1) -~ m 1+m/"

Ht(m);, 2<l<m+2, 0<m<B}=(B+2)(B+1)-2=(B+2)! =S4

Hence, theorem 4.16 holds for a tree with one internal vertex of valency 3+ (B > 1).
The inductive step:
What we will change for induction in the proofis the following :

Recall thatd =N +1+ Y1y B, then letd' =N +Y 1 ;on-1 B;.

46



Generalization of Multiple Zeta Values (I):
4.2 Relation to classical MZVs General construction and results over Q

In order to deduce the case N =n+ 1 to the case N — 1 =n, we apply the following operation:
we cut down the internal edge fy_1, one of whose ends is the internal vertex wy and associate

/ o

the new external vertex denoted as v, F et By = Ve and denote the new external edge as
/ I . . _ o e .

eN+1+Zlgj5N—1 B = €ar+1 to which we associate ne;wHZlngN_lﬁj my_1 and the subdivision Uy_1, then

we build up a new plane tree I'" with N — 1 = n internal vertices and whose rank is d' =d —1- By,

where d is the rank of T..

Z1v(I7,0T) = Z Ov(T7,0T7).
n;eN\{0},1<i<d’

Then
1

%,V(F,ar) :g[‘ .F,&F({O} ar’l) — -
" B }'l,'EI\TZ:\{O}7 HZ:Q{*N |nN+1+k|o-N+l+k
1<i<d

-O1,(I",0T).

Since the number of the internal vertices of "' is n, then the theorem for I holds by the inductive
hypothesis.
Hence we have the following equality:

/ ! Cyf-y
I',0I") = -
ﬁI,V( 78 ) ZS: yzy 13/ I ty,’
VESar ] ooty Moy (et +1y2) 20 (Rt + 4 My ar) )
where
the.+th= > o+ >, VyeSg.
1<i<d’ 1<j<N-1
Now _
1 Cy,tiy

Py

= Hd-N 7 ’
Hk:d’—N |nN+l+k‘GN+l+k I’lty'.1 (”V~1 +ny.2)t2y~~-(ny.1 +... +ny,(d/))t1’

where d' =N+, joy-1 Bj and
d+1

Z n; = 0
i=1
Then

P 1 Crat
v nod’+1...n0d/+l+ﬁN (n +ee4n )Gd’+2+ﬁN t]y ty l‘y, ’
a1 Mgy (M d'+14By Ny (M1 +1y2)2 (R + .+ Ry ary ) e

and

ZuraD- Y % %
nieNN{O}, veSar el i,
1<i<d

Without losing generality, we can focus on &2, where 1 is the identity permutation.

Calculation of &,.

1 Cl £

c@l = Oyl 41 Gd’+1+[3N Oyl +2+p /1 R t]1 .
Ny "'”d'+1+ﬁN(”1 et g By ) N(m+...+ng)d-(ng+ny)2n
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If By =0, then we return to the calculation of &) for a plane trivalent tree. If By > 0, the number
of monomials before the polynomial (ny +-++ng . ,3N)Gd'+2+ﬁ1v is no more 1.

Therefore, the calculation of &P turns to reducing the number of monomials ngf’:rjf. We have
to show that this number indeed can be reduced, then finally conclude the calculation by the case
where the number is one.

As before, we will heavily use Eisenstein’s trick. We will introduce several pieces of notation in

order to simplify the demonstration.

Notation 4.30 (1) We will write Eis(a®,b*) for the operation

S]—l 52—1
1 C,],I Crlfl

asleZ - ri+rn=s;+s (a +b)rl br2 ((1 + b)rlarz .

(2) Let n(ky,ky) be the sum:

ky
Z nj=ng, +---+l’lk2.
J=ki
s1—1 Csz—l
In every use of Eis(-,-), there are two kinds of fractions @ ”51);,1 pa and ¢ +l;l):lla’2' In order to

O, . .
reduce the number of terms n d;’;;(", we draw a rooted tree to visualize the results after a repeated use

of Eis(-,-).

P
1 1
oy 1%9)
2 2 2 2
o1 A, 931 1%5%)

3 3 3 3 3 3 3 3
Ol G Gy Qi & Ogp Gy Ky
. . d'+1 .
For example, the operation Eis(ng,, | ,n(1,d")%") yields
1, o1
D=0y + 0,

Gdl+1—1 ~
1 Crl—l Cl,t}
o= >

19
T g (L B) T (1 d! 1) (1" )

= d’+1+z;I
1
ty—1 ~
d/
a] ~ Cl’l—l Cl,l‘il
2~ O 1 1 1
T ST d'+1+By 7 [T / /I _ |57 PR
g e, S n(Ld + L B) %t (Ld + 1)rn(1,d” = 1) a1 (n +ng) 2
O'd/+l+ld,
Definition 4.31
e ., e . _ k
Ot(k-lb]l,"',lk,Jk) SO 2002 1] 2002 e 11 2--2
Nl i
[ T T T - N
where

k
Z(i1+j1):k; ii>0; j;>0.
I=1
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The upper symbol k means that we have used Eisenstein’s trick k-times. In the first i applica-
tions of Eis(-,-) we consider only the term on the left, in the next j; applications only the term on
the right, etc. If we descend p times along the left branch, the number of monomials ”ZJ' +x decreases
by p. However, on the right branch, the number of monomials does not decrease. Moreover, the
number of factors of the denominator of &) is equal to

d'+2+By=N+2+ ) Bj=d+1.
1<j<N

During the repeated applications of Eis(+,-), the number of factors of denominators of (k= iy, ji5-3 ik, jk)
remains unchanged.
Note that

o(k:iy, jis-siks i) = €(k+ 1 iy, jis- i, jis 1,0) + a(k+ 12 iy, jis-+5 ik, jis 0,1);

Pr= > alk:iv,jissic ji)-

i1,k 20
Ji k20
Th Gi+in)=k

For example, ! = o(1:1,0), o = a(1:0,1).

We will consider first two special cases.

Proposition 4.32 Ifiy =k (1 <k < By), then we get

Cor+1 . O Gy

rkfl r]*l

. G . ) - NI
S A I e e 1 B (L k) T (1= D) TS (1)
=Ly T04! 11

r+sy
=ri+0,/ 42

—
-
Il

Te+Sk
=rk—1+0g/ 4k

When k = By, then

Oar vy~ Od +1
By e M
al 1= Z [J% / 1
d . ) _ N
SD R g1 dr 1+ By) (L d + ) T n(1d+ =19 T (1, )
By =t +Cr 41 N
r+sy
:"l+°'d’+2

rﬁN +SBN
:rﬁN_l +Gd/+BN

From the calculation of &) for any plane trivalent tree, it is easy to see that Otlff‘f .| can be written

——

By
as a Z-linear combination of d = d' + 1 + By-tuple zeta values.

Remark 4.33 The example shows that if some ij > 0, then the number of monomials ”ZI' s ofa(k:
i1, j15°+ 0k, Ji) decrease.
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Proposition 4.34 If j, =k, then

1

d’—k+1” d’
(Xk — re—1 C Cl
2.2 = d'+1+Py GJ ’ Oyt 124 k— 1 , R T
k ri+sy nd'+ll_[j d'+2 n(] d +1+BN) NH (n(] d — )+nd’+1) i Hj:l n(l,J)/
:Gd’+l+t;/
r2+8‘2
—S1+Id, 1
rk+sk
=Sk-1 g g
Then
té—l Cd, C
ad’—l _ Z Tar_1— 1
2.2 = -~
— rts pd-1 d'+1+By Gjn(l d/+1+B )Gd'+2+BN I—Id 2(1’[(1 d' - )+n , )”j+1nll
A=l g, AL j=d 2 N d'+1 1
=0t 1y
r2+S2
—S|+ld, |
rd171+sd171
=Sd/,2+121
1
; .. o t
Now we will apply once again Eis(n’? -} n') and get:
d'+1°7"1
1
Sd171f1 l‘z—l d’
ad’ _ Z C}’dl—l Crd’l C C] '
221" d'+1+ o :
25T HJ d'+£N n(1,d" + 1+ By) %4 2+by Hd 2(11(1 d' =) +ngre1 )+ (ny +ngre) d’n]d'
- =Cyr 1+
rn+s
=Sl+li,_l
Far+Sqr
=Sd/_|+l|1
¢l e
al = Z r=1%r,— r-1¢1
22" d'+1+ c . —.
&’ e I d’+gN Tn(1,d" + 1+ By) i T 2(”(1 d’' = j) +nare1) 7+ (ny + g ) ngy
=Gyry 1+
r2+52
—?]-Hl, 1
Far+Sgr
:Sdl_1+l]1

Remark 4.35 Even in the extreme case, when iy +--ix =0, ot(k: iy, j1; ik, jx) has no index 1, we
can still reduce the number of monomials ”ZJ' i before the polynomial n(1,d" +1+ By).

Therefore we have shown that the number of monomials ”Zi/ o before n(1,d" +1+ By) indeed
can be reduced.

However, in order to demontrate by the mathematical induction that Oy, (I, dT") can be written

in the form
CY

>

'
12 v Y
Y 1 12 t
7€Sa 1<tt:<d Ny (Mt +1y2) 2 (g + .+ 1yg)'a
SIS
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with d =d'+ 1 + By, and therefore conclude that

Ziv(@on) = > 0p,(T,0T),
nieN\{0},
1<i<d

we will use, in the body of the first mathematical induction, another induction on {, the number of
monomials n d;’;;{"(l <k<1+Py) before

O 1
(”1 tny+-- nd’+1+BN) 2y
in the denominator Of

1 Cl

P = .
1 Gdl+1 ) n0d1+1+[3N (n +etn )Gd’+2+ﬁ1v [1, ll tll
Ngriy = Mariyegy (1 d'+1+By (m+...+ng)a-(ny+ny)2n|

Definition 4.36 If0 <k < By,

1

k ”117 0 Mgl Mal sk 0 Tl 414 By
KIS Ky i Odlaerts s Ol 14By

1 él

 Oatersk,, ., Od+14By Cul 12+ 1! o]
Ny L ‘nd’+1+ﬁN(n1 +"'+nd’+1+ﬁN) Py (n1 +...+I’ldl+k)k d’+k"'(}’l] +n2)k2n]

ey Rgry Ngryq, ctty, Ngr
0 s fhgls tglys s Rdl+1+By _
And {@ (0t17 ) ()l‘dl,; Oyly1y ' Gd’+1+BN - ﬁl
Fix By > 0. We make the inductive step on |.
ﬂ =1 +BN -k
DIf =1, then k = Bn.
e@BN ”d’+ﬁN' Tl 4148y
ﬁNtl BN d’+BN O’ +1+By
1 C

Ol + 14y

O :
Mg rapy (U4 Mgy ) ™ (g4 v )ﬁN“ﬁN ("1+nz)’3’“"ﬁNl

By the demonstration for any plane trivalent tree, @F Y(n1,-,ngri14p, ) can be written as

Cr_/(ﬁN),fff

=T T 7

A T tl tj
% (Bv) i’ N (I’lrj.l +l’lrj.2) 2 ..'(nfj.l o A (14 By ) lar 1y

)

where the permutation T)(By) =1d and if2< j<d'+ By +1

_(d'+14+Bn-(j-1) d'+14By—(j-2) - d'+Py d'+1+P
Tj(BN) - ( d’+1lv+ﬁ1\j; d’+l+ﬁ:—(§—l) d’+[3Nlil d’+[3NN)

N (-0, N-1 &
and € gy = Crymi Lty
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@ Next, if k = By — 1. We have one rooted tree illustrating the procedure of reducing to the case
!
DES/I

TN

B
Zgl Tz(ﬁ[\/—l)/bl\
3
Z 1’!,'3([3]\1 1) b]

N
/\

S ) Z Py (Bt
k = By by Eisenstein’s trick. fd +py—1(Bv-1) Tarvpy (Bv—1)

@ﬁl‘/_l = t@ﬁN—l Mo dlaBy=1s By M 1+ By
T Uyttt By tlirapy 1 Oarsfys Ot +isfy
Denote ; ; .
Bv By (. _ Lo Ml /1By
@1 T (Bv-1) 91 TJ(ﬁN 1) ﬁNtll’ ﬁNtdl’+BN; Od’+1+By ’

where the permutation T (By —1) =1d, and if 2 < j < d' + B,

_(d"+Bn-(j-1) d"+1+By—(k=2) - d'+PB
T(Bv-1)=( dl’v+[31\11 d’+1+[31;:;]—(j—1) d’+BN1\i1)

acts on the indices i,l of n; and 5Ntll.

Define
gZﬁN (@ﬁN 1 Ml Bys Tl 14 By
2 Lz (Byv-1) 2 N 7 (Bv=1)- ﬁN’1 s ylarepy’ Oarsigy ) )
TIHS1=0ar 1y Ty =114 gy 1
ry+sy= S|+I3N 1td’+BN 2
rjtsi=s;— 1+ﬁN 1td’+[iN =
where
1 T Mal By Ml w14 By
T](ﬁN ) ﬁNtl’ O ﬁNtn]I’+ﬁN; Oars1+py |
Pej(By =11 " Py 1)y 1d’+ﬁN Pl rj(ﬁN_|)A(BN_lz‘},+ﬁN_ ) T (By=1)(gy - 1<1’+/3N J+1) g (By-1)-d ) M 4By
/3N—1f|17 " ﬁN—ltduﬁNﬂ;p Sjs Tj, " i3 Ol 4148y
Then

Bn-1 B
2 Z'@lldJrZ'@lr(ﬁN nte H P 1rd,+ﬁN {(By-1) +2 7 1Td,+ﬁN(ﬁN—1)

Continuing this procedure we can write @q as a sum of@ 15 ( )for 0<q<Byn. We can get the

same result for @ - and @f;l( ) and 6 =1/(q-1) for some 1<1<d +q.
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?
1
P b

N

g+1 2
Z'@l 02(q) bl

N

1
DI b3

1,73(q)
/.

/\
Z <@(ﬁ-l Z t@zﬁl

lvfd’+q(q) I’Td’+q+l(q)

Then
_ g+l g+1 g+1 g+1
‘Z%M*Z‘@w(q)* 2P ) T 2 i@’

R T Mgt Mgty Mgl p 14 By .
In conclusion, 3” 1. = P, can be written as
0t17 5 00y Odla1s s Ol 4148y

C.=

T}

7 i,
7 ong (nzy+nz 2)2 (np+ ot @reapy) CTY

._._,)

1Ng

= ZZC’@{C(ﬂrag fT 1+/3N)
T fi?
where
T=1,(0)-7,, (Bv—1)7, (By),
where Ty(m) =1d and, if2<1<d' +1+m, 0<m< By,

_(d'+1+m—(1-1) d'+1+m—(k=2) - d'+m d'+1+m
Tl(m) - ( d'+1+m  d'+1+m—(k-1) - d"+m-1 d'+m )

Let the set
D:{?: H Tlm(m); ZSIde’+1+m},

0<m<fy
ID|= (d"+1+By)(d +By)-(d +1).

For other y € Sq1, we can obtain the same result of &y, and

Sa=]]7 Sa
TeD

Remark 4.37 Eisenstein’s trick has been formalized by Sczech in his theory of Eisenstein cocy-
cles. It also appears in one of the proofs of the shuffle relations for MZV’s. This is probably no
coincidence.
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4.3 Relation to multiple polylogarithms

In fact, the result of theorem 4.16 can be generalized to any higher Green function

4 vror({x}vear; 1)
for any arbitary tree I'.

Theorem 4.38 (Relation to multiple polylogarithms)
IfF=QI"=7, x,¢ I%Z/Z, then 9, , v or({x,}yeor, 1) is a finite Z-linear combination of the
values of multiple polylogarithms evaluated at some N-th roots of unity.

Let us first review Example 4.22.

eZTI:i(nlxv1 +1) Xy +113 X5 )

gI,VIl,aFl ({XV}Véarp 1) = Z

ni+np+n3=0,n;€Z~{0}
sgn(n;)=(-1)"

1191 |n2|2 |n3 |3

where vi = v, =0, v3 =1 and x,,,X,,, %, € }VZ/Z.

eZn’i(nl (v =203 ) +12 (X0y =X13))

%v,rl,arl ({xv}veal"l )1 ) = Z

01,02 03
ny,meNN{0} nyn, (l’l1+l’l2) ’

CUl—l CO'z—l
_ 2mi(ny (xp, —xy, )+n2 (X, —xy r—1 r—1
%,Vﬁrl,arl({x"}vearl’l) - Z Z € (et ‘3))'(( + )r+crz s T ( + )V+0'3 s )7
n1,meNN{0} r+s=01+0, nitng) Ty \nptn n

270 (111 (Xvy —Xvy ) +12 (Xvy =X15)) 27i(n1 (X —Xvy ) +12 (Xvy —X13))
5 {c;’_l;l( i 103 )42 (0, =g )+C:,_21_1( i 103 )42 (¥, =g )}
ny,npeNN{0}

+03 1S +03 S
r+5=01+0» n1 npeN~{0} (nl +n2)r 2ny (nl +n2)r i
Note that
eZn’i(nl(xv1 =Xvy )12 (X=v2=xv3)) _ eZ?‘L’i((nﬁnz)(xv1 —Xvy ) +12 (Xvy =Xy, )
9y
and

eZm’(nl (0vy =xv3 ) +12 (X0 =%03)) _ eZm’(nl (v =Xvy )+ (1 +12) (X0 =205 )

Let z; = &2y =x) and 7= o2, ‘XVs), let y; = &2l =%,) and vy = iy =xs) I fact, let the
permutation ¢ (12) acts on the indices of v;(1 < j <3), then

Yo(12).j=%j, J=1,2.

Then we obtain

X Z’;Zzgl +ny | yrlll ygl +ny
g],v,l"l,al". ({xv}ve8F| ’ 1) = Z Cr(i; ( Z )+er31 ( Z )
ny,meNN{0}

+03 S +03 5,8
r+s=01+0, (n1+n2)" n ny,npeNN{0} (m +m)" iy

In conclusion,

Gyrior, (o hear, )= > (CO ' Ligyio, (21,22) +C2 ' Liy i, (v1,32) ) -

r+s=01+02
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Proof 4.3.1 (Proof of Theorem 4.38) For a general tree I, by the proof of Theorem 4.16, 0 (T, dT")

can be written as c

2

2, 2

'
! Y Y
Y 1 12 t
reSa 1! ny.l(ny.l +1y) 2 (g + . A yg)
1<j<d

with d the rank of T, and therefore conclude that

%,(To0) = Y 6,,(T,aT).
njeNx{0},
1<j<d

By careful observation, we get an expression

C

2mi( S ri]
Groror(Bheor, )= Y, SMERIL S S — .
n;eN{0}, veSa ! n;_l (ny1 +np2)2(Rpr + ... +nyg)ld

where Cyt" € Z. In fact, the Eisenstein trick is applied for the denominators, during these repeated
i

operations the numerator remains unchanged. A simple calculation gives

d+1 d

]
E njxy; = Z(an)(xw ~ v )-
=1 =1 j=1

Let ‘

Zj= eZm(xvj—xij)’ 1<j<d,
and .

2y = ezm(xw-j*x”y(_/n))’ yeSy,
then

j
d XMyl
Crar iz 2y

%v,r,ar({xv}vean 1)= Z Z Z

Y ’
t Y Y
njeNN{0},veSq ¢ n;‘l (n’y~1 +I’ly.2)l‘2 "'(l’l}/-l +...+ n}/.d)td
I<j<d 1<j<d
d Zi:l”%l
ITj-12j

=2 X X G
veSa| 77 njen~io} Vi ntly (1 +n )t;’(n ... +n )t;l
lekea 1<jsd I\ r2 rltetiyd

finally we obtain

%,V,F,&F({XV}V63F7 1) = Z Z Cr)/J}_’Li[y?...JV(Z'}/'l)”'7Z’)/'d) .
veSa| o7 s
1<j<d

In conclusion, 91 1 or ({Xv }veor, 1) is indeed a finite Z-linear combination of multiple polylog-
arithms evaluated at some N-th roots of unity.
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S Generalization of Multiple Zeta Values (II):
Results for general totally real fields

If [F:Q] =r> 1, then the generalized multiple zeta value 27(I",S) is highly non-trivial.
From the definition of

Frvrs({xhves) = (05, :U)™! f Grvr.s({x}ves,u)d u,
Uz U

21v(L,8) = Z1vrs({0}ves),
where d™u = M,H;zl u;=1and Ug /U = BU the classifying space of U = Z"~!. BU = (S')""!,

Uy Up_
the isomorphisr]n is i]ndependent of the choice of U, the calculation of the integral plays an important
role to get the precise expression of our 27 (I",S). For example, Given a graph I'; as in Figure 12

Let us compare the difference as follows.

Vi

Figure 18: A plane trivalent tree with one internal vertex

If the ground field is Q, then

1 1
ZosvTyor) = > ————————= .
' ’ M2 41=0 [ gl s n1,meN~{0} ”/1(]”152 (n1+n2)bs
I’l]n,l}’lez>0

If the ground field is F, [F : Q] = r > 1. By the definition
Frvrs({xvhves) = (0, :U) ™! f Grvr.s({x}ves,u)d u,
’ Ur /U
then the generalized multiple zeta value

Z1v(T,S) = F1vrs({0}ves).

Therefore for the given graph I'y, we have

d*u
Zr1y(T1,000) = 2 fUIR [Eiey

(m ,nz)e(l*\{O})z/U ‘nzquQ H (I’l] + I’lz)u”k3 .

So we need to understand integrals such as

f d*u
Us [nyul®r | ngul%2 ]| (ny +no)ul®”
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More generally, we need to understand the following integral
I (le "f)d* o)
Ur j=1
For this purpose, we have to introduction the calculation of the Hecke transform.

Remark 5.1 The work to understand integrals mentioned above will be done for totally real field
F. For a general number field K of degree ri +2r»,

Kr R™ x (Crz,
one can use polar coordinates on each factor of C™. This reduces the integral (4) to an analogous
integral for totally real fields of degree ri +r».
5.1 The Hecke transform

All the notations are defined as before.

Proposition 5.2 (The Hecke transform)[14]
Let Ug c (RX)" be the subgroup

UR:{u:(ul,...,ur)|Huj= 1}
=1

with the measure d™u = d”ll A A SL d”’ L. Let || -|| be the Euclidean norm on C’, on which Uy acts by

multiplication. Let (p);jeZ’, p = ij Then for any x = (x1,...,x,) € (C*)" and s € C, Re(s) > 0.

1-r
25 “2pj x 2 p+s 2(pj=(p+s)/r)
22 <y = r —pi)x; P .
[UR“”X” 1;[“1 ! rr(s)ljT (5 Pkl

Proof 5.1.1 Firstly we will give a more general set-up. Change of variable:
H™ = {u= (ur, = un) uj >0,y 1y =1}

Hfr’_l xR, ~ Rﬁ_l;((ul,---,un),t) —>x= (1, x0) = (Fuy, -, tuy).

o =" p= (e 2K
M =l (X1 XZ) M t (xl...xn)l/n’

then,
dxi A Ndx,  dx dx duy du
dxy A Adxy= —— = A A "=( )/\---(t i
Uur--up ui Up 1231 Up

du; du;_q duiq
dxy A Adx, =t AL — i - 1Z(a?ul/ul/\ A—— AdtA—2A
U i=1 Ui-1 Uit Up

where

o= (-1)" sdug A AT A Aduy,

Ml...ui...un
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o is independent of i, so we fix a standard form

U o= dui A Nduy,_q
ul---un71

then for every function with n-variables, we have

duy---duy,- _
/l%" g(xl7"'7xn)dxl"'dxn:/l;+(\/I;nilg(tula"Htun—l)%)ntn ld['

+ + 1" "Un-1

Recall the following T-integrals: A,a,b >0, and Re(s) >0 and d*A =dA /A,
['(s)a™ = f e MAd A =2 f e xBd%x,
R R

where A = x%. Moreover a = b%, we get

F(S/z) _ e—(bx)zxsdxx
2b R, '

Now ifwe take z=(z1,...,20) € (C)", |z|? = X", 2% w= (w1, up) e H ' uz = (w121, tnzn),

T(s)|uz| 2= [ eMelPpsa a =2 [ el 257
R, R,

2 . . 4ot
where we take A =1° for the last equality. if (ay,--,a,) € Z", a = “==2,

al-.. a cee Ry
I( ) _ F(S) up Uy duy---du, _ f ua1muane—||tuz|\2t2s duy---duy, ﬁ
7 T N ) T upltyy

al--- an
I(s) = MU el (g )zv/nM
R, (- (@) nX1-+ Xy
1 n ; ”l* +un 2Y 22 11"( +
-1 [ g [ TG0,
(S I’lH x 2 |Z |a/ a+f

In conclusion: (ay,...,a,) €Z",z€ C,a= (a1 +---+ay)/n, VJ,CIJ'—LZ+R€(2S/I’1) >0, we have the
Hecke transform

/ u(fl---uZ" duy---du,_, B 9l-n n F(S L4z a)
HE (uz]® gty nF(s)j e a+Z

Then we get what we want to prove by taking a; = -2p;.

Remark 5.3 This formula works also for any (ay,---,a,) € C" and s € C such that Vj=1,--,n,
2Re(s) +naj>ay+--+ay,.

Example 5.4 First of all, we will see one special example, namely the Hecke transform of our
plectic Green current

eZm’Tr(nx)
Y (x,u) = lim sgn(n)’—, xeFgp/lueUg.
g]( ) 5»()*”6];{0} g ( ) Hun”rﬁs R/ R
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Theorem 5.5 (Hecke’s formula) [fU c Oy, is a subgroup of finite index and if Ve €U, (e-1)-xel,
which is equivalent to
xl € (F/I)Y,

then
Veeu, gl (xv,eu)=g)(x,u).

Therefore we get

; 1
\ 1 27iTr(nx)
g/ (x,u)du = lim e u.
L}R/U ! 60" ne(l*\zj{()})/[j Ur Hul’l||r+5
By the Hecke transform, we obtain
2r=11(1/2)" 27iTr(nx)
f gl (x,u)du = 2 rany lim > sgn(n)vre—(rﬂs)/r.
Uz/U L(r/2)  8=0% e S0y [T Inj
Note that .
N(n) =Npjq(n) =]]n;,

j=1

hence

21—rr(1/2)r . eZn’iTr(nx)
Y (e, u)du = ————"" lim sgn(n)¥ ————.
LR/UgI( ) rF(r/2) 5—>O+ne(1*\zj{0})/u g ( ) |N(}’l)|(r+5)/r

It is esay to see that the Hecke transform of the basic plectic Green function with signature delivers
a linear combination of special values L(1, x ) for certain Dirichlet characters X of F of signature
V.

Remark 5.6 From the above theorem, we can see that the Hecke transform can give a natural
reinterpretation of Hecke’s formula. That is why such a formula is called by Nekovdr and Scholl the
Hecke transform.

For any given graph I" and given multiple-signs v, the Hecke transform of the higher plectic Green

function %7 v r s({x, }ves, ) is quite interesting. More revelent details will be presented in the next
section.
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5.2 Reciprocity formula for the Hecke transform

From the expression of the Hecke transform, we observe that when the degree of F' is bigger, the
higher plectic Green function(current) associated to a given graph becomes more compliqued. How-
ever we can always reduce to the case that the rank of the given graph is smaller than the degree of
F, due to the duality given by the following formula.

Let Li(u),...,L;s(u) be linear forms, u = (uy,...,u,)

L,‘(l/t) = ZL,']'M]', L,‘j>0.
j=1

The dual linear forms p
Lj (t) = ;Ll‘jt,'.
1=
such that

d r
EL,'(M)II' = ZL;(I)MJ'.
i=1 =1

Definition 5.7 Denote Ug = {u = (u1,...,u;)|u1---u, = 1,u; >0}, we define

ALY (@b B = [ TTLt “'Huﬁfd*.

Ur j-1

Proposition 5.8 (Reciprocity formula for the Hecke transform) /[/4]

d r
& (Tren Jantiea. (. 5 :%(Ulrw;))<r1d<{L;},{/3,~*},{a;}>>,

where

B :BjJrM’ ol :;Oéi, Bl = Z;Bj-

Example 5.9 Ifd=1, Li(u) =X Lju;, 1;>0. B =B;+
formula, we obtain

(1) =1;t. Then by the reciprocity

u_aruﬁ'ix 1 I'(B;)
fURLl() [T u F(a)H i

IfBj=0,Y1<j<r, then
L L](l/t)iadxl/t_ F((X/}’) (l lr)ftx/r.
R

()
Example 5.10 Ifd =2, B; =0, for all j, then [3 1+az . The reciprocity formula gives us
ZF( 061+062)r r
Li(u) " Ly(u) ®d u=——32—"— f Lijs+L sUT0 g%,
/I;R 1(14) Z(M) " rl"(ocl)l"(ocz) Ry g( 17 ZJ
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Relation to Higher Plectic Green functions. In our definition of higher plectic Green function,
we use the standard Euclidean norm. Now we will explain how to apply the reciprocity formula to
study higher plectic Green functions.

Let A0 = (A", A7) e R, 1 <i<d. It we take Li(u) = £y (A7) uj and L (s) = £, (A7)s:,

Li(w?) = Y (A28 = [ADu)2.
j=1

The following integral appears naturally in the definition of higher plectic Green function associated
to a general graph:

d _ J
fu I_I|‘7L(l)”||_r6idx”‘:f [1L:?)"d u.
R

i=1 Ur i1
Since d* (u?) =2""'d*u, then
Formula 5.11
d , d
/ H ”l(l)u“—rd,-dxu _ 21—r / HLi(I/t)_rGi/deu.
Ur =1 Ur =1

Again by the reciprocity formula, we obtain

_Op++0r
d . d F( crl+~--+crr) r 2 d .
A Dy g*y = 2 Li(s O s,
S 10 T T oy S \ LT ) [1s
Example 5.12 d = 1. Let A = (Ay,---,A;), then
Lo ax I'(c/2)" 1 I'(c/2)" _
[ 1wugreau= o 5 T gy
Ur 2-y(ro/2) (A1) 271/ T(ro/2)
This result has already been seen in Theoem 5.5 of the Hecke formula.
o () = (g (D2 (2)y2 -1
Example 5.13 (1)d =2, Lj(s)=(A; ")"s+(A;7)%s".
0 @ ) T @ T oy
A 1 =roi |2 2 —ro2 X, - 2 2! 2 A 2 —1 r(o;—0,) 2d>< )
J e o M | LR COR ) I 5

(2) If r=2, F is a real quadratic field.
: D20y = X ‘ =0i g% 4 i N2 —1\ % %
‘/UIRHA/()MH Zsz MZE[JRHLi(u) Sid u:‘/IRJrH((AI())zu"'(A‘Z())zu 1) d

From the two cases above, it is easy to observe the duality between d =2 and r = 2, by the explicit
expression of the two integrals. Therefore we can easily interchange d and r for getting the case of
d>r.

Moreover, in next paragraph we will explain that we only need to take into account the case of d =r,
thanks to a formula of Sczech generalizing Eisenstein’s trick for GL,.
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5.3 Sczech’s rational functions and Eisenstein cocycles
5.3.1 Introduction

R. Sczech [16] constructed a group cocycle W on the unimodular group GL,Z, called the Eisen-
stein cocycle, which represents a nontrivial cohomology class in H""!(GL,Z, M) with values in a
function space M. Restricting ¥ on some subgroup W of totally positive units and evaluating the
elements of M on W-invariant points, one get obtain a sequence of rational cohomology classes
n(b, f;s) e H"'(W,Q),s = 1,2,... By evaluation on some fundamental cycle in H,_;(W,Z), these
rational classes 1 (b, f;s) give rise to the numbers of partial zeta function associated with the ray
class b mod f
S(b,fi1-5)= > N(a)™ "™, Re(s)>1,
a=b(f)
where a runs over all integral ideals in the ring of integers Of of a totally real field F, such that
ab™! is a principal ideal generated by a totally positive number in the coset 1+ fb~!. The Eisenstein
cocycle W is universal in the sense that it parametrizes all the special values of Hecke L-functions
in every totally real number field of degree r, which are known to be either an algebraic number or
an algebraic number times a power of 7.
Sczech’s construction begins with the rational function

det(g(l),m,é(’))
(x7€(1)),,,(x,€(r))’

where x = (x1,...,x,) € R" is a row vector and &) e R” are r nonzero column vectors and (x, &) =

fE)x) =

X jéj(i). This function is well-defined outside the hyperplanes (x, & (i)) = (0. Given a homogenous
polynomial P(Xi,---,X,), we apply the differential operator P(—dy,,--,—d\,) to f(&)(x).

Definition 5.14 We define the general national function
f(é)(P,X) = P(_axl 7"'7_axr)f(g)(x)7

where d,; denotes the partial derivative with respect to the variable x;.

Sczech gave several elementary observations about this national function.

Lemma 5.15 [16]
Y1) D, ED, - 60 =0
i=0

For A € GL,(R),
FAED e AED) (x) = det(A) F(ED, -, ED) (xA),
Af(E) = F(AE).
Formula 5.16
P(-3x1,“v-3xr)g(-l)if(i(o)w'f("\)vwér)(X) -0,
therefore

- (—l)if(§(0),---,5/(7),---,5(r))(f’,') =0.
=0
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In fact, we will recover the Eisenstein trick from the above formulas in the case r = 2. Now we
will explain the relation between Sczech’s rational function f(&)(x) and our higher plectic Green
function ¢ v 1 s({x, }ves, u), and will explain how to reduce to the case of d = r of the integral

d , d
[ TTAOu o u=21 [ T] L) d (5)

R j=] R j=]

as we have mentioned at the end of previous section.

We always assume that r0;/2 € N for all 1 <i<d. Soif r€ 2N, then o; € N; if r € 2N + 1, then
0, €2N,.

Before that, we will give a more general definition of Sczech’s rational function.

Definition 5.17 Let a = (ay,-,a,) €N, be N,. We define

(det(glf"aér))b
(xvél)al...(x’gr)ar'
In fact, we can show that f(&)(x;a,b) can be realized as f(&)(P,x) for a carefully chosen ho-

mogenous polynomial 7.
First of all, we will consider the simple case when r = 2.

f(&)(x:a,b) =

Example 5.18 We define two homogenous polynomials of degree 2.
Prg(X1,X0) = gz(Z)Xl - él(z)Xz,

Poe (X1,%0) = £0%, - £V X,
Then

(dez(§<1>,§(2>))2
T (R EM)2(x,E®)

(det(c_c,(l)’g(z)))z
T (5 ED)(x,E@)2

FE)(Prig,x) = Prg (=0x =0k, ) f(E) (x) =f(8)(x:(2,1),2),

F(E)(Pog,x) = Prg (=0, =01, f(S) (%)

= f(€)(x:(1,2),2).
Therefore we obtain that

Pf% (_am ) _axz) Pza;zg (_axl ) _aJQ)

a1! 612!

(det(§17§2))a1+a2+1
(x’él)aﬁ—l(x’éZ)azH

f(&)(x)= =f(&)(x;(a1+1,a2+1),a1+ax+1).

If we denote

Pa]—l Paz—l
1 2

Pul—l-,dz—l;‘: (Xl ,Xz) - (al - 1)! (612_ 1)! ’

then

f(é:)(x’ (alvaz)7a1 +ad— 1) :Pal—l,az—l;é(_a)qaaxz)f(é)(x) :f(é)(Pal—l,az—l;évx)'
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For general r. Let
g = (g(l)’£(2)7”‘,€(r))

be the invertible matrix with columns Jj(i), then denote a new column vector (yy,-++,y,)", where

. det(£)
M ED) (1 D)2 (€M)

We have a linear equation

E- (i yr) " = (=0, F(E) (%), =k f(8) (%))

This equation has a unique solution, then we can a unique expression of each y;, namely

1) =70 (=0, F(E) (%), =95 F(E) ().

I
@

where Cg = (Cg (ij)) is the adjoint matrix of &.
1<i, j<r
Therefore there exist r homogenous polynomials of degree 1

Pre(Xi,, %), Pre (X1, X, ),

where Ce (1NX, 4+ +Ce (FD)X
++Ce(r
P (X, Xy) =~ ST <<
’ det(&)
which depend on the matrix & and such that
det(&)

Y= (x 51)()6 g[)zm(x ) :Pl;é(_axl7"'7_axr)f(é)(x) :f(é)(l)l;évx)a Vi<i<r

Continuing the calculation, denote
-1 -1 1
PR R

P(X;a;8) = oD e D lesDr

where X = (Xi,-+,X;). Hence we obtain

Formula 5.19
' ~ det(&) ~ o
f(é)(x’g7 1) - (X,é(l))al (x’é(z))az.“(x7€(r))ar _P(_aXI7”'7_8)6”2’(:—)][(&)()6)'
Now we consider r+ 1 column vectors 5(0), S ), By Lemma 5.15,

() F(ED, 8D ) (x) =0,
Denote the new matrix

gl = (5(0)’...7@7...5(“1))
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and apply the differential operator
Py, =0y 8°)
on .
FED L EOY(x) = Z;(—l)”lf(é(o),---,E(i),---,é(r))(x).
then )

det(£°)
(xaé(l))al (x’é(Z))az,,,(x’é(r))a,

hence we obtain

:f(éo)(X;Qa 1) :P(_a)q7"'a_aXr;Q;é())f(g(l)v“'vé(r))(x)a

Lemma 5.20

det 0 r i+ - =i .
()C,&(l))al (xaf(g)é)a)z..-(x,g(r))ar - ;(_1) ]P(_ax17"'7_axr;g;é(O))f(é(())a"Vg( )775( ))(x)a
where a = (ay,...,a,) €N’ .

The right hand side of the formula in Lemma 5.20 can be written as a finite linear combination of
det(ED)

(Constant) x — )
(x,& (0))1;1 o, E (t))b,-...(x7§(r) )br

i>1, biEN+.

5.3.2 Sczech’s rational function and higher plectic Green functions.

Now we denote (A())? = ((Al(i))z,---, ()p,(i))z)T R’ as a column vector and denote A% = ((A(D)2 ... (1(D))2) e
Mat,.q(R,) and u = (uy,---,u,) € R’ with u;---u, = 1 as a row vector. Hence

r . .
Li(u) = Y u; (") = (u, A D)).
j=1
In general for the definition for our higher plectic Green function, we have

d
1
Li —rO','/Z — .
11} (14) H?:l (u’ (A(i))z)rc,-/Z

Ifd=r,
r 1
L,‘ u —rG,-/ZZ -
L™ = g oy

where o = (01,-++,0;).
Moreover if 6;=0 (V1<i<d=r), then

[TL(u) ™" = det (AD)2, - (AD)2) 02 (£(2%) (u)) -

i=1

oy =det(AD)? o (AO))) (A2 (wirf20. 1)),

By the reciprocity of d and r, we can assume that d > r.
Now we will show that we can reduce to the case d =r.

Remark 5.21 There are several method to do such a reduction. We can do the reduction in a
general setting, for arbitray linear forms L;(u) = Z;: 1Lijuj, 1<i<d and for arbitary exponents
m=(my,...,my). However for now we will only focus on the reduction for Li(u) = (u, (A )?) and
form=(r/2)c as in the begining of this section.
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(1) MethodI @ Ifd=r+1.

r+1 1
Li(u)™"? = —
H [T (u, (A)2)re
By Lemma 5.20, we have the following relation
del(éi) o ‘ i 1 Fi 1
= -1)'P _ax 7”'7_8)(; N PR lv"'a V+ .
(x,éz)“Z(x,§3)a3---(x,é’”)“rﬂ ;( ) ( 1 r a 6 )f(é é ‘S )(X)
Take

E=A2 x=u=(uri), a=(r/2)0" = (r/2)(G2,+ Grmr).

then we obtain

et ((A2)2.. r+1y2 r+l R I
: tl'(IS;L ()u (A1 %m;z)) Z( D'P(=0u s+, =0u,: (r/2)8% (A2) ) F (A1), (RD)2, -, (A1)?) ().

Therefore
- P 1 P(=0uy, =03 56% A2 F((AN)2, -, (AT)2, -+, (AT1)2) (u)
HL (u)2 lz;( )d t((A2)2,--, (Ar+1)2)) (u,(?tl)z)T :

Now combining with Formula 5.11 and 5, we have

r+1

P(=0uys =03 56% (A2 (A2, (A2, (A1) (u)
l()u ro; U= 1-r 1 2 - «
leI"{II [ u=2 S 1) f e d

It is easy to see that RHS is a finite linear combination of case d =r.
®Ifd>r+1.
It is not difficult to obtain the same result by induction using (d —r) times Lemma 5.20.
More precisely,
1
(u’ (l(l))Z)rol (M7 (A(Z))Z)roz_” (u’ (A(d—r—l))Z)rod_,_l (M7 (ﬂ.(d_r) )Z)rcd_,(u’ (l(d—r+]))2)rc7d_,+| __.(uv ()L(d))z)ro-d )

@

@

@

where g = d — r. The symbol (i) means the i-th use of Sczech’s formula in Lemma 5.20.
For example (D:

1
(i, ARy, (D)2
= zd: (_1)i1+d—r+1P(_au1a"'7_aur;rg(d7r);(ﬁ)wind])f((l(dir))zf"a(z’(il))a"'v(l(d))z)(u)
ii=d—r+1 (u, (A@=))2)r0u=rdet ((A(47))2, . (A()2)
where

(/'L_Z)[dfr,d] _ ((A(dr))z,...,(l(d))z),
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d-r r
Q( ):(Gd—r+170d—r+27~'76d)EN+'

It is easy to see that we can continue this process and obtain the conclusion, we have reduced
the case from d >rtod=r.

Remark 5.22 Even though, this method can give a resolution for the reduction. But it increases the
complexity of calculation of Hecke transform. Now we will the second method, which simply bases
on Sczech’s cocycle relation.

(2) Method I1

Definition 5.23 Let L;(u) = Y, Liju;, 1 <i<d be linear forms defined as before. We define

1
L(kid) = ———,
I Li(u)s
where
/_€= (kl,”-,kd) eN.
If we denote L; = (Lj1,---,L;») " a column vector and denote L = (Ly,-+-,Ly) € Mat,»4(R) as a matrix.
By Lemma 5.15, we have
Formula 5.24
o~ 4 ., der(L :
L™ (r+1);r+1) = Z(—l)’_l—e (_,) L('(r+1);r+1),
i=1 det(L)
where .
kl(r+ 1) = (klv"'akia"'7k7+l)7
and .
1= (17"'71)’ I'= (la , 0, al)a
—
r+1 ith
and

L?:(L17...’1':[.,...,L,+1)eMat,Xr(R), 1<i<r+1.
Definition 5.25 (Coefficient Field) We define the field
K(L)=Q(L;j),1<i<r+1,1<j<r

Then it is easy to see that
det(L')

det(l_f“)

Ifd>r.
L(m;d)L(n;d) =L(m+n;d), m,n>0.
Define
l(r,d) = (17"'71707"'70)7
—_—— ——
r d-r
then

L(l_(+l(r,d);d) = L(l(r,d) ,d)L(]_C,d),
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namely
L(ky+ 1,k + 1, kpy1,,kgsd) = L(1,---,1,0,---,0;d)L(ky -, kg3 d).
—
r
By Formula 5.24, we obtain
d .y det(L
L(kl+17"'7kr+lakr+17"'7kd;d):Z(_l)lilLﬁ)L(kl+17“'7ki—1+17ki7ki+l+17"'7kr+1+17kr+27"'7kd)7
i=1 det(L)
namely
4 . det(L) :
. — _q\i-1_“Y\= ) i .
L(/_le,d,d)—i;( 1) det(Lm)L(’—“l(rﬂ,d)’d)’
with .
L'=(Ly,Li,~+Lys1) €Mat (R), 1<i<r+1,
and _
. -~
_l(r+1’d) = (17"'717 0 717"'71 0770)
————
r+1

If we denote

m=k+1,,, &= (0""0’i’0""0)’

then X
m"r 6r+] - 61 :]—C+—;+l,d‘

If m>1, ,;, then we obtain

ro oy det(LY)
L(md) = DT = L+ 8ipy - 8.
(m;d) i;( ) der(L) (m+ 6,41 )

Continuously, if m(" = m+ ., - & >

lnd (1<i<r),then
: ’ | det(LY) 0
LWV d) = Y (-1) ' === (D 4 8,4 - 85d).
jZl det(L™™) o

Define
Supp(m) = {i|m; #0}.

It is easy to observe that during the procedure of applying the cocycle relation from Lemma 5.15,
the norm of m remains unchanged, which means that

d
|m| = Zmi = |m+ 8, - ;| = Constant,
i=1

however, we have
Supp(n+ 8,41 - ;) € Supp(m).
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Proposition 5.26 d > r and all notations defined as before.
Ifm=(my,,mq) 21, , then the cocycle relation

det(L) 1
L(m;d) =y (-1)" 1—L( Wisa), ©)

Z (Lr+1)
implies .
) = |m ],

mi(l)’izm,-—l; mgl)’i:mj,j;ti,

Zmﬁl)’i < ij.

j=1 j=1
And

§(Supp(m V7)) <§(Supp(m)), Vi<i<r.

After repeating l-times the cocycle relation, we have

L(m(l)ﬂ.l;d) = Z C"mL(m(l)’il + 5”+1 - 5iz+| ;d)7 (7)

ir1=1

where the constant

( 1)’1+1 ldet(Lla B l[+17 B Lr+])
l+
" det(Ll, = Lipy+ Lys1)

depends only on the coefficients of linear forms L; and

1+1),i 1),i
m( Virer m( i + 6r+1 - 6i1+17
|m(l+1):il+l| - |m(l)7il|

There exists a finite l, such that

§(Supp(m ")) = §(Supp(m)) - 1.

Proof 5.3.1 The proof is straight forward from repeating Sczech’s cocylce relation. Now we will
try to explain the procedure. If we only focus on the changement of powers of L;, then the cocylc
relation (6) can be translated into

1),1
m( RE (ml_l my,---, mramr+1+1amr+2,'”7md)

1),2
( ) (ml m2_1 ms,- - mramr+1+17mr+27"'7md)

m:(m1,"',mr7mr+1vmr+2ﬂ""md) (1),i
m = (ml)”'aml‘fbmi_ l’miJrl’...’mr’mr+1,mr+2>-.-,md)

1
( )r (m17 mr—]7mr_17mr+l+17mr+27"'7md)
The cocyle relation 7 can also be written as

D,i ()i ),i
m() l:(ml 3'”7m£) l7mr+1+l;"'7md)—)
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m(l+1) 1 (m(l)’il _ ngl),iz’. (Z) i et + 1+ 1My, e my)
m(l+1) 2 (m(l)all7m§l)all _ ngl),ll’. (1) i et A1+ 1y, mg)
m(l+1)7ll+l (m(l) o 51)17317 fllJr)l’l] - b fli-)l’:{l I (l) i y My + I+1 yMy42,07 d)

m(l), (m(l) A m(l) i (1) i

r—1 M lamr+l+l+1amr+27”'7md)

m§z+1),z’1+1 - mj.l)”", 1<j<nj#in,
and )
R P ENE
and
|m(l)7il| _ |m(l+])7i1+1 |, mii)ll’ =myy1 +1.
Denote

=Min{m;,1<i<d}.

0 iy 20 g
Take ly = m;, then
m(lo) io 0’

io
§(Supp(m 1)) = y(Supp(m)) - 1.
Based on Proposition 5.26, it is not difficult to obtain the following theorem

Theorem 5.27 (Reduction Theorem I) If d > r. There exist constants C;, ... ;, , € K(L), such that

1 Ci i
L(md) = ————= — e
szlLi(”) S E TN 1<dH Lih(u) K
l,;tlh,]:#h
where iy,...,iq_1 runs through some possible choices of (d —1) different elements from the set

{1,...,d} and
d d-1
Zm,’ = Zmih.
i=1 h=1

We can then deduce to obtain that there exist C;, ...; € K(L), such that

1 G
L(md) = — = —
Hl:]Li(u) 1<iy i <d Hh lLlh(u) h
ij#ip, j£h
where iy,...,i, runs through some possible choices of (r) different elements from the set {1,...,d}

and

d r
zmi = Z mi,.
h=1

i=1

Proof 5.3.2 We can obtain this theorem by mathematical induction on the sum Z;‘:l mj, using
Proposition 5.26.
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We can even give the exact expression of the coefficients C;, ... ;. € K(L) if in need. For this moment,
we just write Cj, ...;, € K(L) as symbols. Let us see the following example.

Example 5.28 Let r =2, we consider

1
L3(u)L3 (u)L3(u)

e
Li(u)Ly(u) - Li(u)Ls(u) Lo(u)Ls(u)’

where
B det(Ll,L3) C = del‘(Lz,L3)

- det(Ll,Lz)’ 27 det(Ll,Lz) '

We have the following tree to illustrate the procedure of applying the cocycle relation,

(233)
(134) (224)
/ N\ _ ™~
(035)  (125) (125) (215)
/ N\ / N\ / N\
026) (116) (026) (116) (116)  (206)

/ N\ / N\ / N\

(017)  (107) (017) (107) (017) (107)

on the left branch of the tree, (a,b,c) (which signifies W} — (a-1,b,c+1) (
) . PR U .
L LT @) ) and the final fraction should be multiplied by (—1)Cs; on the right
branch, (a,b,c) — (a,b—1,c+1) and the final fraction should be multiplied by C,. The i-depth
of the tree describes the situation after i—times appliction of the cocyle relation. For example, the
first depth of the tree gives us

which denotes

1 1 1
2BEw  RE@Ew L WE@EAW

In conclusion, we obtain

1 .1 , 1 ; 1
C +C -3C3C, S
L3 (u) L (u)

ZB@AW) 28w Bu)E() +3C3C

+2C,C3

1
Ly (u)Li(u) Ly (u)Li(u)

Further reduction. It turns out that the essential part in the definition of Higer plectic Green
function

d d
fU H|M(i)”||_rkidxuzzl_rf [1Li(u) " du
R

i=1 Ur =]

can be written as a K (L)-valued finite linear combination of the following intergral

r 1
—d><
/UR 11} Li(u)ril? "

where we consider only the case 2|rk;, 1 <i<r and we always assume that d > r.
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Now we will show that we can do further reduction, which means that we only need to do the

calculation of
o1
f [ d*u,
Ur i1 Li(u)

and its variant, where L;(u) = ¥’_; L;;u;. In order to obtain the result of abitary exponents of L;(u),
we can simply apply some differential operators on the last integral.

Remark 5.29 For this further reduction, we will begin with a general setting, which means we can
begin with d > r linear forms with arbitary exponents and reduce to the case of trivial exponents.
Our first reduction theorem built upon cocycle relations can give another point of view, and also
make a connection with our traitement for F = Q.

Definition 5.30 Letp:{1,...,r} — {1,...,d} be a map. We define
L 1
mp =TT (P~ (DN,
i=1

where §(p~' (i) is the multiplicity of i. Then we define differential operator
r d
Jj=1 aLP(J)J
Let us see some examples.

Example 5.31 (/) Ifd =r and

pir:{l,....r} —{1,...,r},

p1 (]) = jv
then the diagonal operator
! d
Dp = H (__) .
b\ 9L

) Ifps:{l,....rt —{1,....d},
pz(j)Zl, Vj€{1,~-~,r},
then

1 r
pz_(_l:{( aLIJ)

We see investigate the acition of differential operator Dy, on L(m;d).
Fixeamap p:{l,...,r} — {1,...,d} (d>r), and define the following set

Sp =p({1,....r}) c{l,...,d}.
Given the fraction

L(m;d) = HLm,( 3

where m = (my,...,my). Then a direct calculation gives
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Formula 5.32
1 (m;i+4(p~1(i)) - 1)! 1
Dp(L(m:d)) = i . - |
g e \ L =000, @ayreie o

Let us review Example 5.31.

and

o) 27 (o)
P2 i1 Li(u) Lqﬂ(“) i=2 Li(u) '

Theorem 5.27 guaranties Now the following theorem tells us only

'/URL IL(M

with trivial exponents is sufficient for our calculation of higher plectic Green function.

Theorem 5.33 (Reduction Theorem II)
Fixe

L(m;r) = HL’"’( )’

where m = (rky [2,--,rk,;[2), k= (ki,--+,k,) and rk;|2 € N,.
(1) If 2 + r or If 2|r and |k| is even. There exists a differential operator D(m), composed by some
Dy, such that up to some rational number

D(m)L(1,,yr) = L(m;r).

(2) If 2|r and |k| is odd. Then exists a differential operator D(m) composed by some Dy, such that
up to some rational number

’

D(m)L(L ;) + 5 igsr) = L(mir).

(r,r

Proof 5.3.3 Ifthere exists q € N, such that

-
>_(mi=1) =|m|-r=rq,
i=1

then we can find q differential operators D§1,~~ i 1<j<g,
[1(n;,)! 1
—— 27 D ---DYL(1,. ;7)) =L(m;r),
H(n(]z)_l)' ( (_(r,r) )) (_ )

where n(j;) is the multiplicity of j; appearing in the q operators. We have the following equivalence
m|-r=rqg < |m[>1,, rl(lm]).

(DIf2 + r and we request that rk;/2 € N, then there exist l; € N, such that k;[2 = I; and
m| =Y rkif2= " rli=r(3 L), = rl(|m]).
i=1 i=1 i=1
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Therefore in this case, the theorem is proved.
If 2|r and |k| is even. Let define

S = {ilk; € 2N, + 1},

then |S| = s is even.
. Ifi ¢S, then k; is even, then k; = 2I;, then

Emi = Zrk,/Z = Zrli = I’(Zli),

i¢S i¢S i¢s itS

ki+1\ r
mi:rki/2:r( '2 )_E’

pmegre S35 (5 ) )

ieS ieS ieS

@. Ifi€S, then k; is odd.

Finally, we have

= S =)o 554 -s12),

ifS i€S
which implies that

rl(lm|).
=s=t+1(te2N,) isodd and Vie§, k; 2N, +1.

ki—1\ r
m,-:rk,-/2:r( ’2 )+5,

(2) If 2|r and |k| is odd. In this case,

g5 o (5 )

ieS ieS ieS ieS
and
Zmi = Zrk,/Z = Zl"l,‘ = T(Zli),
igS igS it i¢S
so finally
|m|-r(Zl+Z( ) t/2)+£.
l¢S i€S 2
Let

(%H;( ) t/2)—1

then there exist p differential operators Dj.l RS S WA such that

[T T a5 DD L+ 5 80)) = L)

where ig € S.
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Remark 5.34 In fact, by applying more differential operators, we can deduce to iy =r. Moreover
let define the differential operator

1/

then we have

Mr/z r
o) E— Ls:r).
Ll(u)Lr(u) (—(r,r)+25 r)

Example 5.35 r=2.

L3N TN (R S S
37N L (WL (u) T () LA (u)”
21 1 1
—D 7D 5( )

41 Li()L3(w)" Li(u)L3(u)
In the next section, we will give the details of the calculation, and therefore give an expression for

higher plectic Green functions and generalized multiple zeta values for general totally real fields.

5.4 Generalized multiple zeta values
for general F (I): special cases

For a general F, already the Hecke transform in Definition 4.11 leads to non-trivial integral formu-
las. The resulting numbers are given by the usual L-values of F in the simplest possible case when I"
is a chain (thanks to Proposition 4.9). After that, everything turns out to be much more complicated
than any naive attempt at defining MDZV would produce. For example, if F' is a real quadratic field
(r =2), then the terms of the infinite series defining Z;(T",S) do not necessarily involve only rational
functions of the components of the n, € I*, but sometimes also their logarithms. If F is a cubic
field, there are also terms involving dilogarithm, and for higer rank field, some non-trivial iterated
integrals make their appeareance.

Before illustrating how the Hecke transform produces these new functions, we will give a very
vague version of our main theorem.

Theorem 5.36 (Main result over general totally real field-vague version) Let F be a totally real
field of degree [F : Q] =r > 1. Given a graph and a subdivision map defined as before. By the
reciprocity, we can assume the rank of the graph d > r. Moreover, we assume that if 2 + r, the
subdivision map is given by k., € 2N for each edge. According to the two reduction theorems Theorem
5.27 and Theorem 5.33 and Theorem 5.61, we have the following expression of our generalized
multiple zeta value

Z1v(T,0T) = > > 2 2(e(ne) Zu(Bi(ne)),
{ neel*~{0} } C(d,r) 1smsr=1
on=0 U
sgn(ne)=(-1)"
where £,,(-) is an generalized m-logarithm which is a non-trivial iterated integral, and o;(n,) and
Bj(ne) are rational functions of the conjugates of n. with coefficients in Q and the sum 2c(d,r)
comes from the reduction theorem. Every sum here is finite.
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Calculation of a special integral.

|
d><
fUR n L)~ "

_duy---du,_y

where Ug = {u = (uy,-,uy) € Rl [ur---uy = 1} and d"u = SL=F=t,

1

uyey—y’

4 1 X ! ul“‘ur_l X
[ H d ”:f H —1 2 d"u
Uz i1 Li(u) R\ Zo1 (L (- ujwu ey 1)) + Liy

Let us define

Since u, =

2 .
Yj = UL U WUy U 1<j<r—1.
Then
r -r
yl...yr_lz(ul...ur_l) :ur .

By a direct calcuration, we obtain

dvi--dv..
dxy=—y1 Il du,
Y1 Yr-1
r
dxuzédy,

where dy = dy;---dy,—;. We get

Formula 5.37 (Basic integral of the Hecke transform)

U 1 ! dy
I(L; :[ dxuz—/ .
r( l) UREL,‘(M) r ]R’:IHZ;;%(LU))J‘)-‘:-L”

i=1

Now let us first see some simple examples to find out how non-trival this integral is.

5.4.1 Thecaser=2.

1 1 dy
—_—— d*u=- .
Ur L] (M)Lz(u) 2 Ry (L11y+L12)(L21y+L22)

L=hL(L)=

Recall the Eisenstein trick

Lemma 5.38 Let V be a n-dimensional vector space, let ly, ..., 1, € V* be n+1 linear forms. Then
Vx=(x1,...,%,) €V, we have

" cdet(ly, ..\ Ly 1

Z(_l)l € ( 05l n) -0.

i=0 [1 j¢ilj (x)
Theorem 5.39

B 1 Ly Lip
L= logl — ) -logl — ).
2(Li1Lyy - Lo L12) Ly Ly
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Proof 5.4.1 We will use the Eisenstein trick for the case

lo=0-yi+y2, lLi=Luyi+Liay2, l=Layi+Lay,
and take y; =y and y, = 1, then we obtain

det(Ly,Ly) _ Ly Ly
(Lity+Li2)(Lay+Laz) Luy+Lin Lopy+Lan’

where L] = (L]],L]z) and L2 = (L21 ,Lzz). Then

d T L L
det(Ly,Ly) Y - limf ( n___ )dy
Ry (Li1y+Li2)(La1y+Ly) T-ooJo \Lny+Liz Loyy+Loan

T

= TILHolo [log(Llly +L12) —log(L21y+L22)]
0

L LT +Lyy Ly Ly Ly
= lim log| ————— ) -log =log —log| —].
T—o0 Lz] T+ L22 L22 L21 L22

1 Ly Ly
h- (o (2 )-1ox(122))
2(Li1Lyy - Lo Ly2) Ly Ly

Now we turn to the definition of the higher plectic Green fuction, according to Theorem 5.33 we
have two cases, depending on that if the sum of all exponents are even or not.

Finally,

Theorem 5.40 Given k= (ky,...,k;) and |k| =k +...+kq.
(1)If2 + |k|, then after several differentiation with respect to the coefficients ¢;, B, the essential part
of the definition of higher plectic Green function

1

R, ]_[j.':1 (Ocjzu + ﬁjzu‘l )i

IZ(dJI_C) =

can be written as product of © and an element of Q(o,...,0q,B1,---,Ba)-

(2) If 2 divides |k|,
d
EYJ log(ﬁj)

j=1

where ¥; € Q(af,...,aﬁ,ﬁf,...,ﬁj).

Remark 5.41 Even though Theorem 5.27 brings us to the situation d = r, however in this lemma
above we give a general setting, d > r.

Proof 5.4.2 (Proof of Theorem 5.40)

(56
SO NG

Now we will begin with something more general.
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Lemma 542 If f,gc C[X]. g(X) = H?=1(X -T;), T1,...,%q € C are distinct and deg(f) < d. Then

fx) & f(r) 1

g(X) =8 (7) X-7

f5) _
where m = Resx-r;

f(X)dx
g(X)

and

() f(%)

g (1) M (n-1))
kej

By this lemma, we have

X" d 7 1 N
= ne .
d d 7
Mo (X=7)  j5 My (- 77) X = 7
k+j
Now let us define
. B
Cf:@’ 1<j<d.
J
Then we have s
X" (=) 1
7 ) = 7 ]2 N Y 35 VneN.
M (X +¢5) =21 M=y (65— ) X +¢
k#j
Then
u*" B d (_Ci)n 1
d - d 2, 2"
M5 (P +c3) = ]'[,Ig}(c?—c%)u +c3
Therefore

-[oo u™ du 1 /00 um+d71

—= du
O Mi(efusfiu) w TMj5 o i (w?+cj)
Let definem+d—1=2n+¢, €€{0,1}. Then

d

oo um du 1 o0 e 1 (_ci)n oyt
/(; d (o2u+B2u0-1) u T4 2](; I I =R D D= e w fo 7,2 du
HFI(OC]M+[3]M ) u HFIOC] szl(u +C]) Hj=1aj j:1 Hi;}(cj_ck) u C]

D:Ife=0, then2 + m+d. Then

/00 u™ du T d (_C?)n(cj)_]
d N o4 d d
0 T4 (@Ru+ Pty w2014, 02 5 Hizl_(ci—c,%)
#j

d-m-2 pd+m-2
_ (_1)(m+d_1)/z£ zd: o "B

d M
23 MM Ay
k#j
where 5 )
Ayj= OCIE ﬁkz
Tl B
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@: Ife=1, then2lm+d.

%0 u™ du  (-1) & (_Ci)n
fo — > log(ci).

[ (@hu Bty w2010 of S5 TG -e)
#J

(Attention: one maybe worry about the convegence of f0°° # du, however the alternating sum of

such integral indeed cancel the infinit part, the similar calculation has been shown for I.)
When we take m = |k|, we will get the result of I,(d,k).

Now let us give one simplest example of 2 4 |k/.
Example 543 d =3, m=0and n=1, that is

00 1 du
I(ath,l')_]O H?zl(a‘?u'*'ﬁjzu_l) 7

’%

:_EZ ;B __ﬂ( apr  wpy  ops )
2 ApAz AyAxz ApAx

3 =
J=1 Hk:l,k:tj Ak 2

n
" 2(auf + ) (s + 0 Br) (03 + 03 )

Given the following graph T, and S = {vi,v2,v3}, there are k;j € N, edges with given A; =
(@j,Bj)el*, 1<j<3.

Figure 19: The graph I,

Then there exist differetials Dy, .« such that the corresponding higher plectic Green function
can be written as

[ Grvror(vavshu) du= 5 Do l(a,8)):
Uk a;.p;
At last, we will show one simplest example when d = r =2 and all exponents are even.
Remark 5.44

1 % 1 dul
d u= —
Ug L1 ()29 Ly (u)202 ]11;+ (u1(ll(l))2+u1‘1(7tz(l))2)2"‘(u1(11(2))2+u]‘1(12(2))2)2"2 u

u%on +20,-1

A (P24 (g 2P (@ (A7) (7))

dl/l],
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where 0; € N,. And

u%c' +20,—-1 u
= D 2 )
@ A2+ (A)2)201 (12 (2 P)2 4+ (AD)2)202 me(WKM”V+MSUQWHM”V+M¥5%)

where the differential operator

(0,1) 2 (9,1)% (9,)%! (9,)%"
Dlz,cl.crz:(_l)ol_z : 0 (_1)61 y (1) 1 (2) . (2) ’
- (o1 -2)!1(24, /)o1~2 (01)!(24, )01 (02— 1)!1(24,7) 71 (02— 1)!(24,7 )02~

Therefore

1 X uj
du= D25 6 du
e Li(up Lo ()2 T Je L““(wﬁﬂ”y+u§5%wﬂﬂ”y+ufba) |

Ui

=Dy2 60
zan ("2 (7D )2+ (257)2)

- s oyt (1o ) A®
= D/l_z,()'],()'z (det(a'_) []Rf(& )(l/l)d I/l) :Dl_z,Gl,O'z (det(A’_) (log(’)?(l)‘ ) _log(’12(2)‘ ))) .

According to Formula 5.11

2 i e i 1 2 e
[URHM u| 2% d u=5f [TLi(u) % d*u.

i=1 Ur =]

duy

Given the following graph T’} and S = {s1,s1}, there are 201 € N, edges with given A € I* and
20, € N, edges with given A* € I*.

Figure 20: The graph I';.

The corresponding higher plectic Green function can be written as

Zi 2
2 f [TIA W[ du="Y %/U [TLi(u) 2% d u

a2 Y Ur =1 AT A2 R =1

| . A s
> 5D ,q(det(/ﬁ) 1(IOg( ~log :
My 2 07 L] 2]

/ g%,v,l"ﬁl“({sl ,Sz}, ”) d*u=
Ur
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5.4.2 The case r=3.
By Thereom 5.33 (1), we need only calculate

1 « 1 dydy,
du=- 3 .
Up Ly (u) Lo (u) L3 (u) 3 JR TT;., (Linyr + Lioy2 + Liz)

Again by Eisenstein’s trick, we have

del(Ll,Lz,Lg) B ( 1)i+j—1 det(L' L’)
12, (Liy1 +Lioy2 +Li3) 1<i<j<3 (Lity1 + Lioya + Li3) (Ljiy1 +Ljoy2 +Lj3)’
where
Ly L Lis
det(Ly,Ly,L3) =| Loy Ly Ly
Ly L3 L33
Lp
det(L;, !
(L)1) - ‘ o Lﬂ‘
Now let us define some new quantities.
_ ) | L La
A—det(Ll,Lz,L3), R,j—del‘(Ll, ]) Slj—‘le Lj3
and
| Lo Liox+Ls |_, o
mz](x)—‘ Ly Lpx+Ljs = Rijx+Sij,
and
li(y1,y2) =Lity1 + Lipy2 + Li3.
Then
del‘(Ll,L2,L3) _ (_1)i+j—1 R,'j
[T (Layi +Loy2 +Ls)  1<i<i<s Li(y1,y2)Li(y1,y2)
S (-1 itj-1 m;j(y2) R;; .
1<i<j<3 Li(y1,y2)1i(y1,y2) mij(y2)
Therefore

1 . y R
< +

R i (y1,y2)1(y1,52) m;j(y2)
Replacing L by Ljpy, + L;3 in the result of Example 5.4.1 we obtain

- L: L L:
mij(y2) dy; = log(L—ll) —log( i2y2 +Li3 )
jl

R: Li(y1,y2)1i(v1,y2) Lppy>»+Lj3

We need to calculate

1 L; L; L; R;j
AL=— (- 1)l+J 1 / (log( il ) log( i2y2 + L3 )) dys.
3 1<iges R, Lj Ly +Lj3 ml](yz)

In conclusion, we obtain the following result

81



5.4 Generalized multiple zeta values Generalization of Multiple Zeta Values (II):
for general F (I): special cases Results for general totally real fields

Theorem 5.45 (The case r = 3)

30-1,=J -78),

where
" Li L Ri;
o g o (ol )
I<ic)<3 Lip Ljp Sij
3 i3 L i3 S;
‘]1( ): Z ( 1)l+j II(Lt LJ RU)
1<i<j<3 j2 Rij
where

e, 00:8)= [ 10 ( )dlog(y+l3)

We will give the proof of the theorem above in several steps. Moreover we prove that if r = 3,
the term J 1(3) involves dilogarithms.

(D:contribution of log ( f—”l )
]
First of all, it is easy to observe that
mij(y2)

dy; =dlog(m;;(y2))-

Then let us define

Jo(1)= (‘1)”]_1[ 10g(i) —dy,
R4+ Lj]

1<i<j<3 mi; (2)

= X D[ (log(La) - log(Ly)dlog(mi (32)

1<z<j<3

T

= lim Y (—1)i+j_1(10g(Li1)_IOg(le))llog(mij(yl))] -

T—o0

1<i<j<3 0
Then
Jo(1) = hm S (1) (log(Lir) ~log(Lj1)) (log(Ri;T +S;;) —log(Si;))
1<i<j<3
) R12T+512) (R12T+512) (R13T+513))
= lim (log(L lo(——lo Lr)log| ——= | +log(L3;)log| —————
Tl—>°°( g( 11) £ R3T + 813 g( 21) £ R3T + So3 g( 31) £ R3T + So3
> (-1 (log(Lir) ~log(Lj1)) log(Si))-
1<i<j<3
Thus Ris Riy R,
Jo(l)—log(Ln)log( ) log(L21)log( )+log(L31)log( 3)
Ri3 Ry3 Ry3
> (1) (log(Lir) ~log(Lj1)) log(Si)).
1<i<j<3
Notice that
Ri3
log(L”)log( ) log(L21)log( )+10g(L31)10g( ) > (- 1) (log(Lit ) ~log(L;1)) log(R;;),
Ri3 Ry3 Ry3

1<i<j<3

In conclusion, we have
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Formula 5.46

L L R::
= Z (—1)’”llog(—ll)(log(l)).
I<icj<3 Lj Sij

@: contribution of log (M)

Ljpy,+Lj3
. Loys+Ls\ R
hi= Y (—1)‘“‘1f 1og(L’2y2 ’3) T dy,.
1<i<j<3 R+ j2y2t+ Lj3 nmj; (yZ)
Again, we have m,f([;z)dyz = dlog(m;j(y2)), hence

Ji =J1(0)+J1(1),

where

(log(L) —log(Lj2)) dlog(m;;(y2))

no)= ¥ (0=t [

1<i<j<3 R+

and

K= ¥ (1 [&(1og<yz+f—i)—logw%))dlog(mixyz».

1<i<j<3 Jj2

By the result of (), we have
Formula 5.47

J(0)= > (-1)""(log(Li) - log(Lj2)) (log(Ri;) —log(Si;)) -

1<i<j<3

Now in order to get the precise expression of J;(0), it remains to calculate

L; Li3 L; Li Sii
[R+ (10g(y2+L—3)—10g(y2+L%))dlog(mij(yz)):fR+ (log(y2+£)—log(y2+L%))dlog(yzvtﬁ).

i2 j2 j2 ij
3)
Observe that
Ly Lj Lp Lj
Rj Ly _Lu |Lp Lp] Ry Lp_Li |Lp Lp
Sij Lo Lip R;; TSy Lp Lp R;;
Therefore we will have
0 < l < lﬁ, lﬁ
Sl] Lp LJZ
or
& > lﬁj lﬁ > O
Sii L Ljp

In order to calculate (8), we will give a general setting.
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Theorem 5.48 Given o, 0,3 € R.. Define the integral

o)1)= [ tog(22% Jaton(y+ )
(1)If0< B <oy, 0, then
I(al,az;ﬁ)(T)=(Liz(%)—uz(%))+log(az—ﬁ)10g(%)—log(a1—B)log(%)

, (log(a))? - . (log(au))? L0( Ly

(2)If0< oy, 00 < B, then

I(on,00;)(T) = le([; ﬁ) L,Z(ﬁ;Oéz)JrLiz(ﬁ;30‘2)_”2([3;3051)‘

Proof 5.4.3 (1)First of all, we define

: d
I(t)=[010g(y+1)—y, >0
y

take y+1 = % then

[V log(a) ! log(2) Hog(z) , [(log(2))*]' Hog(2) |
1) | 128 [0 dz_[l_l_zdz__[_z ]1_[1 2,

1+t 1+t 1+t
1+t

Take x =1—z, then

1+t

So we obtain

o 2
z(z):wmz(ﬁ).

If0< B <oy, Taking

y+B=(a1-P)z, y+ou=(ar-B)(z+1),
T+B

[ tosty+ an)diog(s ) = GO B)+log(z+1))

B
o -

T+p
B

>+1<§*_’;

=log( a1 - ) log( )-1( )-

In the same way we will have

T+B

[ 1ostr+ an)dtog(s ) = S5 og(on- B) +log(z+1) %

T+
B

T+

)+I(062—l3 B

062—[3

=log( o - B) log( )—1( )-
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Thus

I(oy,00:B)(T) :1og(2:

Jog(T52 ) er By -n B j””log(m)

However we observe that

T+B T+B
M) )= [ eates DT = 157 ox(@)+ton(1 4 1/) T,

so when T is sufficiently big, we will have

T+
061—13

I(

T+B . [(og@))? 15?1
)-1( >[ ]

Oh — [3 2 0(?)

T+
0 -p

(log(au - B))* - (log( - B))*
2

=~log(T +B)log(ou - B) +log(T +B)log(ar - ) + 0( )-

Meanwhile,

B
o -

_B
[ oaenE 1Py Py

alﬁ—ﬁ 2 o - ﬁ

2 2

o \)\2 o
_ (log(m)) ) (1 gla- ;3)) (Liz(o%)—Liz(ﬁ)).
In conclusion,
I(Ocl,az;ﬁ)(T):(Liz(%)—Liz(o%))+10g(052—[3)10g(0%)—log((x1—ﬁ)log(%)

, (log(05))* -~ (log(04))*
2

0( )-
(2) Define
N[ N
J(t,to)—[t0 log(z 1)—Z ,

where 1 <ty <t. By taking s = %, we obtain

N 1 log(1/s-1), 1
J(t3t0) = fl/t 1/s sz)ds

/1/f0 log(1- s) fl/fo log(s)ds

t N 1/t S

J(t;10) = Lia(1/t) = Liz(1/t9) +

(log(1/1))*  (log(1/0))*
2 2
Now 0< 0,00 < B,
y+ﬁ:(ﬁ_a1)za y+a1:([3—a1)(z—1),

T+B

[ 1ostr+ andiog(s+) = J " Cog(B -an) +log(- DE
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~ ~ T+ T+ B
=log(B Otl)log(—/3 +J(ﬁ_a1,ﬁ_al)~
In the same way we obtain
T
) 10s(+ an)atog(y+ ) =tog(B - an)tog(E )+ a5 L,
Therefore
) B B-a T+p T+ B ~ T+ B
o)1) =toe =2 Juog (5P s B By o PP

. [B-o . (B-x . (B-x B-o
‘L’Z(M)‘L’Z(M)”’Z( B ) ( B )

+log(ﬁ -0 )10g(T+B ) . (log([;loél ))2 i (log(ﬁgxl ))2 ) (1Og(l;10[¢32)) (log(ﬁ az))
- B 2 > 3 :

It is not difficult to observe that

oo( B 2 oo (B=w 2 oo( B 2 oo (B 2
lg(g:al)log(T;;B)+(l g(?ﬁ)) _(1 g(zﬁ ) _ (1 g(?ﬁ)) _(1 g(2 ) _o.

Finally we get

(0, 00:B8)(T) = Lip (ﬁT B) ~Li (ﬁ1%2)+Li2(ﬁ;3a2)—Liz(ﬁ;}al),

Corollary 5.49 Given oy,00, € R,. Define

I(eq, 00;B) = lim (e, 00;B)(T)

then

Hon.cif) = f, oo 22 | dtog(yp).

(])If0<ﬁ<0617062, then

(o, 00:B) = (Li2 (O%) Lip (%)) +10g(o¢2—[3)10g(0%) “log(ay —ﬁ)log(o%)

, (log(a))? - (log(04))*
2

(2)]f0<0€1,062<ﬂ, then

I(oy,00;B) =Li2(ﬁ;3a2)—u2(ﬁ;a‘).

By this corollary, we return to the calculation of /3 and will obtain
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Formula 5.50
Z ( 1)l+] lI( Li3 Lﬂ,& .
Lo L’ Rij

1<z<]<3

Now combining the results of Formulae 5.46, 5.47 and 5.50, we obtain the final result of

3A-I; = Jo(1) = (J1(0) +J1 (1)),

that is
31 =7 g3,
where
Li L R;;
I -n() -1 0= T 0 (g7 -tog( 7)) (1 52 )
1<i<j<3 Lip Lj Sij
LA S
IO =5()= F R,
1<i<j<3 Lo Lp  Rij
5.4.3 The case r=4.
1 « 1 dyi dy> dy;

Iy = d'u=- .
Ur Ly (1) Lo (u)L3(u)La(u) 4 JRS T, (Liyr +Lioys + Liays + Lis)

We will first give an explicit expression of /4. Let us introduce some new notations.

Definition 5.51
R(4) Ly Lp &) _ Ly Lj U™ Liy Ly
Ly Lp | i Lji Lj Y Lji Ljs
@ _ Ly Lp Lj @ Liy Lp Ly @ Ly Lz Ly
R = Liv Lip L |s Sy =|Lin Lip Lja |5 V' =| Lin Lz Lj
Ly Lo L Ly Lo L Ly L Lis

Theorem 5.52 (The case r =4) We fix Ay =det(Ly,L,L3,L4). Let us define
Cy (i) =log(Li1) —log(Ly);

Co(i, ) = (€1 (1) = C1(j) (log(R(}) log(s{) )

and
Hen.aip) = g (0 atox(r+ )
Then
STV A A Y A
where
J(§4): Z ( 1)1|+12+H(C2(11,12) C2(11 lg)+C2(l2,l3))(1Og(Rmzl3) IOg(Sl(1213));

1<i<ip<iz<4
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J1(4) _ Z (—1)i1+i2+i3jl(4)(il,i27i3))

1<ii<ip<iz<d

" U@ p@ @ U@ p® (@ U@ @ @
Ly . 1112 1113 . 111213 _ . 1112 1213 . lllzl'; . 1113 1213 . lllzl'; .
CIRCIEE RS IOV e tiweytireyl RG] Iwestiprry Rirevll RASICU Roreyiwertieryg £

i1ip i1i3 111213 i1ip iri3 111213 i1i3 iri3 111213

A S )

1<i|<ip<iz<4
@
I (i, i3) = [ 19 iy, in, i3) (y3)d | log [ y3 + 1(1;2)13 :
111213
( ) ( ) ( ) (4) ( ) (4)
1W iy, i,i3) (y3) =1 B Lis, M g L iy Said3 Uiy | L Lisy Siis¥3* Uiy
T Lo Lip’ RrW Lo L’ Rr™ L Lipp’ R
1112 - 113 ) 13
Proof 5.4.4 (Proof of Theorem 5.52) We begin again with the Eisenstein trick,
RW
Aq — Z ( )l+j+k le
T, (Liy1 + Liaya + Lizys + Lia) l<i<j<k<d Ll
where
li = 1i(y1,y2,y3) = Liy1 + Lioy2 + Lizy3 + Lig.
Define
Ly Lp Lgys+Ly @) @
m,-jk(y3) = le ng Lj3y3 +Li4 =R ky +Sz]k
Ly Ly Lizys+Li
Then
( )
dy1dy,d mi;j
Y TT4, (Liyt + Loy + Lisys + Lia)  1<i&5ekes RY il muk( 3)
If we define

A ) - [, P

then replacing L3 by Lizys + Lia and according to the result of Theorem 5.45, we obtain that
i jk i jk 3),(ijk 3),(ijk
30379 (53) 79 (33) = 550 (33) ~ 10 (39),

where
(4)

(3).(ijk) ( ) ( )) u
J lo lo log| —————
0 (y3) = ( g In og Ly g S,(;l)y3 N Ui(j4)
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)

—(log(lﬂ)—log(lﬂ)) log —Rik
Li2 Lk2 S,(;f)% + Ui§¢4)
(4)
L.
Lj Lio S( ) Uj(k)

s®y. L y® 4 4) (4)
TR (30y = 1( Ljs. ”y—”)_ ( Ls Lo M) (L; Lis M
! Lo’ Lj (4) Lo Lo’ R} Ljp Lo’ REI‘:) ’
and (4)
Riji 4) (4)
————dys3=dlog|R:./y3+S
ml]k(ys) 73 g( l]ky Uk)
then
AN = Z (_1)i+j+kf (J(§3)’(ijk)(y3)—J1(3)’(ijk)(y3))dlog(R( ) 3+Sz(;‘k))
1<i< j<k<d 0
Then define
(3).(ijk) Liy Lji ) <@
Jod (y3) = (log(le) log(Lﬂ))(log(R ) log( ))
Ly Ly (4) @
_(IOg(L_,-g)_IOg(L_kZ))(IOg(Rik ) log( ))
(log(L ) log( ))(log(R()) log(S(.Z)));
Ljp Ly J
and

3 (iik Lj U.(.4)
I = (1og (£2) -tou( 72 )) 1o 2+~
L j N

ij
1 log [ Z4)) 1 Y
(Og(L,z) Og(Lkz B\ 3T @

It is easy to see that

](53)’(%) (y3) = Jé?o)’(ijk) (y3) —Jéi)’(ijk) (y3)-
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Define
. i ) 3),(ijk 4 4)\.
P (=) +J+"/O (J&O) @ )(y3))dlog( i(jk)y3+Si(jk))’
1<i<j<k<4
and o0
, o 3),(ijk 4 4\.
Jl( ) _ Z (_1)l+/+k\/0- (J(E,l) (i )(y3)>d10g( i(jk)y3 +Si(jk))’
1<i<j<k<4
and . ) " 4
it 3).3ij .
VIS (_1)+J+kf (Jl( ) )(y3))d10g(Ri(jk)y3+Si(jk))'
1<i<j<k<4 0
Then

ATy = I - g g,

For proving Theorem 5.52, we only need to calculate the three quantities above. This is done in
the following three lemmas. We will give the proof in detail only for the first lemma, the other two
proofs are quite similar and straightforward.

Lemma 5.53
=% (C)MHCli 1) - Calink) + Ca(,)) (tog (R ~og(5())

I<i<j<k<4

Proof 5.4.5 (Proof:) We begin with the following integral

(i)t 2)) o) s s i)

i2 j

-t (g (1) -ton 2 ) e () e (s5)) (4527 552)-ts(52)

i2 Jj2
= Jim Co(i, ) (log (RET + 5730 - tog (7))

fo“’ (F599 (y3)) d1og (RS ys + 52)
= Jim (Ca(i.J)=Calik)+ Ca(jik)) (log (R T + 5730 ~1og (s33) ).

Therefore the cocycle relation Y. (=1)*/**, acting on the integral above, yields a cancelation of the
terms involving log(T) and gives us

Z (_1)i+j+k (Jé?’o)v(l]k) (y3)) leg (R,(;‘k)y3 +Sl(j4k))

Then

I<i<j<k<4
= Y )G ) - Calisk) + G (k) (log (R ) ~log (S7) ) -
1<i<j<k<4
Lemma 5.54
4 i+j 4) /. .
y D S G Dtk AT (AR O}
1<i<j<k<4
where

@ (@ @ @ (@ @ @ (@ @

4 @ & (O FICONNNC) @ ® @

U’ uY S U;’ Uy’ S vl UL’
Jf“)(imk)cl(i)l( OEREAX Jk)cl(j)l( T ’k)+cl(k)1( s ’k).

ij ik ijk ij Jjk ijk ik Jjk ijk
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Lemma 5.55
I =S ()G ),

I<i< j<k<4
where

- S(?

4),. . . ij
JZ( )(17J7k):A 1(4)(17J7k)(y3)d IOg }’3+% ’
Riji

and

(4) (4) (4) (4) (4) (4)
s Ly SPy+Ub ,. s®y. U L SSy3+U;
19 j k) () =1 | E3 23, 20 B _I(E %M) Ljp Lis 2 3" 7

Lo Lp’ REf) Lo L’ Rf: ) Lp Lo’ RE.;:)

Remark 5.56 The passage from the result of case r =3 to the case of r =4 can be generalized to
any r > 2. Such a recurrence relation inspires us to do a general calculation for any general r > 2.
We will theorefore give a definition of so-called generalized m-polylogarithms over a totally real

; 4 . . o
field F. However, the coefficients such as Rl.(jk) are very inconvenient for general r, thus we will give
a general definition of these coefficients in a uniform way.

5.5 Generalized multiple zeta values
for general F (II): general case
In this section we assume that a totally real field F is of degree r > 2. Let us begin the preparation
for the general calculation and the definition of generalized polylogarithms over F.
5.5.1 Preliminaries
Definition 5.57 Let us define the set
N(r)y=A{1,...,r}.

Let X and Y be two subsets of N(r) of the same cardinality. Given the linear forms as in Formula
5.37, we will define the matrix

Axy = (Lif)iex,jey ’

where L;j is always the coefficient of the linear forms in question. Then we define
R)(;} = del‘(Axﬂy).

For example, if r = 4, if we take X; = {i, j,k}, 1 <i< j<k<4and ¥; = {1,2,3}, then

4 _p@®
Ry, v, =R -
If we take Y, = {1,2,4}, then
4) _ ¢
Ry, v, = Siji-
Let X, ={i,j}, 1<i<j<4andY3={1,2} and Y4 = {1,3} then
“4) _p@ 4) _ ¢4
RX27Y3 B Rij ’ RX27Y4 B Si.i ’

Now we will define a cocycle relation operator which acts on other sets, later on we will make
such an operator act on the set of indices.
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Definition 5.58 Assume that n € N\ {0}.
Let A be a finite totally ordered set. We define

T.(A) = {gz (ai,...,a,) A"

a <a2<---<an}.

It is easy to see that |7,(A)| = (‘A|).

n
Definition 5.59 The n-cocycle relation operator is defined as
n-1 ) -
Cycly(1,...,n) = > (-1)'(1,2,...,n=(i+1),n—i,n—(i—1),...,n),
i=0

where (-) means omitting the term (n—i).
Then the cocycle operator acts on a € T,(A),
n—1 )
CyCln(C_l) = Z(_l)[(alaa% e aan—(i+1)76771-—\ivan—(i—l)7 e ,an)-
i=0

If f is a function depending on the multiple index j € T, (A), we deduce an action of the cocycle
operator on f,

n-1 .
Cycly(f) = g(—l)’fgu),

where
g(l) = (al y A2y .-+ 7an7(i+l)7an—i7an7(i71)7 e 7an)7

and

j€{a(0),...,a(n-1)}.

If there is no ambiguity, we can simply write

Cycly(f) =Cyclu(j)(f;)
For example, if /;(y) = ¥.'}_; Lijyj, 0<i<nand if
N(n)={0,1,...,n},
N;={0,1,....(n=1),...,n},
ni=(0,1,...,(n=10),...,n)

det ((Ln) ken;,1<h<n)
Hj#n—i lj (y) 7

fﬁ()’) =

Denote
det(lh AR 7lin) = det((l‘kh)ke{il,‘.A,in},lshSn)v

then the Eisenstein trick

Z(_l)l det(l()ally sbiy al ) :0’
i=0 Hj#ilj()’)

after replacing i by n—i, can be rewritten as

Cycln1(f)(y) = 0.
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5.5.2 General case of r and generalized polylogarithms over F

The cocycle relation
1 i det l(),l], ln_i,...,ln)

=0
,:o Hj:tn—i l; (v)

is equivalent to

n—1 ) i
Z(_l), det(lo,ll,...,ln_,,...,ln) +(_1)ndet(ll,...7l,,) ~0,
I jensi i () i1,

i=0

then e
a’et(ll, Z( 1)n+l 1 del‘(l(),ll, ln_i,...,ln)
l] H];tn i (y)

As in the previous section, we fix [y =y, and take y, = 1, then

det(lo, Iy, .. dpis . b)) = (=) det (11, .. iy 1),

where .
det(liy,-- ki, ) = det ((Lindegsy iy 1y 1<hen 1)
Therefore
det(ly, .. o det(l,. D)
_ 1 . 9
li---1, Z( )y Ll il
Now recall us
N(n)={1,...,n},
and
= (il,...,in_l) € Tn_l(N(l’l)).
then (9) can be written as
det(ly,...,I, )
Aol - yet, (1) = Coen(D(). (10)

Results of general . Now we will talk about the case of a general ». We fix a totally real field F
of degree r. Let us recall the basic integral of the Hecke transform.

I=1(L) = f f
' Ur = 1 Rilz 1 Z (Ll]yj)+Llr

Let us fix the notation

A, Zdel‘(Ll,...,Lr).

det(Ly,...,L
rArIr:f ] - eE_lla 3 i’) dy]"'dyr—l'
R Ty (X521 (Lijyy) + Lir)

then
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Theorem 5.60 (General Relation of /) Given a totally real field F of degree r.
N(r)={1,....;r}; Tny(@) ={i1,.. . ir1},

and
lz(llv .,l.r_l)eT,«_l(N(l")).
And according to Definition 5.57

") o)
Rivo1 =Ry iy N1y
") _ o)

Ry :Rl(r)(i)vN(V)\{V}'
Then we can obtain the result of the basic integrals I, from the result of I,_,
R(r) |
rAd = Cycl, (i) [ (r- I)A 1(yr 1) 1(yr 1) dlog| yr1+ R(r) ’

l?r

where
Al )1 (r-1) = Rf,rr)yr— +Rz(i)1
and
A (1)
R T4 (ZH (Lijyj) +Lir)

In fact, we have considered the r-dimensional linear forms

(r- 1)A 1(yr 1)1,( )1(yr 1) = dyi--dyr_s.

r—1

Li(y) = > (Lijyj) +Liyyr, yr=1,1<i<r
=

as r — 1-dimensional linear forms with a parameter y,_ by regarding L;(,_1)y,-1 + Li, as the (r-1)-

th coefficient.

Proof 5.5.1 We always have the same notations.

r—1
li(y) = > (Lijyj) +Liy, 1<i<r.
=

Our starting point of the proof is the cocycle relations (9) and (10).
det(lla 7 = det(lla ;\17 aln)

Z( 1)’

ll n ll" ln i "ln

By the defition of det and Definition 5.57, we know that
det(l;,,...,l;_1) =R

Lr?
then
Tl ) Rf,)yrf +R,(r)1 R,(r)
lil"'le liyyo.yli— ><Rl.(,’r)y,_ +R,(r)1
and
Ri(r,) ,(:)1

— Ty, = dlog |y +
Ry, +RY) R")

i,r—1 ir

This finishes the proof of the theorem.
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Theorem 5.61 (General expression of the basic integral of the Hecke transform)
The basic integral of the Hecke transform can be written as a sum of of r— 1 terms

A= =00 =g,

where the term Jér) is a sum of logarithms, and Jl(r) involves dilogarithms and logarithms, J](.r) (1<

J <r=2) are sums of iterated integrals of degree j+ 1 of differential forms Hd—;;, which we call the
J

generalized j+ 1-logarithms, where B; is a rational functions of the coefficients L;;.

Proof 5.5.2 We will prove this theorem by mathematical induction.
The first step. Theorem 5.39, Theorem 5.45 and Theorem 5.52 imply this theorem when r = 2, 3,
4, respectively.
The inductive step. We suppose that the theorem holds when r < k— 1, now we will prove when
r=k (k>3). From Theorem 5.60 and the inductive hypothesis, we can deduce that
(r)
i,r—1

. ° (r-1),3) RJ
Crely@ [0 ) diog| v+ =155

i?r

:Jér) _Jl(r);

(r)

 (r-1),3 Ry r
Cyclr(z) A ‘I/( 1)7(7)(yr—1) dlog yr—l + Ié(r) :Jj('+)]7 1 S .] S r_3-

l‘7r

The theorem comes from the two relations above. To give a more precise expression of the first
term, we will define a family of functions by induction. Recall that i is a (r—1)-tuple, we will define
a filtration between the tuples. Let

W= (M Wiy 1<h<r-1
be a h-tuple, where the upper left symbol () signifies the size h of this tuple.
(r=1); =

i= (it sir1)-

Let the set
(M) ={ Wiy, W,

Then we define the filtration relation as follows

D= (DD ) <

if
(h)iae{(h)iﬁ, lgﬁsh}, l<a<h-1.

Recall us Definition 5.57 and we define
Cy (i) =log(Li1) —log(Ly);

G2 (i, j) = (C1 (i) - C1(j)) (10g (Rg,)j},{l,Z}) —log (Rg,)j}.,{lﬁ}));

then
Ch((h)g') _ (Cyclh((h)g') (Ch—l ((h_l)i))) (log (RI(,r()(h>g),{1,...,h}) —log (Rl(rr()(“z),{l _____ h—2,h+1})) ,
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where2<k<r-1.

Crma(0) = (Cyely-1 D) (G2 D)) (o (R wyr0) 102 (R w1y )

One can do the calculation and get

I = Cyel (i) (Cr1 (1)),
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6 The values 27 r(I",S) and the cohomology of congruence subgroups
of SLm ( o F )

Francis Brown formulated a program about the modularity of mixed motives [3], with the purpose to
generalize multiple zeta values and special values of L-functions of modular forms at all integers. In
Brown’s observation, there exsits a modular phenomena in the ring of multiple zeta values relating a
mysterious depth filtration. He proposed that a geometric understanding of these phenomena should
put multiple zeta values and modular form for SL;(Z) in the same framework.

replaced
with
replaced

P'\{0,1,00} N\H

" “r

with
replaced

M T (T)

replaced

— MMM,
with
where I is a subgroup of SL;(7Z) with finite index, and % is relative completion of SL, respect
to I'. MMV s signifies multiple modular values, which are regularized iterated integrals of modular
forms on an orbifold I'\\H and are also periods of the hypertherical Tannakian category .# .# /v
of mixed modular motives.

M T (Z) is the mixed Tate motives over Z, and the category .# .# .1 should be generated by
iterated extension of motives of modular forms.

Remark 6.1 We want to give some remarks on Brown’s MMVs and Goncharov’s Hodge correlators.
If g is a cusp form for SLy(Z), then the special value L(g,n) x (27i)’ is a multiple modular value
for SLy(Z), and is also a period in the sense of Kontsevich- Zagier. Goncharov’s Hodge correlators
contain the special values L(f,n) of modular forms for GLy(Q) of weight k > 2, outside of critical
strip. In fact the simplest Hodge correlators in this case coincide with the Rankin-Selberg integrals

for L(f,n).

We could ask if our generalized multiple zeta values can be immerged into such a program.
We begin with the classical problem, studied by Gangl-Kaneko-Zagier and Goncharov.

Recall the work of Gangl-Kaneko-Zagier and Goncharov’s results. For this section we sup-
pose that the field F is an imaginary quadratic field. We will show that our generalized multiple zeta
value, for an imaginary quadratic field, could also be a good candidant as being multiple Eisenstein
series, with the hope to be related to some non-holomorphic new modular forms. We recall the
theorem 6 in [4].

Theorem 6.2 (Gangl, Kaneko and Zagier) [4] The Fourier expansion of
1

m’n’

Grs(T)= ).

mnezZt+7
m>n>0

forr>3ands>?2 and T e H the upper half plane is given by

(27i) "Gy = (2mi) " (rns) + 33 (2mi) PCgn(9) S (p) + 8rs(q)

h+p=r+s
h,p>1
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27iT

with g = e“™" and

Clo=8,,+(-1)°Coy+ (-1)PCy e Z
and r+s
(_1) r=1_s—1 _um+vn

8r,s(4):mm62n:>%u vig €Q[[ql],

—1)k
gr(q) = —(;_ 1))! ug;‘ou"’lq””-

New result over an imaginary quadratic field. We can also get a similar result for our general-
ized multiple zeta value 27 (T, S) if the field F = Q(v/—D) is an imaginary quadratic field.

Notation 6.3 We will note T=~/-D if -D=2,3(4) and t= YD jf _D=1(4). Let N(a) = a-@
be the standard norm of F.

For an imaginary quadratic field, our definition about higher plectic Green functions still works,
however there is no u € U the subgroup of U c O ,..
Let I'; be the graph Figure 1.

e—27riTr( o-xo+Px1+Yx2)

VJve ?1 =
e hon D= 0 NGaN@EENme
1
I},900) = 1= '
Z100v5)(T1:911) =907y 1y or, ({0hvear 1) aZ.[:iN(Ot)GIN(ﬁ)GzN(O‘JFﬁ)GS

Ifa=a+a,7€O0p,ai,ar € Z and B = by +by7T € Op,by,b; € Z, then

QFLQ(@)(FhaFI) =
2 1
(a1 +612T)61 (a1 +a2f)"1 (b1 +b2T)62 (b1 +b2’f)02 (a1 +b1 + (a2+b2)f)03 (a1 +b1 + (612 +b2)‘L_')G3 '

We can also add a new sign p for each edge of the graph I'y, such that & > 0 and 8 > 0, where
o =a;+a>T >0 means that if ap >0 or a; =0, a; >0. Then

1
Z I,or)=
I,M,Q(@)( 1ol a%:)ON(a)GlN(ﬁ)azN(a+ﬁ)63
_ 1
almzbo(a1+a21)"l(a1+a2f)61(b1+b27)"2(b1+b2f)"2(a1+b1+(a2+b2)’t)"3(a1+b1+(a2+b2)f)63
b1+b2>0

=Xty )
ar=by=0 a2:0,b2>0 a2>07b2:0 a>>0,b,>0
a1>0,b1>0 b1€Z alEZ al,blEZ
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The first sum 3 ,,_5,-0 .
a1>0,b1>0

1
= =% I,0I),
2 T (@ (e by AT Il
a]>0,h1>0

where

Zvo,ol)= Y (cf";‘l+cf°f‘1)(;(s,r+2o3).

r+s=201+20,

The second sum 3,0 5,>0-
a1>0,b1€Z

1
a2=%2>0 ) alz>:0 (a1)291 (b1 +by7)% (b1 +b27)% (a1 + b1 +by7)% (a) + by + by T)%
b€z by>0,b1€Z

Now we apply the Eisenstein’s formula,

! ] (D7 e
(b] +b2’L’)°-2(a] + b +b2’L’)G3 1451202 +03 a?(al +b +b2T)sl a? (b] +b2’[)sl
And
1 ) (_1 )62 CZZ—_II . (_1 )62+.Y2 Cg3—_11
(b] +b2f)°2(a1 +by +b2’f)63 Fot87=0r+03 a?(a1+b1+b2f)32 a?(bl +b2f)52
Then
Y =AI+Ar+ A3+ Ay,
a2=0,b2>0
b]GZ
where X X
GG
Ap= Z r1+r+0] 1 2€ =) s
a;>0  r1+$1=02+03 al (a1+b1+b21)1(a1+b1+b21)2

b2>0,b1€Zr2+52:‘52+0-3

(—1)52C02_1C0-371

ri—1 -1

Ay = —
a%:o . +S1;;2+63 a"" o (ay + by + baT)t (by + by T)%

b2>07b1 €7, 12t82=02+03

(_1)51C62—1C63—1

rn-1"r-1

Az = Z Z FI+r+0]

>0 ri+si=oy+o3 4] (611 +b +b2f)sl (bl +b27)sz
b2>07b1€Zr2+S2262+63

(_1)s1+S2C03—1C0'3—1

-1 -1
Ag= ) X -
Fi+1+0] _—
as0  r+si=oy+oy Ay "(b1+baT)%1 (b1 +brT)%2
b2>0,blle2+32=62+03

(1) The first term can computed by the Lipschitz summation formula, due to H. Maass and John
Hawkins.
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or—1,~0r—1
RO ol
- ri+r+0] / / =
r1+81=02+03 q,>0,b,>0 41 (bl + bzf)sl (bl + bzf)sz
ry+852=02+03 b{ A

~1 1051 1 1
- N Y g Y
ri—1 “rn-1 ri+r+0; / K / =\s5
ri+81=02+03 al>0 al b2>0,b§€Z (bl +b21’)¥1 (bl +b2T)Y2
ry+852=02+03

where we remplaced a; +b; by b}.

Theorem 6.4 (Lipschitz summation formula, Hans Maass 96’) [15]

—2mium 2%t (_1)0- .
Z e _ _ ( 71:) ( ) Zan+,u(y7 O‘I,az)eZﬂ,'z(nJr‘u)x7
meZ (T+m)al (T+m)a2 F(al)r(az) neZ

where T=x+iye H={zeC:Imz>0}, ueR, Re(o+0) > 1 and apey(y, 01,00)

T(ag+0p—1)(4my)l-o-% ifn+u=0
={ (n+p)0*0 128y s (4 (n+p)y, 0, 00),  ifn+u>0
(—-n— )0+ 12Ty G (A (n+ 1)y, 0p,04), ifn+p<0

where 6(N, @, B) denotes the special function which has the following integral representation:
f (u+1)*'uPleMdy, o0 € C,Re(B) > 0,Re(n) > 0.
0

Remark 6.5 The function 6(n,a,B) is a generalization of U'(B). In fact, the confluent hypergeo-
metric function of the second kind

w(p.apim) - Z o)

is an entire function in @ and .

Definition 6.6 For the simplicity of use, we denote

1
Pan.0(7) = ,%:Z (T+m)% (T+m)%’
Then r( 0
_ N\ +0 o1—0op al +a2_ l-o-ap
¢(X17052(T) - (27.”) ( 1) F(al )F(Otz) (47ry)

Z (2n)a1+a2(_1)a1—a2 o +op—1 0'(47171’1)1,061,062) 2TinT
(o) ()

neNg

Z (27r)a1+062(_1)a1—az (_n)alﬂxz—l c(—47my, o, 061) 2int
neN_ F(Otg) F( 061)
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Then we can get

Al: _Z szlco-zlg(r1+r2+61) 2 (PYl Yz(bZT)
Ao, baeN:
(2)In the same way, we can get
A4 = Z (_1)51_*—526‘;‘:2 1 23_711C(}"1 +r2+61) 2 (Pshsz(bZT)-
r1+s1=02+03 szNi

rp+852=02+03

(3)Now we turn to the second and the third term.

ri+r+0] 1+ +01—1 Fi+r+0 1+ ~S1— 1
1 ( 1) Ctl 1 ( 1) C

Cl’i|+r2+6| (al +b1 +b2’t)51 - 1 +tr=r1+rp+01+s8 ( (bl +b27)t1 (al +b1 +b27)t2 (bl +b2"[)tla]

Thus the second term can be written as

A2 = Bl +Bz,
where X )
_1\r1+rn+o1+s2 02 ri+r+01—
B Z ( 1) Crl lCrz lCt|*1
1= )
a1>0 F1+5/=02+03 (bl +b2’E)t1 (b] +b21:)‘2(a1 + b +b2T)’2
b2>0‘h|EZ r+852=02+03
’ t1+r=r1+r+01+s]

and X )

_ 1\ +r+01+s2+t 02 1=

( 1) Cr1 lcrz ICllfl

B= ),
T t
a;>0 r1+51=02+03 (bl +b21)S2(b1 +b27) 1al
by>0,b1€Z r2+53=02+03
’ t1+tr=r1+r+01+s]

It’s easy to see that we can again apply the theorem 6.4 to calculate the term B;.

1 1
— _ ri+r+0)+sy+t) ~02— 63—1 S]—l -
BZ_ Z ( 1) Crl 1 Cr2—1 Ctl—l Z t (b +b f)sz(b +b ’C)tl
r1+51=02+03 a1 >0 a] by>0 1 2 1 2
r+$2=02+03 b7

t1+h=r1+r+01+s]

— Z (_1)r1+r2+01+s2+t2C:T21 r2 1C31 11C(t2 Z ¢t1,sz(b2f)-

ri+s1=02+03 bZENi
ry+852=02+03
t+tr=r1+r+01+s]

In order to calculate the term B;, we will mention another theorem in [15].

Theorem 6.7 (Two-variable summation formula, Pasles and De Azevedo Pribitkin, 2001) /5]
IfueR Re(aa+B)>1,Re(y) >0, T=x+iyeH and z € H, then

o~ 2ikm (2m) @By (=) o-B+y ) !
_ _ O T,z,0 B e mi[nx+( +u)z]’
sz:Z (t+m)*(T+m)P(z+m)Y C(a)T(B)I(y) n,%:z tonl )
1+u>0

where

(‘L' Otﬁ )_ e*2nnyf0h(n+t)(x+ﬁfl(l+‘u—t)?’*leZni(sz)tG(é‘-TE(n+t)y,a,ﬁ)dt’ ifnZO
(pn,l+# 2, 0,P,Y) = eZﬂnnyb(_n—t)OHﬂ—l(l-f-‘u—t)y—lezﬂi(f—z)lG(—‘l-Tf(l’l+l‘)y,B,a)dl‘, ifn<0,

here
b=b(1+[u])={f“}’ ;jib’ﬂﬂ

{u} denotes the fractional part and [ L] denotes the integer part of L.
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Definition 6.8

1
(t+m)%(T+m)B(z+m)Y

Wa,ﬁ,y(fvz) = Z

meZ

2 )4t BHY(_jyoa-B+y .
) ( F)(oc)l“([g)r)‘(y) > (Pn,l(T,z,a,ﬁ,y)ezﬂ[ +1z).
n,leZ

>0
Then we can deduce that
_ ri+r+01+sy ~02—1 ~03—1 ~ri+r+01—-1
Bl - Z (_1) Crl—l C}’z—l Ctl— Z Z lI/fl 527t2(b21 b2T+a1)
ri+s1=02+03 a|>0b2>0
ry+82=02+03
1 +tr=r1+r+01+s]
Finally, we get
_ ri+r+0y+sy+t ~0r—1 03 1 s
Ar = Z (-1) Crl_1 C C 1C(t2 x Z Pry s, (D27)
r1+51=02+03 breNY

rp+s5,=02+03
H+thh=ri+r+01+s]

r1+r+01+s2 (72—] 03*1 r1+r2+0'1
+ > (-1) O Oy O LYY V(b batrar).
ry+s1=02+03 a1>0b,>0
ry+82=02+03
t+tr=r1+r+01+s]

(4) At last we turn to the third term As.

Ly crpe i
a?+r2+0-1 (b1 +b2’f)s2 ky+ho= (Cll + b +b27)k1 (bl +b27)k2 (a1 +by +b2’C)k1 al]cz

ri+rn+o1+sy

Then 1 X 1
y—1 ~03—1 | +12 40 —
b ¥ CONecirleiug
a;>0 r1+51=02+03 (al +by +b27)k1 (al +b +b2f)s1 (bl +b2T)k2

b2>0,b1€Z I +52=02+03
ki +ko=r1+ry+01+5$2

( l)SICGZ 1C63 1CS2 ]
)

a;>0 ri+51=02+03 (al +by +b2T)k' (al + b +b2’7:)s'6l]1c2
b2>0,b|EZ ry+852=02+03
k1+k2:r1+r2+(51+s2

By a similar method as for A, we finally get

A3: Z ( 1)s1 O'z 1 63 lckl_lé’(kz)x Z (])kl sl(bzf)

r1+51=02+03 byeN7
r2+52=02+03
kl +k2=r1 +r+01+s52

+ Z (_1)S1C62 ICGz lcr1+r2+01 1 Z Z thSI kz(bZT sz a])

ri+s1=02+03 a;>0b,>0
rp+s5,=02+03
ky+ko=ri+ry+07+s]

In concusion, we obtain the second sum

1 1
Z :Al +A2+A3+A4: Z CG2 CGZ 1 C(F1+I”2+Gl) Z (/551732(192‘5)
ap=0,b,>0 r1+51=02+03 byeNi
bi€Z r+52=02+03
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+ 2 (—1)S1+S2C® 1CG3 llc(r1+l"2+61) Z (P?],Sz(bzr)

ri+s51=02+03 byeN7
r2+52=02+03

+ Z (_1)r1+r2+61+sz+tzc:72_—llcfz 11Cs1 IC(IZ)X Z ¢I1,Sz(b27)
rit+s1=0,+03 1 ? byeN7
r2+52=02+03

1 +h=r1+1r+0]+S]

ri+r+01+s2 62 1 ~03—1 ~ri+r2+01—1
+ Z (—1) C C Ctl— Z Z %17527,2(b21,b2’5+a1)
r+51=02+03 a;>0b,>0
rp+52=02+03
1 +l=r|+1+0]+s]

+ > Enrererertil(k) < Y Gk (ba1)

ri+s1=02+03 byeNy
2 +52=02+03
ky+ko=ri+ry+01+52

+ 3 (- eI G N N Wiy sk (b2T BT - an).

r1+851=02+03 a|>0b2>0
r+852=02+03
k1+k2:r1+r2+0'1 +51

The third sum  37,,.0,-0
al GZ,b] >0
By the symmetry between a; and b; and the symmetry between a, and b, we can deduce the

third sum from the result of the second sum.

-1
Z = Z Ccl CGI -1 C(rl +}’2+62) Z ¢s SZ(GZT)
by=0,b;>0 r;+s1=61+63 azGN
ay>0,a,€Z r}y+sh=01+03

an _ _

+ Z (_1)s|+szcg3_1lcg3_1l (rq+r£+62) Z (Ps’l,xg(aZT)
1] +s1=01+03 : : ayeNy
ry+5,=01+03

vl +rh oy +5h+t) ~Oy 031 d

_ 2t

PN (ybenieslen IO () xS gy (@)
ri+s|=01+03 areN;
rh+s5=01+03

415 =r|+r5+ 0 +s]

¥ 41, + 0y 45, O —1 03— 1 ] +75+02~1
" 2 (=n)n™ 2er—l Cr;—l Ctl’—l > 2 Wiy sy (a2T,a2T+by)
ri+s|=01+03 b1>0a>0
ry+s5=01+03

AV AN 7
t+1) =1 +1)+ 0y +5]

D S S DAL ovRY ory e A CALED S M (2L
r{+s{=01+03 areNy
ry+s})=01+03

K +ky=r|+r}+0C2+s}

+ Z ( I)AICG' Ccra 1 r1+r2+02 1 Z Z Wk’s k'(azf - bl)

¥ +s1=01+03 b1>0a2>0
rh+sh=01+03
’ 7_ 1 / ’
ki thky=ri+ry+0op+s]
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The fourth sum 3,50 5,>0-
aynbieZ
Now we apply the Eisenstein’s formula,

1 -1
= +
(b1 +Dby7)%(ay +by + (ay+by) 1) 11+h1:02+63((a1+a27)11 (a1+b1+(a2+b2)f)h1 (a1+azf)ll (b1+b2‘5)h1

And

n=qr (-n=hep! )

-1 -1
! ) (-1)7C ey
(b1 +b27)%(ar +by + (a2 +b2)T)% 5 o\ (a1 +arT)2(ay +by +(ay+by)T)2  (a; +a )2 (b1 +by7)2 |
Then
Z =T]+TQ+T3+T47

a2>0,b2>0

al,bleZ
where

0'2—] 62—]
T1 _ Z Z Cl.—l Clz—l
50025011+ =02 +03 ((11 +(12’E)ll+°'1 (a1 +a2f)12+"1 (a1 +by + (a2 +b2)’C)h1 (a1 +b1 + (az +b2)f)h2 ’
al,bIEZ lz+h2:()'2+0'3

h -1 ,03-1
(_1) chtlyz_l CIC;_I

0501 e s 0y (A1 +@2T)1*0 (@) +ap )21 (ay +by + (ag +ba) ) (by + by T)h2
al ,bleZ lz+/’l2=02+(73

T =

_1 SIC02_1C6371
T3 — Z ( ) h-1 L-1

ay>0,b2>011 +/1 =02+ 53 (a1 +ax7)*9 (ay +aT)2*% (ay + by + (ay + by) T) (by + by T)2”
a17b1€Z lz+h2=62+63

_ 1\ +hy 03-1 ~03-1
(-1) Cll—l Clz—l
T, =

L+o 7\ +0 h F\hy *
w50 Dr501 +hi =10 (@1 @2 T)170 (ay +axT) 2401 (by + by )" (by + by T)
al,b]EZ lz+h2=0’2+(73

In the following paragraph, we will calculate each T;.

(1) Th.
or—1 ~0p—1
= Z C112—1 Cl;-l Z ¢11+61Jz+61 (a21)¢h17h2((a2+b2)7)
11+h1=62+0'3 a2>0,b2>0
lz+h2:0'2+63
or—1,~0r—1 /
= Z C112—1 C122—1 Z D1y +01.1,+0,(@2T) Py 1, (D).
L+h1=0,+03 bi>ay>0
12+h2=62+0'3
2) Ty.

104



The values 27 (I',S) and the cohomology of congruence subgroups of SL,,(Or)

Ti= > (D" Y Gnionnio (@T)Pn, (b27).

11+h1=62+0'3 a2>07b2>0
lz+h2162+63

(3) Ia.
Recall that the classical Lipschitz summation formula :

Z 1 _ (_27.“')‘Y z ns—l 277:in‘L'.

= e
meZ (T+m)s F(S) neNi

Then we will denote

1
A(T)= ) ———.
mZE:Z (t+m)*
Then we get also get
- 1 (-2mi)* _1 2rin®
AS(T) _ _ — s le mn‘c.
n;Z(‘L'er)S I'(s) n%i
1 —
(ay+by +(ay +by)T) (by + by T)2
( -1 )hz Cz]1111—711 N ( -1 )hz +p lenz:ll
mipain i \ (@1 @ T+b(T=7))"(b1+b2T)P (a1 +axT+ba(T-7))" (a1 +b1+(az +b2)T)P

Th=Ci+C,

or—1 ~03—1 ~h1—1
Cl — Z Z C112—1 Clz3—1 le—l .
10501 +hy a0y (@1 +@2T)1%01 (a1 +arT) 2401 (ay + ap T+ ba (T~ 7)) (b1 +baT)P’
al,bIEZ lz+h2=02+(73
m+p:h|+h2

or—1 ~03-1 ~hy—1
6o T 5 (-D)re = G Gl
2 425075011 +h, =G +53 (a1 +a21)ll+"l (a1 +a2f)12+"1 (a1 +a27+b2(17— f))’"(al +b1 + (a2+b2)T)P ’
b1eZ b+hy=0r+0;
ap,b1€ 1211++1§=;ly12:1$

We observe that b (T —7) is an element in the upper half plan #, thus we can apply the theorem
of double-varaiables summation formula 6.7.

or—1 63—1 hy—1
Ci = Z Z Coi Gl G 1
b (a1 +a )19 (a1 +ay7)2+0 (a1 +ax T+ by (T-T) )™ (b1 +byT)P
L+hi=0r+03a2>0a,1€Z 1 2 1 2 1 2 2 bi€Z 1 2
12+/’l2=62+63 b2>0
m+p=hy+hy

= Y e A Y Wiioybiom(@xT T+ by (T 7)) A, (boT).

ll +/’11=02+63 a>0
h+hy=02+03 b>0
m+p:h1+h2
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By the same argument, we get

G= Y YD O Wio o m(a2T, T+ by (T ) A (a2 +b2) 7).

ll+h1=62+0'3 a2>0
L+hy=0,+03 by>0
m+p:h1+h2

B= Y 'O S Wi oy m(@xT,arT+ by (T- 7)) A, (b2 7)

li+h;=0,+03 a>0
lz+h2=02+63 b2>0
m+p:h1+h2

> (DR O Y Wi rorm(@2T a2 T+ by (T 7)) Ay (a2 +52)T).

L +hy=0,+03 a;>0
b+hy=0,+03 by>0
m+p:h| +1’l2

DT5.

Using the similar method as we did for 7>, we can obtain an expanion for 73. However, b>(T—17) is
no longer in the upper half plan. So we will try another way.

[1+C71—1 C/’lz—l
! = Z i-1 + i-1
(a1 +ay)+01 (by +byT)h2 T (a1 +b1+(ay +b2)T)i (b1 +by7)t (a1 +by+(az+b2) 7)1 (a1 +axT)
11+C71+/’l2

_ S1 62—1 63—] 11+(71—1
( 1) Clz—l CZ]—I Ci1—1

T; = - - - -
ay>0.by>01, +h; =02 +0 (a1 +a2’c)12+01 (a1 +b; + (az +b2)’L’)’1 (a1 +by + (a2+b2)f)h1 (b] +b2’L’)]1
ap,b1€Z l+hy=0,+03
1,1 > i12+j12= 3
11+C71+hz
s102—1 ~03—1 ~hr—1
4 (1" Clzz—l C113—1 Ci12—1

ar50,y>01; +h1 =05+ 03 (a1 +a2f)12+01 (a1 +by + (az +b2)T)i1(a1 +b; + (a2+b2)f)h1(a1 +a21:)fl ’
al,b.eZ 12+h2=62+0'3
i+ji=
11+61+h2

Since

12+O'1—1 Ch1—1

1 _ Z ir—1 N i—1

(a1 +a2f)12+"1 (a1 +b1 + (az +b2)’l_7)h1 it o= (b] +b2f)i2 (a1 +b1 + (a2+b2)f)12 (b] +b2f)(a1 +azf)j2 ’
L+oy+h;

therefore

1
(Cl] +a2’l_7)12+61 (a1 +b1 + (a2 +b2)f)h1 (a1 +b1 + (a2 +b2)’E)i1 (bl +b27)j1

ClerGlfl
_ -1
- i2+zj2: (bl +b2f)i2 (al +b1 + (a2 +b2)f)j2(a1 +b1 + (a2 +b2)f)i1 (bl +b2’5)j'
12+(71+h1
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c 1

ir—
(bl +byT)2(ay +ax®)2(ay + by + (az +by) 7)1 (b +byT) it

So finally we obtain:

= % (-DUCR.CPUCE Y 0o (@2T) i, (B5T)+

Ly +h1=0,+03 b}>ay>0
lz+/’l2=(72+0'3
n+j1=
ll +0] +h2

51,02 Gx 1 A~ +o1—-1,~b+01— L. L

+ Z (_1) Clz—l Czl— C12 1 Z ¢J1712(b27)¢11d2(a27)
i +h1=0,+03 a>>by>0

12+/12=C72+G3

i1+ji=

l]+0'1+h2=

+)2

bh+o)+h;

> ()RR eI G Y Wi (baT, T+ ax(T-T)) Ay (a27)

l]—
L +h =0,+03 az,by>0
lz+h2=0’2+03
nt+ji=
11+O'1 +h2=
+t)2
L+o+h
1 +1=i1+j2

oy (e ol I CP Y Wi (2T by +ax(T-7)) Ay (a2 +b2)T)

ir—1

li+h1=0,+03 az,by>0
lz+h2 02+03

i+j1=
11+01+h2—

t)2

12+0']+h1
1 +1=i1+j2

In conclusion, we get

1 1
= Z Clclfz— ngl Z ¢11+01,12+G1 (aZT)q)hhhz(béT)

ay>0,0,>0 [j+h;=02+03 b£>a2>0
al,b1€Z b+hy=02+03

ooy et Y duioyiio (@2T) By (527)

L +h1=0,+03 a>0,b,>0
[2+h2=0'2+(73

T c;ja;lc,j* S oy oy m(@aT,ar T+ by (T 7)) A, (b 7)

11+h1=0'2+63 a2>0
lz+h2:(72+0'3 b2>0
m+p=hi+hy

£ (PO Y Wionbrom(@T,axT+by(- 7)) Ay ((a2+52)7)

l1+h1=0,+03 a>0
lz+h2:(72+63 b2>0
m+p=hy+hy
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+ > e e Y e (@2T) i (BT)+

li+hi=0,+03 b 7 >ax>0
lz+h2=0’2+63
ntj=
11+C71+h2

$1 O o03—1 Al +01-1 ~b+0
+ ) (e e c;_' > 05 (027) 04, j, (a27)
L +h1=0,+03 a,>by>0

12+/’l2=62+63

i1+j1=

L+oi+hy=

+)2

12+0'1+]’l1

S1+j2 G}] 11+C71 1 h1—1 11—
+ Z (-1) 12 1C Cn—l Clz 1C1—1 Z Vji i (02T,02T+a2 (T~ 7)) Ay, (a27)
li+h;=0,+03 az,br>0
12+/l2 02+03
i+ji=
ll+61+h2—
i2+ )2
12+C71+h]
fi+h=i1+j2

Y (e o T T S i (ot by +an (1)) Ay (a2 +b2) T)

11+h1=0'2+03 az,b2>0
lz+h2:62+63
1+j1=
li+01+hy=
2+)2
12+C71+/11
t1+h=ii+ )2

Theorem 6.9 (The Fourier expansion of Z; 1.0(v/~D) (T'1,9T))

2 w05y L1910 = 20T, 9T)

+ Y lc"z NC(ri4m+01) Y @y (b2T)

ri+s1=02+03 byeNZ
1r2+52=02+03

> ()R (it 01) Y s (b2T)

ri+s1=02+03 byeN7
rp+52=02+03

_1\/'1+tr2+01+s2+1 ~O2 1 63 1 Y]—

LD DR € ) CRO GG Em)x ) s (b27)
r1+51=02+03 byeNi
ry+82=02+03

t1+tr=r1+r+01+s]

+ > Enrerierertil(k) < Y Gk (ba1)
ry+s1=02+03 byeNy
rp+52=02+03

k1+k2=r1+r2+c71+52

ri+r+01+sy ~02—1 ~03—1 ~ri+r+01—
+ 2 (-1) GGGl Z Z Vi 000 (D27, 02T +ar)
r1+51=02+03 a;>0b,>0
r2+52=02+03
1 +l=r1+1r+0]+s]
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* Z ( )S1C02 1C23—11Cr|+r2+6| : Z Z Wiy ,s1, kz(bZT byt - Cll)

r+51=02+03 a;>0b,>0
ry+852=02+03
k] +k2=r1 +ry+01+S5]

+ Z CG] CGI_ C(l”1+r2+62) Z (Ps sz(QZT)
ri+si:61+63 azeNy
ry+s5=01+03

+ Z ( l)s HZCG% IC"H (ri+r§+62) Z ¢517S£(a21’)

ri+si=01+03 aeN¥
7 4
ry+sh=01+03

" Z (_1)r1+r£+62+s£+lécgl_ 63 1 t, lg(tz)x Z (Pt' 5 (az’t
r]+s1 01+03 ! areN;
}’2+S2 01+03
t]+ty=r]+r5+0a+s]

+ ) (- 1)S1Ccrl ovine 1C(kz)X > Oy (arT)
r;+s'l=61+0'3 areN;
ry+sh=01+03

K{+ky=r]+r)+02+s}

Z (_1)r{+r§+62+séc:)/'1:11c:73711 r1+r2+62 1 Z Z Wir (arT,arT+by)
ri+s]=01+03 ! : b1>0a>0
rh+s5=01+03
1] +1y=r]+r)+02+5]

st o1—-1,03-1 r1+r£+0'2—]
+ Z (=1) lcrg—l Cr;—l Clq—l Z Z Wkﬂs;,k;(aZTvaZT_bl)-
r{+s’1:o]+o3 b1>0a>0
r£+s£:C71+0'3
K +ky=r|+r5+02+s]

1 1
+ Z Cz?z_ ngl Z ¢11+01Jz+0'1 (aZT)q)hl,hz(béT)

l1+h1=0,+03 by>ar>0
lz+h2262+0'3

oy EohRelert Y Buiornee (a2T) O, (b27)

11+h1=0’2+03 a2>0,b2>0
bh+hy=0,+03

+ > e Y Wionronm(a2T,aat+by(T-T)) Ay (ba7)

ll+h1=02+63 a>0
lz+/’l2=0’2+(73 b2>0
m+p=hy+hy
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Y ()P Y Moo m(@aT,arT+ by (T T)) Ay ((az +b2)T)

ll+h1=02+03 (12>0
lz+h2:(52+63 b2>0
m+p:h1+h2

+ > (=D 1221 G lcz}?fl 2o Do (@2T)0ip, (b37)+

li+hi=0,+03 b} 7 >ax>0
lz+h2=0’2+63
ntji=
11+C71+h2

4 Z ( 1)s1C121 63 1C11+01_]Cll§+?l Z ‘Pj],iz(bZT)‘Pil,jz(aZT)

ll+h1:()'2+63 a2>b2>0
12+h2=62+0'3
n+ji=
l1+01+hy=
2+)2
bL+oy+h

N Z (- 1)v1+]2C121 o 1C11+m 1C ICtzll: Z q/jhl-z’tl(bzr,b21+a2(r—f))%2(a2f)

ll—
11+h1 =02+03 a2,b2>0
lz+h2 02+03
i+ji=
li+01+hy=
2+)2
[2+G]+/’l]
I+h=ii+j2

i1—1 1 n-1
11+h1=0'2+(73 az,b2>0
lz+hz:(72+63

ntja=
li+01+hy=
i2+ o
[2+C71+h1
t1+h =i+

Y (e o eI T S iy (ot by +an (1)) Ay (a2 +b2) T)
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